STA 4321 REVIEW (Chapters 1 - 5)

1 Probability (Chapter 1)
1.2 Sample Spaces

e Experiment: any process of data collection or observations where the outcomes
are subject to variation.
ex1) toss a coin three times.
ex2) observe # of jobs in a print queue of a mainframe computer.

ex3) observe the length of time between successive earthquakes in L.A.

e Sample space (2): the set of all possible outcomes
ex1) Q= {HHH,HHT, HTH, THH, HTT, THT, TTH, TTT}.
ex2) Q=1{0,1,2,3,...}.
ex3) Q= {t € R|t > 0}.

e Event: subset of €.
ex1) the first coin is Head, A= {HHH,HHT,HTH, HTT}.
ex2) fewer than five jobs, A = {0, 1,2, 3,4}.
ex3) the length of time is less than 10 seconds, A = {0 <t < 10}.

e Event relation

(i) Union: C'= AU B, either A occurs or B occurs or both occur.
(i) Intersection: C'= AN B, both A and B occur.
(iii) Complement: A€, A does not occur.
(iv) Disjoint: AN B = ¢.
e Laws of set theory

(i) Commutative laws: AUB=BUA, ANB=BnNA.
(ii) Associative laws: (AUB)UC =AU (BUC),
(AnB)NC=An(BNQC).
(iii) Distributive laws: (AUB)NC =(ANC)U (BN C),
(ANB)UC =(AUC)N(BUCQO).

1.3 Probability Measures

o P: () — R satisfies
(i) P() =1,



(i) 0 < P(A) <1 for any A C Q,
More generally, if Ay, Ay, ..., A,,... are mutually disjoint, then

P (E’j Ai> -3-r()

By three properties above,

P1. P(A°) =1 — P(A)

P2. P(¢) =0

P3. If A C B, then P(A) < P(B)

P4. P(AUB) = P(A) + P(B) — P(AN B)

1.4 Computing Probabilities: counting methods
e Uniform model: all the outcomes are equally likely.

# of ways A can occur

P(A) =

total # of outcomes

e More complex situations

(i) Multiplication principle
exp’t 1: m outcomes, exp’t 2: n outcomes = mn outcomes
exp’'t 1: ny, exp’t 2: ng, exp’t p: n, = ninsy---n, outcomes
(ii) Sampling without replacement and with replacement
For a set of size n and a sample size r,
# of different ordered samples with replacement: n”,
without replacement: n(n —1)---(n —r + 1),
(ifn=r,n(n—1)---1=nl)
(iii) Binomial coefficients
(’:) # of unordered samples without replacement
n
(a+b)"=>" (n) atpr
o \k
In particular, 2" = Y27 (’;)

(iv) Multinomial coefficients

n n!
NNy -+ - Ny nilng! -+ n,!

: # of ways that n objects can be grouped into r classes with n; in the ith
class,2=1,...,7and > | n; =n.

n
(171+$2+"‘+-Tr)nzz< )x?leZ...x;’Lr

niNg « « - Ny



1.5 Conditional Probability
e Conditional probability

P(ANB)

P(AIB) = ~prgy

P(B) # 0.

: conditional probability of A given B.

e Multiplication law

P(ANB) = P(A|B)P(B), P(B) 0.

e Law of total probability

Let By, By, ..., B, be such that U}, B; = Q and B, N B; = ¢ for © # j, with
P(B;) > 0 for all 4. Then, for any A,

P(4) =3 P(A|B)P(B,).

=1

e Bayes rule

Let A and By, By, ..., B, be events where the U, B; = Q and B, N B; = ¢ for
i # 7, with P(B;) > 0 for all 4. Then,

P(A|B;)P(B;)

P(B;|A) = » P(A|B)P(B;)’

1.6 Independence

A and B are independent events <= P(AN B) =
mutually independent: P(A;N---NA,)=P(A;)---

2 Random Variables (Chapter 2)

random variable (r.v.): a function from € to R.

2.1 Discrete Random Variables

e Frequency function (probability mass function)

plx;) =P(X =), > plz;) =1



Cumulative distribution function (cdf)
F(z)=P(X <z), —oo<uz<o0.
: non-decreasing and

lim F(z)=0, lim F(z)=1.

r——00 r—00

Bernoulli: Success or Failure
X:0or1
See the table.

Binomial: n independent Bernoulli experiments
X: total number of successes ~ B(n, p).
See the table.

Bernoulli and Binomial
X1, Xo,..., X, independent Bernoulli r.v. with P(X; =1) = p.
= Y=X1+Xo+ -+ X, ~B(n,p).

Geometric
X: under Bernoulli trials, # of trials up to and including the first success.
See the table.

Negative Binomial
X: under Bernoulli trials, # of trials until r successes in all ~ N B(r, p).
See the table.

Geometric and Negative Binomial
X1, Xo, ..., X,: independent Geometric r.v. with p.
= Y=X1+Xo+ -+ X, ~NB(r,p).

Hypergeometric

Suppose an urn contains n balls, of which r are black and n — r are white.

X: # of black balls drawn when taking m balls without replacement ~ H(m;r, n).
See the table.

Poisson

X: # of times some event occurs in a given interval of time ~ Poisson(\).

See the table.

Binomial and Poisson



— Setting: dividing an interval into a very large number of small subintervals
of equal length.

— Assumptions (of Poisson):

(i) independent increment: what happens in one subinterval is independent
of what happens in any other subinterval.
(ii) stationarity: the probability of an event is the same in each subinterval.

(iii) proportionality: the probability of an event is proportional to the length
of the subinterval.

(iv) rareness: events do not happen simultaneously.

Binomial with large n and small p — Poisson(\) where np — A.

2.2 Continuous Random Variables

e Density function f(x)
(i) f(z) =0
(i) S f(x)de =1
(iii) P(a < X <b) = [P f(x)dz, a<b.
e (Cdf and density function

_ dF(x)

fla) = =

e Uniform [0, 1] ~ UJ0, 1]
See the table.
e Exponential ~ Exp()\)
X: waiting time
See the table.
memoryless property — P(T >t + s|T > s) = P(T > t)

: the probability that the unit will last ¢ more time units does not depend on s.

e Gamma ~ Gamma(a, \)
MNa) = /OO u* e du,
0

(o) = (e — 1)l if o is a natural number.
See the table.

e Exponential and Gamma
X1, X, ..., X, independent Exponential r.v. with .
= Y =X;+Xo+ -+ X, ~ Gamma(n, \).
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e Poisson, Exponential and Gamma

— distribution of # of arrivals during [0,t] ~ Poisson(\t)
— distribution of waiting time until the first arrival ~ Exp(\)

— distribution of waiting time until the rth arrival ~ Gamma(r, \)

e Normal ~ N(u,0?)
See the table.
Standard normal ~ N (0, 1).

e Central Limit Theorem (CLT): if a r.v. is the sum of a large number of inde-
pendent r.v.’s, it is approximately normally distributed.

o If X ~ N(u,0?) and Y = aX + b, then Y ~ N(ap + b, a*c?).

2.3 Functions of a Random Variable

e X: continuous r.v. with density fx.
Y = g(X), g: differentiable, strictly monotonic on some interval I.
f(z) =0if 2 is not in I.
— Y has the density function

o) = I (a7 0) [ o™

Y

for y such that y = g(z) for some z, and fy(y) = 0 if y # g(x) for any x in I.
Here ¢! is the inverse function of g.

e F: cdf of X and Z = F(X), then Z has a uniform distribution on [0, 1].
e U~ U[0,1] and X = F~!(U). Then, the cdf of X is F.

3 Joint Distribution (Chapter 3)

If X1, X,,..., X, are jointly distributed r.v.’s, their joint cdf is

F(xla'r%'--axn):P(Xl leaXQ §x27"'aXn an)

3.2 Discrete Random Variables

— Joint frequency function (joint probability mass function)

p(ziy;) = P(X =2, Y =y;)



— Marginal frequency function

px(z) = Zp(iv,yj)
pr(y) = > p(xiy)

— Xq,...,X,,: discrete r.v.’s

p(xh“'axm):P(Xllea"'uXm:xm>

3.3 Continuous Random Variables

— Joint cdf: F(z,y)
— Joint density function: f(z,y) = ag—gyF(x, Y)

— Marginal density function
fx(@) = [ fley)dy
Wy = [ @)

- P((X,Y) € A) = [ [, f(x,y)dydzx

— Bivariate normal
1

) = - +
J(y) 2noxoyy/1 — p? P ( 2(1 —p?) %
2p(x — px)(y — MY)D

0x0y
—00 < lx,fy < 00,0x,0y >0, -1 <p<1

marginal distribution: X ~ N(ux,0%) and Y ~ N(py,0%)

3.4 Independent Random Variables

— X1, X5, ..., X, independent

— F(x1,29,...,2,) = Fx,(21)Fx,(22) - - - Fx, (xy)
= f(@1,22,. %) = fx (@1) fxa(22) - fx, (Tn)
— P(X;j€A,Xo€A,,...,X,€A,)
=P(X; € A)P(Xy€ Ay)---P(X,, € A4,)
for all x1,x9,...,x, and Ay, As, ..., A,.

3.5 Conditional Distribution

1 [(95 —px)? (Y- py)?



— Discrete case
P(X =ux,,Y =vy;)
P(Y =y;)
pxy(%,yj) .
= ——>~ ifpy(y;) >0
py(yj) ( J)
pxy(z,y) = pxy(ly)py(v)

px(z) = Z pX|Y(iU|y)pY(?J)

P(X =ufY =y;) =

— Continuous case

 fxv(z,y) . .
fxv(,y) = frix(ylr)fx(x)

fr(y) = /fY|X(Z/‘37>fX(SU)dx

Bivariate normal:

Y[X =2~ N(uy + p(z — px)oy [ox,0%(1 = p))
3.6 Functions of Jointly Distributed Random Variables
— Sums: Z = X +Y (convolution)
pz(z) = Y plx,z—2)
= Y px(@)py(z —z) if X&Y : independent

fz(z) = /f(x,z—x)dx
= /fX(x)fy(z—:v)d:v if X&Y : independent

— General case: change of variables (see p.95)

3.7 Functions of Jointly Distributed Random Variables

X1, Xo, ..., X, ~ cdf F and density f (i.i.d.)
- U= max; Xi7 V= mini Xz
Fy(u) = [F(u)]", fu(uw) = nf(u)[F(w)]"™"
Fy(v)=1-[1-F@)]",  fr(v)=nf(u)[l - F)]""
— Order statistic: Xy < X(g) <+ < Xy
The density of X(), the kth order statistic:

7o) = G @ @) 1 = P



4 Expected Values (Chapter 4)

4.1 Expected Value of a Random Variable : measure of center

— Discrete r.v. with frequency function p(z)
E(X) = Z zip(@;)

provided that Y, |z;|p(z;) < oco. If the sum diverges, the expectation is
undefined.

— Continuous r.v. with density function f(z)
E(X) :/ zf(z)dx

provided that [ |z|f(z)dx < oco. If the integral diverges, the expectation is
undefined.

4.1.1 Expectations of Functions of Random Variables

— THEOREM A
Y =g¢9(X).
(a) X: discrete with frequency function p(z)
= B(Y) = g(z)p(x)

provided that 3 |g(z)|p(z) < oo.
(b) X: continuous with density function f(z)

— B(Y) = [ ge)f()da

provided that [|g(z)|f(x)dx < cc.
— THEOREM B
Y = g(X1,..., Xn).
(a) X;: discrete with joint frequency function p(xy,...,z,)
— EY)= > g(@,...,z,)p(x1,...,20)

..... Tn

provided that >, . |g(z1,...,2,)p(z1,. .., 2,) < 00.
(b) X: continuous with joint density function f(xy,...,z,)

— E(Y) = /---/g(xl,...,xn)f(xl,...,xn)dxl---dxn
provided that the integral with |g| in place of g converges.

— COROLLARY A
X,Y: independent r.v.’s
g, h: fixed functions

= Elg(X)n(Y)] = Elg(X)]E[R(Y)]



4.2 Variance and Standard Deviation : measure of spreadness

— X: rv. with F(X)
Var(X) = B[(X — E(X))?

provided that the expectation exist. The standard deviation of X is the
square root of the variance.

Var(X) =Yz, — E(X))*p(x;) (discrete)
= [* (x — E(X))*f(z)dxr (continuous)

— THEOREM A
Var(X) exists and Y = a + bX.

Var(Y) = b*Var(X)
Oy = |b|0’X

— THEOREM B
Var(X) exists.

Var(X) = B(X?) - [E(X))?
— THEOREM C (Chebyshev’s Inequality)

X: r.v. with mean p and variance 0. Then, for any ¢t > 0,

2
PUX =l > 1) < %

— COROLLARY A
If Var(X) =0, then P(X = pu) = 1.
— MSE (Mean Squared Error)
MSE = E[(X — x0)?
= Var(X) [E(X — x0))?

4.3 Covariance and Correlation

— X&Y' jointly distributed r.v.’s with px and puy respectively.
Cov(X,Y) = E[(X — px)(Y — py)]
provided that the expectation exists.

— THEOREM A
U=a+ Y5, bX; and V =c+ Y7, d;Y;

Cou(U, V) ZZbZd Cov(X;,Y))

=1 j=1
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— COROLLARY A
Var(a+ Y 0:X;) =3 > bb;Cov(X;, X))
i=1 i=1 j=1
— COROLLARY B
Var (Z Xl-) = Var(X
i=1 i=1
if the X; are independent.

— Correlation coefficient

X&Y' jointly distributed r.v.’s, variances and covariances exist, and the
variances are nonzero.

Cov(X,Y)
\/Var War(Y)

— THEOREM B

—1 < p < 1. Furthermore, p = +1 <= P(Y = a + bX) = 1 for some a
and b.

4.4 Conditional Expectation and Prediction

— Definitions and Examples
x Conditional expectation of Y given X =z
EY|X =2z) =X,ypyix(y|r) (discrete)

= [yfyvix(y|z)dy (continuous)
More generally,

ER(Y)|X =za] = [ hy) frx(ylz)dy
« Law of total expectation: E(Y) = E[E(Y|X)]
x Var(Y)=Var[E(Y|X)] + E[Var(Y|X)]
— Prediction
Predicting Y by some function h(X) in order to minimize MSE.

E((Y = h(X))*] = E[E[Y - h(X))*X]]
WMX) = E[Y[X]
4.5 Moment Generating Function (mgf)
M(t) = E(e7)
= ) e“p(z) (discrete)

= / T g f(z)dz (continuous)
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— PROPERTY A

If the mgf exists for ¢ in an open interval containing zero, it uniquely de-
termines the probability distribution.

— PROPERTY B
If the mgf exists for ¢ in an open interval containing zero,

M®D(0) = E(X")
— PROPERTY C
If X has the mgf Mx(t) and Y = a 4+ bX, then Y has the mgf
My(t) = e“tMX(bt)
— PROPERTY D
X&Y' independent with My and My, and Z =X + Y.
on the common interval where both mgf’s exist.
— Property D-1
X1, Xo, ..., X, independent
= Mx, x,,..x,(t1,ta, ... 1) = Mx, (t1) Mx,(t2) - - - Mx, (t).

4.6 Approximate Methods

— Propagation error (§ method)
Y = g(X) ~ glux) + (X — px)g/(sx) : first order

py ~ gpx)
oy = ox[g (ux))?
1
Y =9(X) ~ g(px) + (X = ux)g'(px) + 5(X = 1x)*9"(px) : second order
1
py & glix) + 50xg" (1x)

5 Limit Theorems (Chapter 5)

— Law of Large Numbers
X1, X, ..., X;,.... asequence of indep. r.v.’s, E(X;) = u & Var(X;) = o
Xn =1 ?:1 X

Then, for any ¢ > 0,
P(|X, —p| >¢) — 0 asn — o0

. convergence in probability
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— Converge almost surely to a

. if for every € > 0, |Z,, — a| > € only a finite number of times.
— Convergence in distribution

X1,X,5,...: asequence of r.v.’s with cdf Fy, F>, .. ..

X: arwv.’s with cdf F.

X, converges in distribution to X if

at every point at which is continuous.

— CONTINUITY THEOREM

F,: a sequence of cdfs with corresponding mgf M,.
F: a cdf with the mgf M.
M, (t) — M(t) for all ¢ in an open interval containing zero.

at all continuity points of F.

— CENTRAL LiMIiT THEOREM (CLT)
2

X1, Xo,...,: asequence of independent r.v.’s with mean 0 and variance o=,
the cdf F' and the mgf M defined in a neighborhood of zero.

Sp = ?:1 Xi

n—00 oyn ~

where ®(-) is the standard normal cdf.

= limP< Sn <x>:<1>(x), —00 < & < 00
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