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Some Old Friends ...

Theorem (Slutsky)

X, % x

Pr

— (Xn, Yn) 2 (X, 0)
Y, — ¢

Theorem (H. Rubin)

X, % X d
= gn(Xn) — 9(X)
gn(xn) — g(x) forall* x, — x

*For all x € A and all sequences x, — x, where Pr(X € A) = 1.



... Applied to Random Distributions ...
Setup:

S S; S3 separable metric spaces
Py P P53 spaces of probability measures on their Borel sets

pi = metric on &; metrizing weak convergence

X, = random elements of S;
Qp = random elements of &,
1n = measurable mappings of (S; x Z) into Y3

Assume:
Xo S X
Qn LAy (nonrandom)

Yn(Xxn, Qn) — ¥(x, Q) forall* (xn, Qn) — (X, Q)
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N

X, 3 x

o (0, Q0) S (X,0)
Qn — @)

Yn(Xn, Qn) — (X, Q)
for all* (xn, Qn) — (X, Q) J

H.Rubin
——

Un(Xn, Qn) S B(X, Q)



Sy S, S; separable metric spaces

Xn = random elements of S;

Qpn = random elements of &2,

1n = measurable mappings of (S; x %) into 3
Proposition
Assume:

X, 2 X

Qn % Q (nonrandom)

Un(Xn, Qn) — (X, Q) forall* (xn, Qn) — (X, Q)
Then:

Yn(Xn Qn) L (X, Q)



Xn, Yn random elements of S; and S,, resp.

gn(x,y) Ss-valued function on Sy x S,
I sub-o-algebra of underlying probability space
Corollary
Assume:

Xoc oy and Xy S X~P
L(Yn|h) aQ (nonrandom)
9n(Xn, ¥n) — g(x,y) forall* (Xn, yn) — (X, y)
Then:
L(gn(Xn, Yo)| o) & Z(g(X,V)|X), X~P, Y~Q, XLY.

» Proof
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Examples: Generalities
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Examples: Generalities

Each of our examples follows the same pattern

> S, co(Xin) and S, S Z~ N(O,X)
> 2(S51X1) 25 N(O, %)

= T;; = gn(8n7 S;;, 0)
> Gn(Xn, Yni 0) — g(x, y;0) for all* (xn, yn) — (x,y)
Thus
» Th % 9(0,2:60) Z~N(,X)
> L(TiXn) S 2(9(Z, W:0)|2)  Z,W ~iid. N0, ).



» Th 3 9(0,2:0) Z~ N(O,X)

> L(TiXen) S 2(9(Z,W;0)|2)  Z,W ~iid. N(O,X).

For most values of 6:
9(x,y;0) =9(0,y;0)
so that

Z£(9(Z,W;0)|2) = £(g(0, W; 0)

For other values of 6:
g(x,y; 6) depends on x and

£(9(Z,W;0)|Z) is random (varies with Z)



Example: Hodges’ Estimator

Xi,. ., Xp ~iid. (1) 0<b<1
. Xo i [ Xy >n1/4
W:{bm if [ X < 01/
Sn=n"?(X, — 1) Si=n'"2(X: — Xp)
Sn % Z ~ N(0,1) £(85|X1:0) =5 N(O, 1)
To = n'"2(n — p) Ty = n'2(i5, — Xp)

gn(X,yip) =y — (1 = B)(x +y +n'2p)I(|x +y + n'2pu| < n'/*)

; if u#0,

IV )= by 4 (1 bx, fu=0



Example: Hodges’ Estimator (p2)

yv |fﬂ§éo,
X, Vi ) =
glx.yin) {by+(1—b)x, it =0
d Z ifu#0
T, % 9(0,Z: ) = Z ~ N(0,1

L(TiXrn) S 2(9(Z, Wi )| 2)  Z,W ~i.id. N(0,1)

p#0:g(x,yin)=9(00,y;u) =y
2(9(Z, W; 1)|Z) = 2(W|Z) = (W) = N(0,1)

p=0:9g(x,y;pu) = by +(1-b)x
Z(9(Z,W;0)|2) = £ (bW + (1 — b)Z|Z) = N((1 — b)Z, b?)



Example: Lindley’s Estimator

Xi,. . Xo~idid. (1, l) (0> 4)

fin = M(Xa)1p + 4 1 Ei (X
)1pl%

n|| Xn, — m(X,

m(Xn)1p}



Example: Lindley’s Estimator (p2)

Sn=n"3(X, — p) Sy =n"3(X; — X)
Sn < Z ~ N, Ip) L(S5|X1:n) 25 N(O, Ip)
Th= ’71/2(1% = ) Ty = 1/2( — Xn)
vy (e=3)(x +y) = m(x+ y)ip+n"P{u — m(u)1p}]
O Y )= (Xt y)Tp 12 (it — ()t} P
y if u# m(p)1p
gx.yin) =19, (P=3)(Xx+y)—mx+y)p]

oty —mx e R T



Example: Lindley’s Estimator (p3)
To % 9(0,Zip) Z~ N, 1)
L(TiXen) S 2(9(Z, Wi )| Z)  Z, W ~iid. N(O, Ip)

p#mp)lp: g(x,yin) =9g0,y;p) =y

T, < Z ~ N, Ip)
L(9(Z, W; )| 2) = 2(W|Z) = L(W) = N(O, Ip)

p=m(p)lp:

T, %z P=NE=mZNe) 7 N )
12 =m(Z2)1pll

2(9(Z, W; )| 2) :.,s,ﬂ(w—

(P=3)[(Z+ W)—m(Z+ W)1p]

?)

I(Z + W) = m(Z + W)1,)®



Example: The LASSO (Correlation Model)

(X17 Y1)7"')(Xn7 Yn) jiikd: E[(YI_)(ITﬁ))(I] =0

Bn = arggnin{i(Y,- — XTb)? + \, i\b(m}
i=1 j=1
Assume: E([|(X;, Yi)|I*) < o0
V := Var[(Y; — X/ 8)X;] positive definite
C := E(X;X]") positive definite
a2, — X
Let: ¥ =Cc'vCc!

Bootstrapping Cases

(X7, Y7), ..., (X5, Yy) is a with-replacement random sample from
(X7 Y)1:n — {(X‘Ia Y1 )7 coag (Xna Yn)}



Example: LASSO (Correlation Model) (p2)

n n
Co=n""> XX/ Cr=n'> XiXT
i=1 i=1
_ n n
Bo=Cy'n "> XY; (LSE) Br=Cy 'n 'Y X YE
=1 i=1
Sn=n'2(f, - B) Sy = n'/(By — Bn)
To=n'2(3, - B) Ty =n'2(B, — Bn)
C, % C c: e

80 % Z~ N(O,5) 2(S51X1:0) 25 N(O, %)



Example: LASSO (Correlation Model) (p3)

gn(X7y7 C!ﬁ) =

y+argmin{ u'Cu+
u

)
1200 (107260 + (x + y + )] - n1/25<j),>}
=

g(X7y7 Cvﬂ) =

y+argmin{ u'Cu+
u

p 5 o . .
Ao Z(u(f) sign(8V) + [(x + y + )] 1(8Y) = 0))}

=



Example: LASSO (Correlation Model) (p4)

T, % 9(0,2,C;8), Z~N(O,X)

L(TilXen) S 2(9(Z, W, C 8)|Z) Z,W ~iid. N(O,¥)

BU £0forallj=1,....p:9(x,y,C;3) = 9(0,y,C; 5)
Z(9(Z,W,C;p)|Z) =.2(9(0, W, C; 8)|Z) = 2(9(0, W, C; 8))

Y =0 foratleastonej=1,...,p:

Z(9(Z, W, C; B)|Z) varies with Z and is random



A Way to Repair the Bootstrap

Why is the bootstrap inconsistent in these examples?
» Limiting distribution of T, is discontinuous in .
» Resampling from empirical distribution with mean X, # L.

Idea

» Resample from a distribution with mean /i, chosen to fix
bootstrap inconsistency.

Candidate Family of Distributions
» Weighted empirical distribution with weight w; on X;,
i=1,....n.
» For a given value of u, choose the weights to
» minimize Kullback-Leibler divergence from empirical distribution
» subject to constraint 7, wiX; = p.
» Defines a pseudo-parametric family of distributions {F”M}.



Theorem

Suppose:
> O =Wic7O; C RP.

Pn
L(SEX1.n) = Q forall 6 € 6.
Qy(Ag) =1 forall6 € 6.
~ PN o
» 0, —> 0 and Pj(0, € ©;) — 1 foralld € ©;andi € T.

Foralli € T and all 6 € ©;, gn(xn; 0n) — 9g(x;0) for all
sequences x, — x € Ag and 0, — 0 with{6,,n> 1} C O;.

Then for all § € ©: Z(gn(St. 6n)|Xin) - 2(9(Z.0)), Z ~ Qp.

\{

\{

\{
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Theorem

Suppose:
> O =Wic7O; C RP.

PH
Z(SE Xi.n) — Qp forall 6 € 6.
Qy(Ag) =1 forall6 € 6.
~ PN o
» 0, —> 6 and Pj(0,€ ©;) — 1 foralld € ©;andi € I.

Foralli € T and all 6 € ©;, gn(xn; 0n) — 9g(x;0) for all
sequences x, — x € Ag and 0, — 0 with{6,,n> 1} C O;.

Then for all § € ©: Z(gn(St. 6n)|Xin) - 2(9(Z.0)), Z ~ Qp.

\{

\{

\{

Corollary

If £(Sp) P—“’>~Qg for all 6 € ©, then the conditional distribution of
T = agn(S;, 0n) given Xy., consistently estimates the distribution of
Tn = 9n(Sh,0) under all values of 6 € O.



Theorem

Assume

Xi,..., Xn ~ iid. (u,X) (finite)

fin is v/n-consistent for
Let

X, ..., Xz ~iid. Ps, conditional on Xy., = {Xi,..., Xn}
Then

2(n'2(X; — fin)| Xi.0) £5 N(O, )



Theorem

Assume

Xi,..., Xn ~ iid. (%) (finite)

Let
X, ..., Xz ~iid. Ps, conditional on Xy., = {Xi,..., Xn}
Then

2(n'2(X; — fin)| Xi.0) £5 N(O, )



Examples Revisited

Example (Hodges Estimator)
Oy = {0}, O1 = (—00,0) U (0, o0).

gn(X; 1) = X — (1 = b)(x + n'/2p) I(]x + n'/2pu[ < n'/4)

x ifu#0

Q(X:u)zX—U—b)Xl(MZO)Z{bX 0= 0

fin = Xnl(|Xn| > an) with a, — 0 and n'/?a, — .



Examples Revisited

Example (Lindley’s Estimator)
Op = {p € RP: pp = m(u)1p}, O1 = {1 € RP : p # m(p)1p}.

(P — 3)[(x) — m(x)1p+ n"/2{u — m(u)1,}]
10x) = m(x)1p + n'72{p — m(u)1,} |12

X, if o # m(p)1p,
g =4 (-3 -mt
0 —mpot2 0 T M

: Xn if | Xn — m(Xp)1p|l > an
fin = - e .
T mXa) 1, i | Xn — m(Xa)1p| < an

In(X;p) = X —

with a, — 0 and n'/2a,, — oco.



Examples Revisited
Example (LASSO)
O=RP=,.,0ywWithZT ={J:JC{1,...,p}} and

Oy={BeRP:80) =0foralljeJ, gV £0foralljgJ}

gn(X7 Cv ﬁ) =
X+ argminu{uTCu +n7 AP (\n”zﬂ(f) + (x+ u)V| - \n‘/zﬂ(f)o}

9(x,C; p) =
X+ argminu{uTCu + X3P, (u(f) sign(8) + | (x + u)?]1(BY = 0)) }

3, = an estimator with the “oracle” property, e.g., SCAD or
adaptive-LASSO (but not the LASSO).



Simulations: Hodges’ Estimator (b = 0.5), a, = n~"/2log,, n

RMSE (relative)

u=0 n=0.25
0.8 - 0.8
06 A T — 0.6
~
04 Ao A 04+ W
0.2 ~a s _, 0.2
00 =4l oo
0.2 - B SN 02 - ~a
00 =S 4
0.8 0.8
0.6 4A& T~ 0.6 -
~
0.4 - A, 04 -Ha —a _
02 - a 02 - %
-a_a _
0.0 & —al oo A
I T T T T T 1 I T T T T T 1
25 50 100 200 400 800 1600 25 50 100 200 400 800 1600

Sample Size

p = .025
p =.05C
p =.95C
p=.975



Simulations:

Hodges Estimator (b = 0.5)

n=25
e _
o
R n—1/4
n—1;3
o 12
© | n ~'“logipn
o —_— n—2/3
3] .
Q N —— uniform
I}
g
Q0
o <_|
%) o
N4
c
<
3]
= (qV]
S
o]
o FHHHHHH\\\\\ \ \ \ |
T T T T I

0.0 0.2 0.4 0.6 (0R<} 1.0



Simulations:

Mean KS Distance

0.2

0.8

0.6

0.4

0.0

Hodges Estimator (b = 0.5)

n =200
- - - -1/
/A n !
L R n—1/3
! ‘\ - n_llzloglon
— 1 =
[~ - \ L 2/3
Py — uniform
S
/o
] v
/ [
/ \
7
N T Y | \ |
T T T T T
0.0 0.2 0.4 0.6 0.8 1.0




The End

No one will ever see this slide.



Proof of Corollary 1

Suppose x, — x and Y}, dy~a
Let ha(y) := gn(xn, y) and h(y) := g(x, y).
y: Sy
H.Rubin d
ho(yn) = hy) (= "n(Ya) = ACY)

forall* y, — y
! gn(Xn, YI/”I) g g(X> Y)

Translation: suppose x, — x and Q, — Q. Then
Yn(Xn, Qn) — (X, Q)

where

%(Xa Ql) = g(gn(xv Y/))

bx, @) = L(glx, vy N~ @

» Return to Corollary 1



Proof of Corollary (p2)

Un(x, Q) :
P(x, Q) :

Yn(Xn, Qn) — (X, Q) forall* x, — xand Q, — Q

f(g,,(x, Y,)) y’

Z(9(x,Y") 4

X, 3 x
Pr .
@ —=Q Proposition, (X @n) & 9(X, Q)

Yn(Xn, Qn) — (X, Q)
for all* (xn, Qn) — (X, Q) |

» Return to Corollary 1



Proof of Corollary (p3)

Un(x, @)= Z(gn(x,Y)) YV ~Q
v(x,Q)=Z(g(x,Y)) Y ~Q

Qn = Z(Yn|%h)
Un(Xn, Qn) S (X, Q) X~ P
But
Xn € 2
Qn = g( Yn|£7n)} - .i”(gn(Xm Yn)‘,gz/n) o wn(Xn, Qn)
and

WX, Q) = Z2(g(X,V)|X), X~P, Y~Q XLY

SO

L(gn(Xn, Yo)| o) & Z(a(X, V)|X), X~P, Y~Q, X1Y
0

» Return to Corollary 1
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