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Traditional analysis of variance tests are based on the assumption of homogeneous error variances,
which often fails in real experimental situations. Violation of this assumption affects not only the
power of the standard F -test, but also its size. When a design is unbalanced, the effect of unequal error
variances is even more complex. In this paper, we study the effect of heterogeneous error variances
on the size of the F -test concerning the among-group variance component in an unbalanced random
one-way model. We also provide a method for computing the true critical value of the F -test for a
given level of significance.

Keywords: Among-group variance component; Davies’ algorithm; Level of significance; Measure of
imbalance; Unbalanced design

1. Introduction

In many experimental situations, the error variances in a given model can be heterogeneous
for a variety of reasons. This can seriously affect the associated analysis of variance (ANOVA)
tests. In particular, the power and size of the ANOVA F -test for the treatment effects
in a fixed-effects one-way model can be affected. The assumption of homogeneous error
variances should therefore be checked before applying the F -test. A simple way to check
this assumption is the use of graphs, such as the plots of residuals against predicted values.
Departures from the assumption would be indicated by a pattern of greater dispersion in the
residuals on one side of the graph than the other. Several parametric tests are also available
[see, for example, refs. 1–4]. Hartley’s [1] so-called Fmax-test requires equally replicated data.
When the sample sizes are unequal, or the variance estimates are based on different numbers
of degrees of freedom, a procedure developed by Bartlett [2] is generally recommended. Both
procedures require the variance estimators to be independent. Furthermore, both tests are
extremely sensitive to departures from normality and should not be used with non-normally
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444 J. Lee et al.

distributed data. A more robust procedure to non-normal distributions was given by Levene [3]
who suggested using the standard one-way ANOVA on the absolute values of the residuals
to test the hypothesis of equal variances. Conover et al. [4] recommended using the median
rather than the sample mean of each treatment in Levene’s test statistic.

The analysis of the fixed-effects one-way model under heterogeneous error variances has
for many years been given a great deal of attention by researchers. Welch [5], James [6],
and Box [7] were among the first to address the heterogeneity problem. It has long been
established that the standard F -test for testing equality of the treatment means is sensitive
to the assumption of heterogeneous error variances, especially if the cell sample sizes are
unequal (see, for example, ref. [8, p. 351] and refs. [9–11]). Several test procedures have
been proposed to solve this problem. Brown and Forsythe [9] used Monte Carlo simulation
to compare the size and power of four test statistics, including the standard F -test statistic.
Bishop and Dudewicz [10] proposed a two-stage testing procedure that was independent of
the unknown error variances. Draper and Guttman [12] used a Bayesian approach in situations
involving several treatment groups, but only two different group variances were suspected.
Several other approximate tests were introduced by Wilcox [13], Alexander and Govern [14],
and more recently, by Smith and Peddada [15].

Handling unequal error variances in random or mixed models has also been studied by some
authors. Rao et al. [16] discussed point estimation of the parameters of the one-way random
model with unequal error variances. Using the same model, Jeyaratnam and Othman [17]
suggested an approximate test for the among-group variance component. Singh [18] investi-
gated the effect of heterogeneity of variances and data imbalance on the power of the standard
F -test for the among-group variance component. The corresponding power values were com-
puted using a doubly infinite series of incomplete beta functions. Singh [18] concluded that
heteroscedasticity increases the power of the test in situations where the larger variances are
associated with the smaller group sizes. If larger variances are associated with the larger group
sizes, the power is decreased. A small increase in the power, due to heteroscedasticity, was
noted with balanced data. Recently, Singh [19] considered an estimation of heritability with
heterogeneous error variances in the one-way random model.

As was noted earlier, because the heteroscedasticity of the error variances affects the size
of the test as well as its power, its impact on the test size should be investigated. In this
study, we investigate the effect of heterogeneous error variances on the size of the standard
F -test for the among-group variance component in the one-way random model. We consider
several designs having different degrees of imbalance and different sizes of error variances.
The level of significance of the test is then calculated for a given design and a given pattern of
error variances. Moreover, a method for achieving a nominal size for the test is proposed by
calculating the true critical value of the test. Using this value, one can proceed with a test which
provides a desired level of significance concerning the among-group variance component.

2. Level of significance of the F -test

Consider the unbalanced one-way random model,

yij = μ + αi + εij , i = 1, 2, . . . , k; j = 1, 2, . . . , ni, (1)

whereαi and εij are independently distributed as normal variates with zero means and variances
σ 2

α ,σ 2
i (i = 1, 2, . . . , k), respectively. Note that the error variances are equal within groups, that

is, for fixed i, but are unequal among groups, that is, for different values of i, i = 1, 2, . . . , k.
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F -test for the one-way random model with heterogeneous error variances 445

Model (1) can be written as

y = μ1N +
[

k⊕
i=1

1ni

]
α + ε, (2)

where N = ∑k
i=1 ni , 1ni

is a column vector of ni ones (i = 1, 2, . . . , k), α = (α1, α2, . . . , αk)
′,

⊕ is the symbol of direct sum of matrices, that is, ⊕k
i=11ni

= diag(1n1 , 1n2 , . . . , 1nk
), and y and

ε are the vectors of observations and random errors, respectively. Hence, y is distributed as
y ∼ N(μ1N, �), where � is the variance–covariance matrix of y, which can be expressed as

� = σ 2
α

k⊕
i=1

Jni
+

k⊕
i=1

(σ 2
i Ini

), (3)

where Ini
is the identity matrix and Jni

is the matrix of ones of order ni × ni . For testing the
significance of σ 2

α , the standard F -test statistic is given by

F =
(

N − k

k − 1

)
y′Qy
y′Ry

, (4)

where Q and R are defined as

Q =
k⊕

i=1

(
1

ni

Jni

)
− 1

N
JN (5)

and

R = IN −
k⊕

i=1

(
1

ni

Jni

)
, (6)

respectively. This F -statistic has, under the null hypothesis H0: σ 2
α = 0, the F -distribution

with k − 1 and N − k degrees of freedom when the error variances are homogeneous, that is,
when the σ 2

i ’s are equal. It is also known that this test is uniformly most powerful invariant if
the associated data set is balanced. However, when the error variances are heterogeneous, as in
model (1), neither y′Qy nor y′Ry are distributed as scalar multiples of chi-squared variates and
are not independent. This follows from the fact that neither the matrix Q� nor R� are scalar
multiples of idempotent matrices. Moreover, the Q�R matrix is not equal to 0 (see ref. [20,
Theorems S2 and S3 in Appendix S5, p. 467). Consequently, the F -statistic does not follow
an exact F -distribution. There is no exact procedure for testing the significance of σ 2

α in this
case [17].

2.1 Level of significance of the standard F -test

The level of significance of the test statistic in equation (4) is given by

αf = P [F ≥ Fα,k−1,N−k|σ 2
α = 0], (7)

where Fα,k−1,N−k denotes the upper α-quantile of the F -distribution with k − 1 and N − k

degrees of freedom. Under H0: σ 2
α = 0, however, the matrices, Q�0 and R�0, where �0 =

⊕k
i=1σ

2
i Ini

, are not scalar multiples of idempotent matrices, nor Q�0R = 0. Consequently, the
F -statistic does not follow the F -distribution. As a result, Fα,k−1,N−k is not the true α-critical
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446 J. Lee et al.

value of the test statistic. The purpose of using formula (7) is to determine the extent of the
difference between αf and the nominal level of significance, α.

The value of αf changes not only with the error variances, but is also affected by the
chosen design. Although the exact distribution of the F -statistic in equation (4) under the null
hypothesis is unknown, we can obtain the exact value of αf using the following theorem.

THEOREM 2.1 Let x ∼ N(0, �) and A be a symmetric matrix of order p × p. Then x′Ax can
be expressed as a linear combination of independent central chi-squared variates of the form

x′Ax
D=

r∑
i=1

λi χ
2
νi

where λ1, λ2, . . . , λr are the distinct non-zero eigenvalues of A� with multiplicities
ν1, ν2, . . . , νr , respectively.

Proof See ref. [21, chapter 29, pp. 150–153]. �

COROLLARY 2.1 The result of Theorem 2.1 remains true if x ∼ N(μ, �) provided that
μ′Aμ = 0 and A is positive semidefinite.

Proof Assuming x ∼ N(μ, �), let y = �−1/2x. Then, y ∼ N(�−1/2μ, IN). By the spectral
decomposition theorem, we have

x′Ax = y′�1/2A�1/2y = y′P�P′y,

where � = diag(δ1, δ2, . . . , δN) with δi being the ith eigenvalue of �1/2A�1/2, and P is an
orthogonal matrix whose columns are orthonormal eigenvectors of �1/2A�1/2 corresponding
to the δi’s. By letting w = P′y, w ∼ N(P′�−1/2μ, I), we obtain

x′Ax = w′�w =
r∑

i=1

λi w
2
i , (8)

where λ1, λ2, . . . , λr are the distinct non-zero eigenvalues of �1/2A�1/2, and hence of
A�, with multiplicities ν1, ν2, . . . , νr , respectively. The w2

i ’s are distributed as χ ′2
νi

(θi)

with non-centrality parameters θi = (1/2)(P′
i�

−1/2μ)′(P′
i�

−1/2μ), i = 1, 2, . . . , r . Here, Pi

is a matrix of order N × νi whose columns are eigenvectors corresponding to λi . Thus,

x′Ax
D= ∑r

i=1 λi χ
2
νi

if and only if θi = 0 for all i = 1, 2, . . . , r , that is, μ′�−1/2PiP′
i�

−1/2

μ = 0 for all i = 1, 2, . . . , r , or equivalently, if and only if μ′�−1/2 (
∑r

i=1 λiPiP′
i )�

−1/2

μ = 0 (the sufficiency part is due to λi > 0, which is true if A is positive semidefinite), that is,
μ′�−1/2P�P′�−1/2μ = 0. This is equivalent to μ′�−1/2�1/2A�1/2�−1/2μ = 0. Hence, the
result follows. �

THEOREM 2.2 For the unbalanced one-way random model (1), the size of the F -test in
equation (7) can be expressed as

αf = P

[
s∑

i=1

τiχ
2
κi

≥ 0

]
,

where τ1, τ2, . . . , τs are the distinct non-zero eigenvalues of (Q − (k − 1)/(N − k)

Fα,k−1,N−kR)�0 with multiplicities κ1, κ2, . . . , κs , respectively, which satisfy the relation-
ship

∑s
i=1 κi = rank (Q − (k − 1)/(N − k)Fα,k−1,N−kR). Here, the χ2

κi
represent independent

χ2-distributions with κi degree of freedom, i = 1, 2, . . . , s.
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F -test for the one-way random model with heterogeneous error variances 447

Proof Using equations (3) and (4) in (7), the size of the F -test is given by

αf = P

[(
N − k

k − 1

)
y′ Qy
y′ Ry

≥ Fα,k−1,N−k | σ 2
α = 0

]

= P

[
y′

(
Q − k − 1

N − k
Fα,k−1,N−k R

)
y ≥ 0 | � = �0 = ⊕k

i=1σ
2
i Ini

]
. (9)

Let us apply the representation (8) to y′Ay, where A = Q − (k − 1)/(N − k)Fα,k−1,N−kR,
and E(y) = μ1N . In this case, the non-centrality parameter θi associated with w2

i must be
zero for all i. This is true because �−1/21N is an eigenvector of �1/2A�1/2 with eigenvalue
zero by the fact that Q1N = 0 and R1N = 0. Hence, �1/2A�1/2(�−1/21N) = �1/2A1N = 0.
Consequently, �−1/21N must be orthogonal to the columns of Pi , which are the eigenvectors
of �1/2A�1/2 corresponding to the non-zero eigenvalue τi(i = 1, 2, . . . , s). It follows that,
for i = 1, 2, . . . , s, P′

i�
−1/2μ = P′

i�
−1/2(μ1N) = 0. Hence, w2

i ∼ χ2
κi
, i = 1, 2, . . . , s. �

Davies [22] developed an algorithm for calculating probabilities associated with the dis-
tribution of a linear combination of independent χ2 random variables. The algorithm itself
(identified as AS155) is accessible via STATLIB, an E-mail and file-transfer protocol-based
retrieval system for statistical software. Thus, when a design D = {n1, n2, . . . , nk} is given
and the error variances σ 2

i , i = 1, 2, . . . , k, are known, we can obtain values of αf using
Davies’ algorithm [22] on the basis of Theorem 2.2.

2.2 Method for computing the true critical value of the F -test

From equation (9), it can be seen that, for a given design D = {n1, n2, . . . , nk} and spec-
ified values of σ 2

i , i = 1, 2, . . . , k, the level of significance αf depends on Fα,k−1,N−k , the
upper α-quantile of the F -distribution. Since the error variances may be heterogeneous,
the F -statistic in equation (4) no longer has the F -distribution under the null hypothesis
H0: σ 2

α = 0. Thus, to obtain the true level of significance, a value other than Fα,k−1,N−k should
be used. Let F

adj
α be such a value, that is,

P(F ≥ F adj
α ) = α. (10)

This can be written as in equation (9) in the form

P

[
r∑

i=1

λ∗
i χ2

ν∗
i

≥ 0

]
= α (11)

where λ∗
1, λ

∗
2, . . . , λ

∗
r are the distinct non-zero eigenvalues of (Q − (k − 1)/(N − k)F

adj
α R)�0

with multiplicities ν∗
1 , ν∗

2 , . . . , ν∗
r , respectively, which satisfy the relationship

∑r
i=1 ν∗

i =
rank(Q − (k − 1)/(N − k)F

adj
α R) and �0 = ⊕k

i=1σ
2
i Ini

.
The true critical value of the F -test, namely F

adj
α , that satisfies equation (11) for a given value

of α is obtained in the following manner: Davies’ algorithm [22] is utilized to compute the
value of αf in equation (9) using the Fα,k−1,N−k value when the design and the error variances
are given as was stated in section 2.1. If the ensuing value of αf value is larger, or smaller,
than the nominal level of significance, α, we increase, or decrease, the Fα,k−1,N−k value until
the nominal value of α is achieved, which is also done by using Davies’ algorithm [22]. This
process can be repeated several times until the difference between αf and α is < 0.00001,
which results in the value of F

adj
α as in equation (10).
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448 J. Lee et al.

3. Simulation

3.1 Measuring design imbalance and generating designs having a specified
degree of imbalance

To evaluate the impact of heterogeneous error variances on the size of the standard F -test
concerning σ 2

α for model (1), it is necessary to consider designs having different degrees of
imbalance.

Measures of data imbalance were considered by Ahrens and Pincus [23], Khuri [24], and
Lera Marques [25]. One ofAhrens and Pincus’[23] measures for the one-way model is given by

φ =
(∑k

i=1 ni

)2

k
∑k

i=1 n2
i

, (12)

where φ satisfies (1/k) < φ ≤ 1. Large values of φ indicate ‘near balance’, whereas values
close to the lower bound indicate severe imbalance. This measure can be utilized to assess the
efficiency of an unbalanced design as compared to a balanced design with the same number
of observations.

To study the effect of imbalance on data analysis, a method for generating designs having a
specified degree of imbalance is needed. Three such methods were introduced in the statistical
literature [26–28]. In this study, Khuri’s method [28] for constructing designs for the one-way

Table 1. Generated designs, D = {n1, n2, . . . , nk}, for the one-way model for
each combination of levels of the number of groups (k), the total number of

observations (N ), and the degree of imbalance (φ).

k N φ n1 n2 n3 n4 n5 n6 n7 φa

3 50 0.5 1 9 40 – – – – 0.495
3 50 0.5 4 40 6 – – – – 0.504
3 50 0.5 40 8 2 – – – – 0.500

· · · · · · · · ·
3 100 0.7 56 4 40 – – – – 0.701
3 100 0.7 6 35 59 – – – – 0.703

· · · · · · · · ·
3 250 0.9 44 103 103 – – – – 0.900
3 250 0.9 122 57 71 – – – – 0.899

5 50 0.7 14 21 6 4 5 – – 0.700
5 50 0.7 1 7 9 21 12 – – 0.698
5 50 0.7 3 14 10 3 20 – – 0.700

· · · · · · · · ·
5 100 0.9 26 12 14 19 29 – – 0.902
5 100 0.9 15 15 26 14 30 – – 0.900

· · · · · · · · ·
5 250 0.5 7 86 12 14 131 – – 0.501
5 250 0.5 73 19 16 4 138 – – 0.500

7 50 0.9 7 8 3 6 9 11 6 0.902
7 50 0.9 8 6 9 2 9 9 7 0.902
7 50 0.9 8 5 8 8 3 7 11 0.902

· · · · · · · · ·
7 100 0.5 10 3 15 4 9 48 11 0.500
7 100 0.5 6 3 45 24 8 12 2 0.500

· · · · · · · · ·
7 250 0.7 37 8 31 76 61 9 28 0.700
7 250 0.7 12 13 52 42 76 46 9 0.700

Note: A value of φa denotes the actual value of φ for a φ-generated design.
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F -test for the one-way random model with heterogeneous error variances 449

model is used. Given that the ni’s must be integer-valued, it may not be possible to find a
design that satisfies (12) for a specified value of φ. Khuri’s method [28], however, guarantees
to find a design whose degree of imbalance is closest to φ. It should also be noted that for
specified values of k, N , and φ, there can be several designs that satisfy equation (12) [see ref.
28 for more details].

Table 2. The calculated size of the standard F -test, αf , and the F
adj
α values in equation (10) for α = 0.05.

N φ σ 2
1 σ 2

2 σ 2
3 n1 n2 n3 α

‡
f F

adj
α

(a) k = 3†

50 0.5 0.1 0.1 1 1 9 40 0.0001 0.7666
50 0.5 1 0.1 0.1 1 9 40 0.4727 20.4685
50 0.5 10 0.1 0.1 1 9 40 0.8184 198.9138

· · · · · · · · · · · ·
100 0.7 10 0.1 0.1 56 4 40 0.0068 1.5748
100 0.7 0.1 10 0.1 56 4 40 0.6370 68.2543
100 0.7 10 0.1 10 56 4 40 0.0167 2.0611

· · · · · · · · · · · ·
250 0.9 1 0.1 0.1 114 47 89 0.0260 2.3661
250 0.9 10 0.1 0.1 114 47 89 0.0258 2.3361
250 0.9 0.1 10 1 114 47 89 0.2117 7.3781

N φ σ 2
1 σ 2

2 σ 2
3 σ 2

4 σ 2
5 n1 n2 n3 n4 n5 α

¶
f F

adj
α

(b) k = 5§

50 0.7 10 10 0.1 0.1 0.1 14 21 6 4 5 0.0119 1.5719
50 0.7 10 0.1 0.1 1 0.1 14 21 6 4 5 0.0630 2.8932
50 0.7 0.1 0.1 10 0.1 1 14 21 6 4 5 0.2926 10.0104

· · · · · · · · · · · ·
100 0.9 0.1 0.1 0.1 1 1 26 12 14 19 29 0.0500 2.4675
100 0.9 10 1 0.1 0.1 10 26 12 14 19 29 0.0334 2.1401
100 0.9 0.1 10 0.1 0.1 0.1 26 12 14 19 29 0.2655 8.3342

· · · · · · · · · · · ·
250 0.5 10 0.1 0.1 0.1 0.1 145 18 32 51 4 0.0004 0.7158
250 0.5 0.1 0.1 0.1 0.1 10 145 18 32 51 4 0.6790 52.6429
250 0.5 0.1 10 0.1 1 0.1 145 18 32 51 4 0.3555 10.2210

N φ σ 2
1 σ 2

2 σ 2
3 σ 2

4 σ 2
5 σ 2

6 σ 2
7 n1 n2 n3 n4 n5 n6 n7 α#

f F
adj
α

(c) k = 7‖

50 0.9 10 10 1 10 10 10 0.1 7 8 3 6 9 11 6 0.0381 2.1535
50 0.9 0.1 0.1 10 1 0.1 0.1 1 7 8 3 6 9 11 6 0.4057 12.2677
50 0.9 0.1 0.1 10 0.1 0.1 0.1 0.1 7 8 3 6 9 11 6 0.4477 22.0451

· · · · · · · · · · · ·
100 0.5 0.1 0.1 0.1 0.1 0.1 10 0.1 10 3 15 4 9 48 11 0.0008 0.7113
100 0.5 0.1 10 0.1 0.1 0.1 0.1 1 10 3 15 4 9 48 11 0.5561 20.7700
100 0.5 0.1 10 0.1 0.1 0.1 0.1 0.1 10 3 15 4 9 48 11 0.5772 31.0727

· · · · · · · · · · · ·
250 0.7 1 0.1 10 1 1 0.1 10 25 37 64 25 20 4 75 0.0114 1.3930
250 0.7 10 10 10 0.1 0.1 0.1 1 25 37 64 25 20 4 75 0.0515 2.1554
250 0.7 0.1 0.1 0.1 0.1 0.1 10 0.1 25 37 64 25 20 4 75 0.6412 35.2063

Note: These values are obtained by using Davies’ algorithm [22].
†A total of 1080 different settings are evaluated based on 45 generated designs.
‡The corresponding F0.05,k−1,N−k values are 3.1951 for N = 50, 3.0902 for N = 100, and 3.0324 for N = 250.
§A total of 10,800 different settings are evaluated based on 45 generated designs.
¶The corresponding F0.05,k−1,N−k values are 2.5787 for N = 50, 2.4675 for N = 100, and 2.4085 for N = 250.
‖A total of 98,280 different settings are evaluated based on 45 generated designs.
#The corresponding F0.05,k−1,N−k values are 2.3185 for N = 50, 2.1977 for N = 100, and 2.1360 for N = 250.
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3.2 Effects of heterogeneous error variances and design imbalance on the
size of the F -test

Once unbalanced designs are generated, by calculating the values of αf and F
adj
α , the true

critical value, using formulas (9) and (11), respectively, the effects of the error variances
and the degree of design imbalance on the test size can be evaluated. In this study, we
consider a factorial combination of the levels of k, N, φ and σ 2

i ’s, namely, k = 3, 5, 7;
N = 50, 100, 250; φ = 0.5, 0.7, 0.9; and σ 2

i = 0.1, 1, 10, i = 1, 2, . . . , k, excluding the three
cases σ 2

1 = σ 2
2 = · · · = σ 2

k = 0.1, 1, or 10. The region of interest R for this study is therefore
given by

R = {(k, N, φ, σ 2
i ) | 3 ≤ k ≤ 7, 50 ≤ N ≤ 250, 0.5 ≤ φ ≤ 0.9,

0.1 ≤ σ 2
i ≤ 10, i = 1, 2, . . . , k}. (13)

For each combination of the levels of k, N , and φ values, five different unbalanced
designs were generated using Khuri’s method [28]. The numbers of designs so generated

Figure 1. Box plots of calculated levels of significance, αf , of the F -test when the maximum error variance is
10 times as large as the minimum.
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F -test for the one-way random model with heterogeneous error variances 451

is 45(= 3[for N ] × 3[for φ] × 5[for replicates]) for each value of k = 3, 5, and 7, respec-
tively, giving a total of 135. Some of the generated designs are listed in table 1 along with the
actual value of φ, namely φa, for an (k, N, φ)-generated design. The value of φa is obtained
from equation (12) using the ni’s from the generated design. For each of the generated
designs, we consider a factorial combination of the levels of unequal σ 2

i (i = 1, 2, . . . , k)

values. This results in 1080 (= 45[number of designs] × (33 − 3)[number of unequal com-
binations of σ 2

i ’s]) combinations for k = 3; 10,800 (= 45 × (35 − 3)) for k = 5; and 98,280
(= 45 × (37 − 3)) for k = 7.

Let us consider a 5% level of significance in this simulation study. For each of the afore-
mentioned combinations, values of αf and F

adj
α are given in table 2. Note that αf ranges from

0.0001 to 0.8244 for k = 3; from 0.0003 to 0.9610 for k = 5; and from 0.0008 to 0.9981 for
k = 7. The corresponding F

adj
α values range from 0.4953 to 198.9183 for k = 3; from 0.7044

to 157.6412 for k = 5; and from 0.7113 to 169.6310 for k = 7. Box plots of αf are shown
in figures 1 and 2. Figure 1 corresponds to the case where the maximum error variance is
10 times as large as the minimum error variance, whereas figure 2 corresponds to when it is
100 times as large. A reference line of 0.05 was drawn on the box plots. Similar box plots
were obtained for values of F

adj
α as shown in figures 3 and 4.

Figure 2. Box plots of calculated levels of significance, αf , of the F -test when the maximum error variance is
100 times as large as the minimum.
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452 J. Lee et al.

Figure 3. Box plots of the true α-critical values of the F -test, F adj
α , for α = 0.05 when the maximum error variance

is 10 times as large as the minimum.

From figures 1 and 2, we can see that whenever the error variances are heterogeneous, the
computed level of significance, αf , tends to be, in most cases, larger than 0.05. This pattern
is more apparent when the design is more unbalanced, regardless of the values of k or N . The
interquartile range does not change much when the ratio of the maximum to the minimum error
variance changes from 10 to 100, although there is a tendency to have more extreme values
observed as the ratio increases. The total number of observations does not seem to have much
effect on the level of significance for given values of k and φ. The effect of design imbalance
on the significance level is also of interest. Both moderately (φ = 0.7) and severely (φ = 0.5)
unbalanced designs produce values of αf larger than those for mildly (φ = 0.9) unbalanced
designs. The interquartile range of αf gradually increases as the degree of design imbalance
increases. Overall, by looking at the interquartile ranges, we can see that design imbalance
has a larger effect on αf than does heterogeneity of the error variances.

From figures 3 and 4, it can be seen that the true α-critical values of the F -test, F
adj
α , for

α = 0.05 range almost from 0 to 20, when the maximum error variance is 10 times as large
as the minimum, and from 0 to 200, when it is 100 times as large. By comparison, the table
F -value, F0.05,k−1,N−k , under the assumption of homogeneous error variances, varies from
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F -test for the one-way random model with heterogeneous error variances 453

Figure 4. Box plots of the true α-critical values of the F -test, F adj
α , for α = 0.05 when the maximum error variance

is 100 times as large as the minimum.

2.136 to 3.195 (see the footnotes in table 2), depending on the values of k and N . Hence, the
effect of heterogeneous error variances on F

adj
α can be quite considerable.

4. Extension to the fixed-effects model

The use of Davies’ algorithm [22] can be extended to the one-way model with fixed effects,
where αi in model (1) is a fixed unknown parameter (i = 1, 2, . . . , k). In this case, the
hypothesis of interest is

H0: α1 = α2 = · · · = αk,

or equivalently,

H0: α = α01k,

where α0 is the common value of the αi’s. The variance–covariance matrix for model (2) is
� = �0, where, if we recall, �0 = ⊕k

i=1σ
2
i 1ni

. Thus, under H0, y ∼ N [(μ + α0)1N, �0]. As
in the random one-way model case, the standard F -test statistic is given by formula (4), which,
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454 J. Lee et al.

as was seen before, does not follow the exact F -distribution, even under H0. The corresponding
level of significance can be calculated using the formula

αf = P

[
y′

(
Q − k − 1

N − k
Fα,k−1,N−kR

)
y ≥ 0 | E( y) = (μ + α0)1N

]
. (14)

where Var(y) = �0. This is basically the same as formula (9) except that E(y) = (μ + α0)1N

instead of μ1N . Consequently, the representation of the quadratic form in equation (14) as∑s
i=1 τiχ

2
κi

(see Theorem 2.2) is still valid, where, as before, τ1, τ2, . . . , τs are the distinct non-
zero eigenvalues of (Q − (k − 1)/(N − k)Fα,k−1,N−kR)�0 with multiplicities κ1, κ2, . . . , κs ,
respectively. Thus Davies’ algorithm can be applied resulting in the same values for αf as in
the random-effects case. The same conclusion applies to the computation of the true critical
value of the F -test as in section 2.2.

5. Concluding remarks

When the traditional assumption of the homogeneous error variances is violated, the ANOVA-
based F -test for testing the significance of the random effect’s variance component, in a
one-way random model, does not provide the desired level of significance. Unbalancedness of
a design makes it more difficult to study the effect of unequal error variances on the level of
significance of the test.

This study explored the effects of heterogeneous error variances and design imbalance on
the level of significance of the ANOVA-based F -test. This was done by obtaining values of αf ,
the level of significance in equation (7), for different combinations of k, the number of groups;
N , the total number of observations; φ, the degree of imbalance; and the error variances. It was
found that data imbalance had a larger effect on αf than did heterogeneity of error variances.

We also provided a method for achieving a desired level of significance of the F -test. This
was done by computing the true α-critical value of the F -test using Davies’ algorithm [22].
Further study of the use of this critical value in investigating the power of the test is needed.

The case of the one-way model with fixed-effects was also considered. It was demonstrated
that the values of αf and the true critical values of the F -test, for comparing treatment means,
are the same as in the random-effects case.
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