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Summary

We proposea classof conditionally speci ed modelsfor the analysisof mul-
tivariate space-timeprocessesSud models are usefulin situations wherethere
is sparsespatial coverageof one of the processesand much more densecoverage
of the other process(es). The dependencestructure acrossprocessesand over
space,and time is completely speci ed through a neighborhood structure. These
modelsare applicableto both point and block sourcesfor example,multiple pol-
lutant monitors (point sources)or se\eral courty level exposures(block sources).
We introduce seeral computational tricks which are integral for model tting,
give somesimplesu cien t and necessaryonditionsfor the space-timecovariance
matrix to be positive de nite, and implemert a Gibbs sampler,usingHybrid MC
steps,to samplefrom the posterior distribution of the parameters. Model t is
assessedtia the DIC. Predictive accuracy both over time and space,is assessed
both relatively and absolutely via mean squaredprediction error and coverage
probabilities. As an illustration of thesemodels,we t them to particulate mat-
ter and ozonedata collectedin the LA areain 1995over a 3 month period. In
this data, the spatial coverageof particulate matter was sparserelative to that
of ozone.



1 Intro duction

Conditionally speci ed, or Markov random eld, models can often be easily speci ed for

processesver spaceand time, but computations are intractable. We proposea patrticular

classof conditionally speci ed space-timemodelsfor a multiv ariate processherethat will be

computationally tractable and that allows a neighborhood structure to be explicitly speci ed

over both spaceand time. Thesemodelswill also accommalate nonstationary spatial and

temporal structures and are applicable to both point and block sourcedata, whether as a

model for the data itself or as a model for random e ects enbedded within a regression
model for the data.

Somerecert work on conditional speci cation of modelsfor spatial data include Cressie
and Chan (1989) and Cressieet al. (1999) who use 'distance’-basedneighbors for block
and point sources,respectively. Bayesian conditional autoregressie (CAR) models using
distance-basedneighbors have been applied in Conlon and Waller (1998) and Best et al.
(1999). Kaiser et al. (2002) specify anisotropic distance-basedneighborhood structures
which vary over time. Conditions under which conditionally speci ed modelsinduce a valid
joint distribution were originally given in Besag(1974) and a wealer set of conditions was
given in Kaiser and Cressie(2000). Hrafnkelssonand Cressie(2003) compare geostatistics
and conditionally speci ed models for predicting at many location using a ne grid; they
concludethat the conditional approad is a viable alternative for spatial ervironmental data.
Recen Bayesianwork on specifying priors for particular conditionally speci ed modelsin-
cludesa seriesof papersby Sun, Tsutakawa, and colleaguegSun, Tsutakawa, and Spedkman,
1999; Kim, Sun, and Tsutakawa, 2001); these papers and many papers using CAR models
focus on placing these conditional priors on random e ects in the setting of block (areal)
sources.

There has also beenwork on conditionally speci ed models for multiv ariate spatial
processes. Mardia (1988) generalizesCAR models to the multivariate setting, referring

to them as MCAR models. These models are somewhatrestrictive as the same spatial
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dependenceparametersare assumedfor ead of the multivariate processes. Gelfand and
Vounatsou (2003) generalizethis work to allow a separatespatial dependenceparameter
for ead multiv ariate process.Carlin and Banerjee(2003) proposeseparablemodels with a
CAR model for spatial dependenceand direct speci cation of the multiv ariate dependence.
Knorr-Held and Rue (2002) dewelop intrinsic CAR modelsfor bivariate processes.

In addition, there has also been considerablework on space-timemodeling in recen
years,in somecaseswith multiv ariate processesCarroll et al. (1997) specify a space-time
covariancefunction for a Gaussianrandom eld on ozone(for a discussionof their choice,see
the accomparying discussionof this paper by Cressie). Wikle, Berliner, and Cressie(1998)
build complex Bayesianspace-timemodelsthat capture spatial dependenceusing Gaussian
Markov random elds (GMRFs) and temporal dependenceusingvector autoregressie (VAR)
models. Wikle and Cressie(1999) dewelop a space-timeKalman lter that is more general
than the (kriged) Kalman lter previously proposedin Mardia et al. (1998). Le et al. (1997)
and Kibria et al. (2002) usemultiv ariate t-modelsfor daily multiv ariate spatial prediction of
pollutants while assumingindependenceover time using the conceptof gauged(sometimes
obsened) and ungauged(never obsened) sites. To deal with the space-timeproblem, Zidek
et al.(2002) extendsthis approad by taking temporal correlation into accour through pre-
whitening the time series(as a block) which resultsin minimal lossof the spatial correlation
of the residuals, which are again modeled using multiv ariate t-models. Haas (1995, 2000)
usesa moving \cylinder" to do local prediction in a spacetime process.Niu et al. (2003)
proposea generalmodel for spatio-temporal data on a regular lattice; after 'di erencing’
to remove seasonalpatterns and/or trends, they regressthe responseat ead location on
the grid at eat time using ARMA modelsto accourt for temporal dependenceand order
r spatial neighborhoods. Stein (2003) recerly proposeda classof non-separablespace-time
covariance functions which require pseudo-lilelihood approadesfor estimation. Shaddik
and Wake eld (2002) construct modelsfor multiv ariate space-timemodelsusing geostatistics

models for the spatial componert and vector autoregressie models for the temporal and



multiv ariate dependence. Other work in the dewelopmern of space-timemodels includes
Handcack and Wallis (1994), Stroud et al, (2001), and Brown et al. (2001).

In general,computations in space-timemodels are often problematic, requiring the in-
version of large covariance matrices and as sud), separable(over spaceand time) models
are often considered(Gelfand et al., 2001). In addition, when both spatial and temporal
dependenceare consideredthe literature is lacking on models with sud dependencerepre-
serted explicitly via spatial and temporal neighbors. Somework in this areacan be found in
Knorr-Held (2000)who considersneighborhoods amongspatial and temporal random e ects
and with space-timeinteraction terms.

A generalissuethesemodelswill addressis the useof information on a 'densely’ obsened
space-timeprocesseso help 'll-in' a correlated, but sparselyobsened, space-timeprocess,
whether the processis obsened at a point or block. As an illustration of this issueand the
methodology, we analyzedata from a joint pollutant eld of particulate matter and ozonein
the LosAngeles(LA) area(vandenEeden,2001),wherethere weremany monitors for ozone,
but only a few for particulate matter. Models sud as those proposedby Le et al. (1997)
and Zidek et al. (2002) would be well suited to this application, but would not generalize
to block sourcedata for which conditionally speci ed modelssud asthe one proposedhere
are better suited.

Section 2 will introduce the model and discussspeci cation of the componerts of the
covariance structure, computations, and model tting. Section 3 preserts the results from
analyzing the LA pollutant data. Someextensionsof the model are proposedin Section4.

Conclusionsand discussionare cortained in Section5.

2 Mo del

Let Ye(ski;t) : k= 1;::5;K;0 = 1;:::;Ng;t = 1;:::; T denote the possibly transformed
measuredvalue for the kth process(pollutant) at its ith location at time t, with p = P k Nk

the total number of sub-sites. We refer to the s,; as sub-sitessincemore than one of the K



processesnay be measuredat the samelocation. Now, considermodelswith the following
form:

Y NW M AU SN Y (1)

whereY = (Y?(1)%Y?(2)%:::;Y(T)99 isapT 1 vector, with

ap 1vector,M is ablock diagonalmatrix of the form, M = I M? whereM?isap p

matrix, and
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Vs( s) isap p matrix characterizing the spatial neighborhoods with diag(Vs) = 0, and
parameters ¢, and V;( ) isa p p matrix, characterizing the temporal neighborhoods,
parameterizedby .

This covariancestructure implies the following two conditional speci cations, the rst in
terms of an individual elemen of the Y vector whenM ? is assumedo be diagonal,and the

secondin its partitioned form, Y ?(t), whereM ? is not assumeddiagonal,
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where cﬁfi;'é)o;)(t;to) denotesthe elemen of the C( ) matrix correspnding to the pair of values

(Yi(Ski;1); Yio(Skao; t9), wic; is the row of the design matrix W correspnding to the ith
location for the kth processat time t, W  are the rows of the designmatrix correspnding
to time t, and 2 is the diagonal elemen from the M matrix correspnding to Y(ski;t).

Note that these models are often constructed starting with conditional speci cation (3) or

(4).



Somefeaturesand remarkson the model:

Thesemodelsassumea constart spatial neighborhood and parametersover time. How-
ewer, there are no restrictions on the spatial neighborhood matrix, Vs (other than

M? (1, Vs) being positive de nite).

These models assumean AR(1)-type temporal neighborhood structure through the
matrix V;( ). Howewer, nonstationarity is allowed by varying the AR(1) parameters
over space,and di erent sitescanbe lag 1 neighbors. The elemerts of this matrix are
related to the coe cien ts of vector autoregressie (VAR) models(they are, in fact, just

appropriately re-scaledversionsof theseparameters).

Proper spatial CAR (e.g., Best et al, 1999) and MCAR (Mardia, 1988) models are
special casesvhenV; = 0, and the appropriate structure is placedon M ? and Vs. The
s parametersplay the role of the spatial autocorrelation parametersin proper spatial

(M)CAR models.

The conditional speci cations of this model (3) or (4) demonstratehow straightforward

predictions using both spatial and temporal neighbors can be done.

Although the models have a similar form to separablegeostatisticsmodels (see,e.g.,

Gelfandet al., 2001),the resulting covariancematrix in thesemodelsis not separable.

Asymptotics in these models when modeling point sourcesare not well understaod.
In Kaiser et al. (2002), no measuresof uncertainty are reported for the parameter
estimates. We will t fully Bayesianmodelshereto conduct exact Bayesianinference.
This will facilitate taking into accour all sourcesof variability when characterizingthe

variability of the predictions and assessinghe variability of the parameters,in general.



2.1 Neighborho od structure, dependence parameters, and condi-
tional (co-)v ariances

The neighborhood/dependencestructure given in the spatial matrix, Vs, and the temporal
matrix, Vi, can be speci ed with great exibilit y subject to the constrairt that M (I 5t

C( )) is positive de nite. For example,if a natural barrier exists betweentwo sites, the
correspnding componert of C( ) canbesetto 0. Sud issuescanbedi cult to handlewith
direct speci cation of covariances,asin geostatisticsmodels. Choicesfor the M ? matrix and
the spatial and temporal neighborhood matrices, Vs and V;, respectively, can be made by

equating thesematricesto their courterparts in common (multiv ariate) spatial models and

the form of the M ? and Vs can be speci ed asin MCAR models (Mardia, 1988). Extending
this to the more exible MCAR modelsin Gelfand and Vounatsou (2003) will be discussed
in Section4.3. Any type of spatial dependence/parameterscan be usedin Vg( ) aslong
as they are constart over time. The form of the V; matrix can be made similarly to the
choicescommonly madein vector autoregressie (VAR) time seriesmodels for multiv ariate
responses.It might be chosento be diagonalwith a separateparameterfor ead process/site
or to be a full matrix with the temporal autoregressie parametersdecreasingwith distance
from the site. Simpli ed (diagonal) forms for the M ? matrix include M? = 2|, a constan
conditional variance acrosssites and time and processor M ? = diag,( ), i.e., a separate
conditional variancefor eat process.Additional discussionof speci cation of the M ? matrix
can be found in Section4.4. We will introduce the neighborhood structure, parameters,

and the parameterizationof the M ? matrix usedin our examplein Section3.

2.2 Prior distributions

A di use normal prior wasassumedn the regressiorparameters, , andinverseWishart/gamma
priors on M ? matrix and/or its componerts as appropriate. Prior speci cation for the de-

pendenceparameters, , is tricky and an open problem. Here, for simplicity, we consider



uniform priors on the spaceover which M *(I,r  C( )) is positive de nite. For somemod-
els, this region can be determined explicitly. For details, seeSection3.3. Prior speci cation

on simpler CAR modelswithin a multilevel setup can be found in Sun et al. (1999).

2.3 Computational Diculties and Solutions

Space-timemodels often create computational challenges. Here, we will discusshow this
classof modelscanbe t with minimal computational di cult y. The main challengeinvolves
computation of both the determinart, inverse,and eigervaluesof a matrix whichisTp Tp
whereT is the number of time points and p = P « Nk is the total number of spatial locations
over ead process.To accomplishthesetasks, clewver, but simple, computational approades
are required. We considerthe casewhereM = |1 N M?.
Result 1:

If M? (I, Vs) is not positive de nite, then M *(I,r C( )) is not positive de nite.
Proof:: It is a leading submatrix of M (1,1 C( )).
Result 2:

Giventhe form of M *(Ipr  C( )), we canrewrite it as

M Hlgr CO) =101 M7 Yy Vs ) (M? Vi( ) ()

where isthe T T matrix de ned below.

Result 3: Using someKroneder product idertities,

- Oor o
= O
- OP O
>0

M *(lpr C() =7 A H(lpr B)(It A

whereA = (I, V;) ¥?M?*2 andB = AM? \4A. This result will hold given Result 1.



Result 4: M *(I,r C()) is positive de nite if and only if A is full rank and (I 5t B)
is positive de nite. (follows from an adaptation of Theorem A.1.1 in Anderson (1984, p.
583)).

Theorem I

De ne ; to be the eigevaluesof M? (1, V;), i to bethe eigervaluesof , and |
to be the eigervaluesof B. Then M (1,r C( )) will be positive de nite i ; > 0 and

i j<lforalliandj.

Proof: Follows directly from Results1-4.

Soto chedk the positive de niteness of the joint covariance matrix M (l,r  C()), we
only needto compute the eigervaluesof two P « Ng-dimensionalmatrices, A and B, and a
T-dimensionalmatrix , which hasa simpleform and is xed; this impliesthat even within
a sampling basedalgorithm, the eigervaluesof only needto be computedinitially . Given
the eigervalues, it is easyto computethe determinart. Toinvert M *(I,r  C( )), we just
needthe eigervectors of thesesamematrices. Thus, all the computationsreduceto dealing
with T and p = P « Nx dimensional matrices. Basedon speci ¢ neighborhood structure,
calculationscan be simpli ed even further (seeSection3.3).

The form of the C( ) matrix given in equation (2) implies a a 'balanced' C( ) matrix,
i.e., the samesitesover time and the sametimes for all sites. The computational tricks above
require sud balance. If the actual data is unbalanced,balancecan be achieved by lling in
the intermittent 'missing’ data using data augmertation within an MCMC algorithm. The
details of this will be discussedn Section2.5.

So, similar to separablespace-timegeostatisticsmodels,the 'limiting' factor in computa-
tions is the sizeof T andp = P K_; Nx. Manipulating other T, p, or Nx dimensionalmatrices

can sometimesfacilitate posterior computation (seeSection3.3).



2.4 Posterior sampling

We usea Gibbs samplerto obtain a samplefrom the posterior distribution of the parameters.
The full conditional distributions for is normal. SamplingM ? will depend on the form of
this matrix; e.g.,if M? = 2|, then the full conditional distribution of 2 will be inverse
gamma. Otherwise, we proposeto use an appropriate version of the Metropolis-Hastings
algorithm. To samplethe , we useda Hybrid MC algorithm (Neal, 1994). This requires
ewvaluation of the rst derivative of the log full conditional with respectto , which is simple

to compute given the form of the likelihood,

logL( )/ (1=2)logjiM *(Iyr C( )i (1= [M *(Iyr CONY W )Y W )] (6)

as appeardirectly in the componerts of the C( ) matrix. This algorithm facilitates e cien t
movemert through the multivariate space.

When intervals over which the resultedin a positive de nite M (1,  C( )) matrix
could be determinedexplicitly, the parameterswere transformedusing a logit type transfor-
mation on that interval, Iog(max—mi"), where( min; max) IS the interval; this wasdonein order
to transform from a closedinterval for the Hybrid MC algorithm. If an interval cannot be
determined, a ched of positive de niteness (p.d) can be conductedusing Theorem|l, and if
the valuescorrespndsto a non-positive de nite covariance matrix, the value is thrown out
(sinceit hasprior probability 0). Details using the structure of the C and M matrix in our

examplewill be givenin Section3.3.

2.5 Mo del comparison

As discussedn Kaiser et al. (2002), evaluation of model t and predictive ability are two
di erent questionsand canresultin di ering conclusions.To evaluate model t and compare
models, we use the Devianceinformation criterion (DIC) (Spiegelhalteret al., 2002). We

will give somedetails in the following. De ne the parameter vector to be . The DIC is
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de ned to be Dev('ﬁ + 2pp, whereDev( ) =  2lodik( ), “is the posterior meanof , and
P = Dev Dev(”) with D'ev the posterior meanof the Deviance. Here, = ( ;M ( 2); )
and the likelihood is givenin (6). Smallervaluesof the DIC are preferred.

To comparethe predictive ability of thesemodels, we compute both the prediction error
and coverageprobabilities. We usea cross-alidation approad. To assesspatial prediction,
we drop out the data on a sub-siteat all times, re-t the model, and then predict the process
valuesat the dropped sub-site. For temporal prediction, we drop out all sub-sitesat the rst
and last times, re-t the model, and then predict the processvaluesat the dropped times.

Somedetails on prediction follow (under the restriction that M ? is diagonal; extension
to non-diagonalM ? is straightforward). Similar to the approad in Kaiser et al. (2002), we
drop a sub-site (time) and t the model to the remaining sitesto obtain the posterior dis-
tributions of the parametersconditional on these sub-sites. Then, we assumethe pollution
processat the dropped sub-site follows the samedistributional form as (3), i.e., the condi-
tional distribution of Yy, the vector of responsesat the sub-sites/timesto be predicted (i.e.,
the dropped sub-sites/times), given the remaining sub-sites/times, Yo, follows a normal

distribution with mean,

X KX
YO;pred =W, + C(o;i);(o;t)(Yk(ski;t) Wikt ) (7)
k=1 i=1 t=1
and variance
Vy ! = MO 1(| dim (YO;pr ed) CO) (8)

where Cy is the neighborhood matrix for the sub-sitesto be predicted, Wy is the design
matrix for the sub-sitesto be predicted,cggé:‘));(o;t) is the matrix of elemerts of the C( ) matrix

correspnding to the regressionof the sub-sitesto be predicted on the remaining sub-sites
(cf. (3)), and My is a diagonal matrix cortaining the appropriate conditional variances;
theseare formed using (3). So,for prediction, the dimensionof the matrix that needsto be

inverted will be the dimensionof Y.
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The C( ) matrix is constructedto include intermittent missingvalues. At ead iteration
of the sampler,thesevaluesare lled in via data augmertation using a normal distribution
with mean and variance analoguesof (7) and (8); this is necessaryfor the computational
results outlined in Section 2.3 to hold. We emphasizethat by using this approad, we
are implicitly using monte carlo integration to accour for the uncertainty of thesemissing
values.

We will ewvaluate prediction using mean squaredprediction error (MSPE) and coverage

probabilities. Mean squareprediction error is de ned as

X 2
MSPE = (YO;pred YO;ObS)

where Yopreq IS the conditional posterior meangiven in (7) and Yoo is the obsened value
of the dropped sub-site/time. To help calibrate MSPE, we can compareits value to the
conditional variances( 2), estimatedfrom tting the model with all sub-sites/times.

To evaluate coverage,we compute 95% prediction intervals using the following approad.
We will illustrate the approad under the setting of dropping out a sub-site at all times
(dropping out all sub-sitesat onetime follows similarly). At iteration m (of M) of the Gibbs
sampler,we create95%credibleregionsusing (Yoons(Si; ) Yoprea(Sis )T (V™) *(Yoons(Si: )
Yopred(Si; ) where Yo o4(Si; ) is givenin (7) and V" is given in (8), using the values of
( 2, ; ) atiteration m. Sincethe conditional distribution is normal, this shouldfollow a chi-
squareddistribution on T degreesof freedom. We can court for how mary iterations these
regionscover the true value of the dropped sub-site;ideally, closeto 95%for ead sub-site. A
refereehaspointed out that theseregionsmay betoo small, esgecially if there is considerable
uncertainty/v ariability re ected in the posterior distribution of ( ; ; ?). As an alternative,
we alsoexaminemarginalizedcredibleregionsthat integrate over the uncertairty in ( ; ; 2).
Theseare constructedas (Yoons(Si; ) Yopred(Si; ))T(V) *(Yoons(Si; ) Yoprea(Si: ), where
Yo,pred(Si; ) and Vy'-’ are computed using Rao-Blakwellization (Gelfand and Smith, 1990)

P
as follows, Yopred(Si; ) = = Yohrea(Si; ) and V,? = %[\/ym + Yohred(Sii )Yohred(Sis )71
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Yo,pred(Si; ) Yopred(Si; )T. For this region, we again use a chi-squared distribution with T
degreesf freedomto createa cuto ; howewer, here,this will only be approximate, with the
approximation improving asthe posterior of ( ; ; 2) concetrates around the true values.

If the original data were transformed, the predictive variance will be neededto obtain
the posterior predictive meanon the original scale. For example,in the application, we log

transformedthe responses.So, the prediction on the original scale,X ¢q, IS given as

X pred = expf Ypred + Vy:29:

We will compute MSPE on both the original scaleand the transformed scaleof the data .
In the following example, we will examine MSPE and coverage overall, and for eath

processseparately

3 Data Example

We illustrate this methodology on pollutant data from the LA area. There werea total of 35
siteswith pollutant monitors, 5 of which monitored both particulate matter (PM) and ozone
and 30 which only monitored ozone;a map of the sitesis givenin Figure 1. We analyzedata
collectedduring a 54 day period during the summerin 1995, July 10-Sept. 1 (this period
was chosensinceit cortained no missing data); howewer, we point out that that the time
window chosenwas chosenfor easeof demonstration of these models. Thesemodels easily
accommalate intermittent missingdata (even if missingby design) as discussedn Section
2.5. Wealsomertion that we undertake a simpleanalysisof this data here. A morede nitiv e
analysiswould include many extensionswhich we discussmore thoroughly in Sections3.7
and 4. Oneobjective of this modeling wasto useozoneto help predict PM giventhe sparsity
of the PM sites.

A log transformation of both ozoneand PM seemedo provide a good approximation to
normality and constart variance. This agreeswith previouswork by Carroll et al. (1997)on

ozoneand Cressieet al. (1999) on PM. The designmatrix ultimately chosen,W, consisted
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of 9 1 design vectors which included a set of ozone-sgci c componerts: an intercept,
terms for both latitude and longitude and an interaction, and a quadratic in time; and a
set of PM-speci ¢ componerts: an intercept and a quadratic in time. We also considered
some additional design vectors that included/excluded spatial componens for the mean
structure for PM/ozone. Some weather covariates were also available, but there was so
much missingnesshere that they could not be usedwithout explicitly building models for
them. Ultimately, the most complexmeanstructure 't' the data best(by DIC), but resulted
in poorer cross-alidation predictive accuracy

A summary of the data by site appearsin Table 1.
3.1 Neigh borho od Structure
We considerthe following possibleneighoors of Yy (ski;t)
1. Yi(sk;t + 1). The pollutant value at the samelocation on the subsequenday.
2. Ye(ski;t 1) The pollutant value at the samelocation on the previousday.
3. fYk(sk;t) : | & ig. The pollutant valueson the sameday at other locations.

4. TY;(sji;t) : ] 6 kg. The pollutant valuesof other pollutants on the sameday at the

samelocation.

Let cﬁf{'ﬁ,)o;)(t;to) denotethe elemen of the C( ) matrix correspnding to the pair of values
(Yi(ski: 1); Yeo(skao; 19). Using the neighborhood structure given above, we specify the C( )

matrix to have the following structure,

1. Cgik;i;l;;)(t;tﬂ) = Ek)
2 Cgik;i;l;)(tt 1)~ {k)
3. Ciiyy = 8 f(siis)
4 Cﬁik{j));(t;t) = §V
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and 0 otherwise. In this application, we set f (Sj;s)) = minjo o(diej0)=d, whered;, is the
Euclidean distance betweenthe two sites. This is similar to the choice of Cressieand Chan
(1989), though they set the dependenceto 0 when the distancebetweenlocations exceeded
somedata determinedthreshold. For a good approad for determining distancebasedneigh-
borhood structures using geostatistical techniques, we refer the readerto Hrafnkellsonand
Cressie(2003), which we will discussfurther in Section4. For block sourcedata, f (si;s|)
might be chosento be an indicator of whether sitess; and s, are neighbors or somemeasure

of the 'quality’ of the neighbors (seeSection4.4).

3.2 Choice of the conditional covariance matrix, M?

For the M? matrix, we considertwo speci cations. For the rst, we assumea common
conditional variance over space,i.e., M? = 2|,. For the second,we assumea separate
conditional variancefor ead procesgpollutant); in our application, ? and 2. The elemets
of the C( ) matrix then needto be adjustedfor the matrix M (1,+ C( )) to be symmetric.
The elemerns of the C( ) matrix will remain as speci ed above exceptfor the elemelts of

the C( ) matrix correspnding to cross-mllutant neighbors. Thesewill have the following

structure,
(ki) — (k) _—
1. Ciiyety = S i
(jsk ) — (k) _
2. Ciiyey = S KT

wherethe rst term is in the upper triangle and the secondterm is in the lower triangle of

the C( ) matrix.

3.3 Posterior sampling details

The full conditional for 2 in the modelwith M? = 2|, will be inversegamma. For the more
generalspeci cation of M?, the C( ) matrix will cortain the diagonal elemeits of the M ?
matrix. For this choice of M ?, we usea random walk Metropolis-Hastingsalgorithm. For

the neighborhood structure, given in Section 3.1, we can compute 'necessary'intervals for
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positive de niteness (i.e., valuesoutside the interval, correspnd to a non-positive de nite
matrix). ForM = 2| andthe specic M’ descritedin Section3.2, necessaryntervals, given
our neighborhood structure, for &) are (1= x:max; 1= kmin ), Where min and ymax are
the smallestand largest eigervaluesrespectively of the distance matricesfor ead pollutant
(k), i.e., the Ny Ny matrix of pairwise distances(as specied in Section 3.1 with 0's
on the main diagonal). In addition, the following bound must be satis ed which provides
additional restrictionson & given () and vice versa,j Mj < ma— (L8 kmax). Here,
we have assumedhat () = 0; the intervals are further restricted if this is not the case.In
Section3.4, we usetheseboundsto help interpet the magnitude of the estimateddependence
parameters( ). Howewer, we cannot usea logit transformation basedon this last interval as
the boundsfor ' depend on the currert valueof & and vice versa. However, we can use
the rst setof boundsfor (¥ and simpler boundson t(k), ( :5;:5), basedon the eigervalues
of the matrix,

The Gibbs sampling algorithm cornverged quickly using se\eral starting values. 50; 000
iterations were run, with the rst 1000 thrown out as burn-in; computing time for com-
plex models like Models IV and V was four hours on a PC with a pertium 4, 1.8 GHz

processor. For Model V, we broke the dependenceparameters, 's into two blocks: 1)

( 55”; 552>' {”; {2)), and 2) 551;2). The dependenceparametersmixed quite well using the

Hybrid MC algorithm though the cross-mllutant parameter, (51;2) mixed more slowvly than

the others. Convergencewas assessetly examiningtrace plots from four chains.

3.4 Model t and inference on parameters

We t v e dependencemodels as given in Table 2. Model t, asdiscussedn Section2.5,
was assessedia the DIC. DIC valuesfor the given models, are given in Table 3. Clearly,
the model with all the spatial and temporal dependenceparameterst best.

The estimatesof , the dependenceparameters,and 2, k = 1; 2, the varianceparameters,

for the best tting model, Model V, appearin Table4. Usingthe information onthe necessary
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intervals/boundsin Section3.3, all of the spatial and temporal dependenceparametersare
quite closeto their upper bounds. As the intervalsin Section3.3do not include {2, we did
somesimulations conditional on the other parametersand found this wasalsoin fact near
its upper boundsaswell. So,clearly, both the spatial and temporal dependences strong in

this data.

3.5 Prediction Error

For prediction, for eat sub-site,5100iterations wererun, with a burn-in of 100;twerty-two
hourswasrequiredto run the prediction for all the sub-sitesin the model. Predictive ability
as measuredby MSPE is given in Tables5-8 for prediction on the log and original scale
both spatially and temporally. We usethe posterior meansof 2 and 2 and Table 1 to help
calibrate the magnitude of the prediction errors for PM and ozonerespectively, below.

The overall gainsin spatial prediction when comparing the independencemodel to the
best dependencemodel, Model V, was to decreaseMSPE by about 30%. The magnitude
of the prediction error was about twice the value of the respective posterior meansof 2
(cf: Table 4). To assesghe gainsin PM prediction by modelling it jointly with ozone,we
comparemodels|V and V. The gainsin predicting PM hereare not large, on the order of a
2-4%reduction in MSPE. The biasin generalwas quite small (cf. Table 1).

The superior temporal prediction for PM versusozoneis mainly due to the fact that
an AR(1) type model t PM very well, but not ozone(not shovn). Howewer, we do seea
decreasen MSPE of over 30%for ozonewhenincluding temporal dependencen the model.
The huge di erences betweenthe MSPE for PM was due to very poor prediction for the
independencemodel on the rst day. We can seethat in Model V, the magnitude of the

prediction error for PM was lessthan the posterior meanfor 2 while it wasabout twice the

value of 2 for ozone.This indicates solid temporal prediction for PM.
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3.6 Coverage results

To obtain someabsolutemeasureof model t, we examinedthe coverageprobabilities (based
on 95% con dence regions) for Model V using the cross-alidation approad. For the PM
spatial predictive coverage,we obsened coveragesbetween .94 and 1.0 for four of the v e
sites, with one site having coverageof 0.0; for ozone,we obsened coveragebetween .94 and
1.0for 28 of the 35 sites, with 7 siteshaving lessthan .04 coverage. Thus, for both PM and
ozone,the model appearsto be tting about 80% of the sub-siteswell. This agreedwith the
marginal credible regionswhich covered 80% of the sub-sites. For PM temporal predictive
coverage,coveragewas over 90% for both days while for ozone,coveragewas about .98 for
the last day, but .00 for the rst day.

We did somefurther exploration of the sub-siteswith poor coverage. Thesetendedto be
siteswith the fewest 'quality’ neighbors (for a discussionof 'quality’ neighbors, seeSection
4.4) and with considerablevariability over time (relative to the other sub-sites;seeTable 1).

Poorer prediction at sub-siteswith not too many 'quality’ neighborsis not surprising.

3.7 Mo del Expansions

Theseresults suggestfurther model expansionfrom se\eral perspectives. In terms of spa-
tial dependence nonstationary spatial structures should be considered,especially given the
topography in this region of the United States, as well as ne tuning the distance based
neighborhood structure using the approad of Hrafnkellsonand Cressie(2003) (seeSection
4.5). Other extensionsmight include adjusting the M matrix to accoun for the 'quality’ of
neighbors (seeSection4.4) and taking into accourt the measuremen error in the monitors
(Section 4.2). We will discusssomedetails about these expansionsand othersin the next

section.
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4 Mo del Generalizations and Extensions

In the following, we will discussseeral generalizationsand extensionsto the model, both

with respect to the neighborhood structure and incorporating additional sourcesof variabil-
ity.
4.1 More than lag 1 temp oral dependence

Only lag 1 temporal dependencehas beenconsideredhere. Increasingthe temporal neigh-
borhood structure beyond the single nearestneighbor createsmajor di culties with compu-
tations. Sud matriceswill have a block Toeplitz form for which the inversecan be computed
e ciently (Dietrich, 1991),but cheding positive de nitenessand computing the determinart

are not computationally tractable.

4.2 Measurement Error

Another extensionwould be a to build a hierarchical (mixture) model to allow for measure-
mert error. Thesemodelsare most appropriate whenthe variance of the measuremenerror
is known or there are replications. In our setting, we did not know the measuremen error
variancesand we did not have replications. Howewer, the measuremeh error variance still

could beidenti ed by assumingindependenceof the measuremenerrors, conditional on the

true valuesof the processithe measuremenerror varianceestimatedin this way would likely
be confoundedby residual error not explainedin the spatial dependencemodel for the true

process(seebelon). An alternative approad would be to put an informative prior on 2.

The extensionto our model is asfollows,

Y N(:D) (9)
NW M (2 (er CONT Y (10)

with D a diagonal matrix often specied as ?l. We have added a measuremen error

componert into the model and the true processof interest is now represeted by , not
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y. How doesthis impact computing? Sampling from the full conditional distributions of
: ;2 will bethe same,but with Y replacedby . The full conditional for 2 will beinverse
gamma (assuminga conjugate prior). The full conditional distribution of will be normal
and the tools usedin this paper to dealwith M *(I,r+ C( )) can be usedfor computing
this distribution. Finally, intermittent missingdata can easilybe handled more easilywithin
this model asthe missingY's can be sampledfrom a N( ;D) distribution.
For court or binary data, (9) could be replacedby a Poissonor logistic regressionrmodel

with  now being a random e ect.

4.3 Extension to exible MCAR models

Gelfand and Vounatsou(2003) considerlinear transformations of the data/random e ects to
extendthe MCAR modelsof Mardia (1988)to allow a separatespatial parameterfor ead of
the multiv ariate processesWe will give somedetails on incorporating theseideasinto our
model. Considerap p linear transformation matrix G, which is block diagonalwith blocks
of size K. We can modify the model proposedin this paper by replacing the covariance
matrix M (Ipr  C()) with the matrix (G 1+)M (lpr  C( )G I1)°% The benet
of extending the model using this approad is a more exible speci cation for multiv ariate
spatial dependencewith simpleconstrairts on the spatial dependenceparametersfor positive
de niteness;thus, no chek would needto be madeon the eigervalues, i, asin Theoreml.
In addition, Theorem1 will hold as beforewith appropriate modi cation to the matrix B.
Care, howewer, must be taken to accour for the impact of G on the temporal neighborhood

matrix, V;.

4.4 Adjustmen t for 'qualit y' of neighbors

In the air pollution datasethere,and in many other settingswith an irregular lattice, there
is an asymmetry in terms of the number of neighoors (for block sources)or the number and
quality of neighbors (with point sources). The 'adjustment’ often madeto the conditional

variance in CAR models with block sourcesis to divide a constart unknown variance by

20



the number of neighbors, 2?=n; (Sun et al, 1999). The motivation for suc an adjustmert
is that we would expect the conditional variance of siteswith more neighbors to be smaller
than sites with fewer neighbors. Adjustments are also frequertly made for the quality of
neighbors as well; e.g., how much of the total boundary do they share. In point source
data, often all sites are neighbors to ead other. We might construct a similar adjustmert
to the standard CAR models in this caseby dividing 2 by a measureof the 'quality’ of
the neighbors. We might de ne this quartity, n?, by the inverseof the harmonic averageof
the distancesfrom the currert site to all other sites. Sincethe neighborhood structure in
this model is assumedstatic over time, n? will be constart over time and computations will
proceedunderthe M = Iy N M? case. Appropriate adjustmerts then needto be madeto
the conditional mean(through the C matrix) to ensureM (1, C( )) remainssymmetric.
This ideawill be exploredin future work and might improve the prediction for the pollution

exampleas discussedn Section3.6.

4.5 Alternativ e neighborho od structures and nonstationarit vy

The temporal neighborhood structure usedin the example could be supplemered by in-
cluding the following additional neighbors for Yy (ski;t); Yk(sk;t+ 1);1 6 i (lag 1 temporal
correlation acrosssites) and/or Y;(sj;;t+ 1);1 6 i;] 6 k (lag 1 temporal correlation across
sitesand pollutant). In addition, to better calibrate distance-basedeighoors, the techniques
in Hrafnkellsonand Cressig(2003)could beimplemerted which involves,amongother things,
nding a range of dependencefor the neighbors by 'equating’' the neighborhood structure
to the results from tting variograms using geostatistical techniques. In this paper, the
distance-basedneighborhood structure was speci ed without using sud techniques as in
Kaiser et al. (2002) amongothers.

The neighborhood structure proposedfor our models might be characterizedas station-
ary. To extend to a nonstationary dependence we can allow the neighborhood dependence

parametersonly to operatelocally and/or allow them to vary over space.The deformation of
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distanceapproad (Sampsonand Guttorp, 1992)might be a reasonablemethodology to try
to integrate into this model. Care must be taken in order to ensurethe conditional variance
matrix M’ and the neighborhood matrix, C( ) are speci ed appropriately so asto make

M (lp,r  C()), symmetric.

5 Discussion

We have proposeda conditionally speci ed space-timemodel which providesboth tractable
computationsand exibilit y in specifyingthe spatial dependencestructure while allowing for
simple temporal dependence.This provides another classof modelsthat can be considered
for space-timedata with either point or block sources.

The multi-p ollutant exampleillustrated the potertial gainsfrom modeling multiple space-
time processegointly via the slightly increasedpredictive accuracyand greatly improved
model t (DIC). Larger gains would likely have been seenin the example by modeling
pollutants that are more related than PM and ozoneand by intro ducing someof the model
expansionsdiscussionin Sections3.7 and 4.

In addition to 'modeling’ the pollutant eld asan endin and of itself, the 'output’ from
these models has other uses. For example, these multi-p ollutant space-timemodels might
be usedasinput to health e ects models. Howewer, the health e ects data are usually at
a di erent level of aggregationthan the pollutant data. In particular, the pollutant data
are point sourcesand the health e ects data tend to be over areas. So, in somesense,an
averageexposure(pollutant level) for the areawould be desired. This could be accomplished
by creatinga ne grid over the areas,constructing the appropriate C( ) matrix on this grid,
predicting the pollutants at eat point on the grid (Hrafnkelssonand Cressie,2003), and
then averaging. Sud an approad would avoid the change of support problem discussed
recenly in Gelfand et al. (2001). In addition, the posterior draws from the Gibbs sampler
canbe usedto addressthe uncertainty of the pollutant exposurein the health e ects models.

Recen work on sud modeling has beendone by Van den Eeden(2001), Zhu et al. (2003),
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and Dukic et al. (unpublished manuscript). For block sources,we might usethesemodels
to Il in spatial covariates for a regressionmodel where someof the covariates (exposures)
are missingin certain blocks.

In the LA data, weather variableswere also collected. Howewer, there was considerable
missingness.Thesemight be usedin both the spatial model for the pollutants and the health
e ects modelsby tting additional spatial modelsto the weather data to obtain a predicted
weather eld that could be usedascovariatesin both the pollutant and health e ects models.

A criticism of conditionally speci ed models is that the marginal distribution of the
original sites changeswhen we add in additional sites;i.e., lack of marginal invariance. For
block sourcesthis is lessof an issuethan with point sources.However, the ultimate goal of
the modeling may either be a good t of the model to the data and/or good prediction; the
model shouldbe judged more on thesecriteria than the lack of marginal invarianceproperty.

An alternative approad for prediction (cf: Section2.5) would be to augmer the C( )
matrix with the site(s)to be predicted, Yy, and then to samplefrom the posterior distribution
with the additional site(s) in the model, similar to the data augmenation approad usedto
"Il-in" intermittent missingdata. This approad may potentially result in slightly di erent
predictions and posterior distributions of the parameterssincethe marginal distribution of
the obsened sitesis altered when adding in the site to be predicted. This wasthe approat
usedin Hrafnkelssonand Cressie(2003).

The t of the covariancestructure could be assessettia posterior predictive chedks (Gel-
man et al., 2003). Sud cheds have beenusedrecerly to assesghe t of the correlation
structure in complexhierarchical models (see,e.g.,llk and Daniels, 2005).

Future work will include doing many of the model expansionsdiscussecdhere for a more
de nitiv e analysisof the pollutant data and making comparisonsof sudr models with geo-
statistics models with a separablespace-timestructure. In addition, we will report on the
propriety of the posterior under improper priors on the regressioncoe cients, , and the

diagonal matrix of variances, M, including derivation of default referencepriors for the
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dependenceparameters. We will alsoexploree cient sampling algorithms asthe neighbor-

hood/dependencestructure gets more complex.
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Figure 1: PM and ozonemonitor locations.

28




Pollutant Site No. Mean Variance Min Max

PM 3.93 077 3.42 5.27
3.70 .056 3.13 4.76
4.38 .059 3.75 4.81
4.21 12 3.36 5.35
3.79 .040 3.47 4.34
ozone 3.22 .042 2.73 3.61

3.15 .073 2.65 3.65
3.78 .059 3.35 4.25
3.68 .082 3.21 4.27
3.38 .082 2.73 3.85
2.67 094 172 3.24
3.66 .046  3.30 4.10
3.73 121 2.83 4.55
3.46 .051 296 4.05
10 3.57 118 3.14 4.60
11 4.00 282 197 4.59
12 3.28 .089 248 3.88
13 3.13 092 245 3.71
14 3.83 .061 341 4.38
15 3.30 .044 259 3.71
16 3.79 043  3.23 4.19
17 3.96 .054 3.39 4.45
18 3.24 .067 2.64 3.73
19 3.81 .058 3.17 4.32
20 3.92 075 3.36 4.35
21 3.63 095 3.05 4.28
22 3.66 .053 3.29 411
23 3.54 .047 3.04 4.01
24 3.86 .058 3.34 441
25 3.43 .038 3.02 3.84
26 3.53 .040 3.13 3.96
27 3.53 .068 3.08 4.03
28 4.04 .083 3.37 454
29 3.48 .062 282 4.04
30 3.95 .065 3.53 441
31 3.80 .062 3.35 4.60
32 3.59 .051 3.03 4.60
33 3.75 .074 3.33 4.28
34 3.84 139 2,57 4.60
35 3.31 046  2.62 3.73

O©CoO~NOUIA, WNRFROAWDNLPE

Table 1: Summary statistics for ead site over time on the log scale. Sites 1-5 are
measuredfor both PM and ozone.
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Parameters
Model | Spatial Temporal
L
[11 (L; @) -
Vo (0P o, @)
V ( él); éz); él;z)) t(l); t(2))

Table 2: ModelsFit

Model | DIC pp

I 1259 11.7
[ 269 13.8
[ 755 14.7
v 99.7 14.9
Vv 78.1 14.3

Table 3: DIC and e ective number of parameters(pp) for models t

Parameter | Posterior mean(Cl)

ggace .046 (.005,.099)

sf,_ace .043(.035,.051)

g})gge .065(.033,.094)

& 42 (.37,.45)

@ .39 (.37,.41)

2 .055(.046,.066)

2 .049(.045,.052)

Table 4: Posterior meansand 95% credible intervals for the spatial dependence
parameters. (1) correspndsto PM and (2) to ozone.
Overall PM Ozone

Model | MSPE Bias | MSPE Bias | MSPE Bias

I 119 .003 | .169 .000 | .112 .003

\Y, .094  .004|.107 -.003|.092 .005
\Y .093 .005|.103  -.004|.091 .007

Table 5: MSPE and bias overall and broken down by pollutant for predicting one

site at all times on log scale
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Overall PM Ozone
Model | MSPE Bias\MSPE Bias\MSPE Bias

I 239 04 | 735 15 | 168 A1
vV 180 0.0 | 508 -6 | 133 A
\Y 178 0.0 | 498 -9 | 133 0.1

Table 6: MSPE and bias overall and broken down by pollutant for predicting one
site at all times on original scale

Overall PM Ozone
Model | MSPE Bias | MSPE Bias | MSPE Bias
| 1.26 -30 | 9.1 -2.1 | .133 -.04
V ‘ .092 -.09 ‘ .030 -.08 ‘ .100 .-.10

Table 7: MSPE and bias overall and broken down by pollutant for predicting all
sitesat the rst and last times on log scale

Overall PM Ozone
Model | MSPE Bias | MSPE Bias | MSPE Bias
[ 547 -5,5 2730 -35 | 235 -1.3
Y ‘ 190  -4.0 ‘ 87  -40 ‘ 204 -39

Table 8: MSPE and bias overall and broken down by pollutant for predicting all
sitesat the rst and last times on original scale
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