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Summary

We proposea classof conditionally speci�ed models for the analysisof mul-
tivariate space-timeprocesses.Such models are useful in situations wherethere
is sparsespatial coverageof oneof the processesand much more densecoverage
of the other process(es). The dependencestructure acrossprocessesand over
space,and time is completelyspeci�ed through a neighborhood structure. These
modelsare applicableto both point and block sources;for example,multiple pol-
lutant monitors (point sources)or several county level exposures(block sources).
We introduce several computational tricks which are integral for model �tting,
givesomesimplesu�cien t and necessaryconditionsfor the space-timecovariance
matrix to be positive de�nite, and implement a Gibbs sampler,usingHybrid MC
steps,to samplefrom the posterior distribution of the parameters. Model �t is
assessedvia the DIC. Predictive accuracy, both over time and space,is assessed
both relatively and absolutely via mean squaredprediction error and coverage
probabilities. As an illustration of thesemodels,we �t them to particulate mat-
ter and ozonedata collected in the LA area in 1995over a 3 month period. In
this data, the spatial coverageof particulate matter was sparserelative to that
of ozone.
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1 In tro duction

Conditionally speci�ed, or Markov random �eld, models can often be easily speci�ed for

processesover spaceand time, but computations are intractable. We proposea particular

classof conditionally speci�ed space-timemodelsfor a multiv ariate processherethat will be

computationally tractable and that allowsa neighborhood structure to beexplicitly speci�ed

over both spaceand time. Thesemodels will also accommodate nonstationary spatial and

temporal structures and are applicable to both point and block sourcedata, whether as a

model for the data itself or as a model for random e�ects embedded within a regression

model for the data.

Somerecent work on conditional speci�cation of models for spatial data include Cressie

and Chan (1989) and Cressieet al. (1999) who use 'distance'-basedneighbors for block

and point sources,respectively. Bayesian conditional autoregressive (CAR) models using

distance-basedneighbors have been applied in Conlon and Waller (1998) and Best et al.

(1999). Kaiser et al. (2002) specify anisotropic distance-basedneighborhood structures

which vary over time. Conditions under which conditionally speci�ed models induce a valid

joint distribution were originally given in Besag(1974) and a weaker set of conditions was

given in Kaiser and Cressie(2000). Hrafnkelssonand Cressie(2003) comparegeostatistics

and conditionally speci�ed models for predicting at many location using a �ne grid; they

concludethat the conditional approach is a viable alternative for spatial environmental data.

Recent Bayesianwork on specifying priors for particular conditionally speci�ed models in-

cludesa seriesof papersby Sun,Tsutakawa, and colleagues(Sun, Tsutakawa, and Speckman,

1999;Kim, Sun, and Tsutakawa, 2001); thesepapers and many papers using CAR models

focus on placing these conditional priors on random e�ects in the setting of block (areal)

sources.

There has also been work on conditionally speci�ed models for multiv ariate spatial

processes. Mardia (1988) generalizesCAR models to the multiv ariate setting, referring

to them as MCAR models. These models are somewhat restrictive as the same spatial
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dependenceparametersare assumedfor each of the multiv ariate processes.Gelfand and

Vounatsou (2003) generalizethis work to allow a separatespatial dependenceparameter

for each multiv ariate process.Carlin and Banerjee(2003) proposeseparablemodels with a

CAR model for spatial dependenceand direct speci�cation of the multiv ariate dependence.

Knorr-Held and Rue (2002) develop intrinsic CAR models for bivariate processes.

In addition, there has also been considerablework on space-timemodeling in recent

years, in somecaseswith multiv ariate processes.Carroll et al. (1997) specify a space-time

covariancefunction for a Gaussianrandom�eld on ozone(for a discussionof their choice,see

the accompanying discussionof this paper by Cressie).Wikle, Berliner, and Cressie(1998)

build complexBayesianspace-timemodels that capture spatial dependenceusing Gaussian

Markov random�elds (GMRFs) and temporal dependenceusingvectorautoregressive (VAR)

models. Wikle and Cressie(1999) develop a space-timeKalman �lter that is more general

than the (kriged) Kalman �lter previouslyproposedin Mardia et al. (1998). Le et al. (1997)

and Kibria et al. (2002)usemultiv ariate t-modelsfor daily multiv ariate spatial prediction of

pollutants while assumingindependenceover time using the conceptof gauged(sometimes

observed) and ungauged(never observed) sites. To deal with the space-timeproblem, Zidek

et al.(2002)extendsthis approach by taking temporal correlation into account through pre-

whitening the time series(as a block) which results in minimal lossof the spatial correlation

of the residuals,which are again modeled using multiv ariate t-models. Haas (1995, 2000)

usesa moving \cylinder" to do local prediction in a spacetime process.Niu et al. (2003)

proposea generalmodel for spatio-temporal data on a regular lattice; after 'di�erencing'

to remove seasonalpatterns and/or trends, they regressthe responseat each location on

the grid at each time using ARMA models to account for temporal dependenceand order

r spatial neighborhoods. Stein (2003) recently proposeda classof non-separablespace-time

covariance functions which require pseudo-likelihood approaches for estimation. Shaddick

and Wake�eld (2002)construct modelsfor multiv ariate space-timemodelsusinggeostatistics

models for the spatial component and vector autoregressive models for the temporal and
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multiv ariate dependence. Other work in the development of space-timemodels includes

Handcock and Wallis (1994), Stroud et al, (2001), and Brown et al. (2001).

In general,computations in space-timemodels are often problematic, requiring the in-

version of large covariance matrices and as such, separable(over spaceand time) models

are often considered(Gelfand et al., 2001). In addition, when both spatial and temporal

dependenceare consideredthe literature is lacking on models with such dependencerepre-

sented explicitly via spatial and temporal neighbors. Somework in this areacanbe found in

Knorr-Held (2000)who considersneighborhoods amongspatial and temporal random e�ects

and with space-timeinteraction terms.

A generalissuethesemodelswill addressis the useof information on a 'densely'observed

space-timeprocessesto help '�ll-in' a correlated,but sparselyobserved, space-timeprocess,

whether the processis observed at a point or block. As an illustration of this issueand the

methodology, we analyzedata from a joint pollutant �eld of particulate matter and ozonein

the LosAngeles(LA) area(van denEeden,2001),wherethereweremany monitors for ozone,

but only a few for particulate matter. Models such as those proposedby Le et al. (1997)

and Zidek et al. (2002) would be well suited to this application, but would not generalize

to block sourcedata for which conditionally speci�ed modelssuch as the oneproposedhere

are better suited.

Section 2 will introduce the model and discussspeci�cation of the components of the

covariance structure, computations, and model �tting. Section3 presents the results from

analyzing the LA pollutant data. Someextensionsof the model are proposedin Section4.

Conclusionsand discussionare contained in Section5.

2 Mo del

Let Yk(ski ; t) : k = 1; : : : ; K ; i = 1; : : : ; Nk ; t = 1; : : : ; T denote the possibly transformed

measuredvalue for the kth process(pollutant) at its i th location at time t, with p =
P

k Nk

the total number of sub-sites.We refer to the ski assub-sitessincemore than oneof the K
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processesmay be measuredat the samelocation. Now, considermodels with the following

form:

Y � N (W� ; [M � 1(� 2)( I pT � C(� ))] � 1) (1)

whereY = (Y ?(1)0; Y ?(2)0; : : : ; Y ?(T)0)0) is a pT � 1 vector, with

Y ?(t) = (Y1(s11; t); Y1(s12; t); : : : ; Y1(s1;N 1 ; t); Y2(s21; t); : : : ; Y2(s2;N 2 ; t); : : : ; YK (sK ;N K ; t))

a p� 1 vector, M is a block diagonalmatrix of the form, M = I T 
 M ?, whereM ? is a p� p

matrix, and

C(� ) =

0

B
B
B
B
@

Vs(� s) Vt (� t ) 0 : : :
Vt (� t ) Vs(� s) Vt (� t ) : : :

0 Vt (� t ) Vs(� s) : : :
...

...
...

. . .

1

C
C
C
C
A

: (2)

Vs(� s) is a p � p matrix characterizing the spatial neighborhoods with diag(Vs) = 0p and

parameters � s, and Vt (� t ) is a p � p matrix, characterizing the temporal neighborhoods,

parameterizedby � t .

This covariancestructure implies the following two conditional speci�cations, the �rst in

terms of an individual element of the Y vector whenM ? is assumedto be diagonal,and the

secondin its partitioned form, Y ?(t), whereM ? is not assumeddiagonal,

Yk(ski ; t)jYk0(sk0i0; t0) 6= Yk(ski ; t) � N (wik t � +
X

i 0;k0;t0

c(k;k0)
(i;i 0);(t;t 0)(yk0(sk0i0; t0) � wi 0k0t0� ); � 2

ik ) (3)

Y ?(t)jY ?(j ); j 6= t � N (W�� t � + Vt (� t )[(Y ?
t� 1 � W�� t � 1) + (Y ?

t+1 � W�� t+1 )]; M ?) (4)

wherec(k;k0)
(i;i 0);(t;t 0) denotesthe element of the C(� ) matrix corresponding to the pair of values

(Yk(ski ; t); Yk0(sk0i 0; t0)), wik t is the row of the design matrix W corresponding to the i th

location for the kth processat time t, W�� t are the rows of the designmatrix corresponding

to time t, and � 2
ik is the diagonal element from the M matrix corresponding to Yk(ski ; t).

Note that thesemodels are often constructed starting with conditional speci�cation (3) or

(4).

5



Somefeaturesand remarkson the model:

� Thesemodelsassumea constant spatial neighborhood and parametersover time. How-

ever, there are no restrictions on the spatial neighborhood matrix, Vs (other than

M ? � 1(I p � Vs) being positive de�nite).

� These models assumean AR(1)-t ype temporal neighborhood structure through the

matrix Vt (� t ). However, nonstationarity is allowed by varying the AR(1) parameters

over space,and di�erent sitescan be lag 1 neighbors. The elements of this matrix are

related to the coe�cien ts of vector autoregressive (VAR) models(they are, in fact, just

appropriately re-scaledversionsof theseparameters).

� Proper spatial CAR (e.g., Best et al, 1999) and MCAR (Mardia, 1988) models are

special caseswhenVt = 0p and the appropriate structure is placedon M ? and Vs. The

� s parametersplay the role of the spatial autocorrelation parametersin proper spatial

(M)CAR models.

� The conditional speci�cations of this model (3) or (4) demonstratehow straightforward

predictions using both spatial and temporal neighbors can be done.

� Although the models have a similar form to separablegeostatisticsmodels (see,e.g.,

Gelfand et al., 2001),the resulting covariancematrix in thesemodelsis not separable.

� Asymptotics in these models when modeling point sourcesare not well understood.

In Kaiser et al. (2002), no measuresof uncertainty are reported for the parameter

estimates.We will �t fully Bayesianmodelshereto conduct exact Bayesianinference.

This will facilitate taking into account all sourcesof variabilit y whencharacterizingthe

variabilit y of the predictionsand assessingthe variabilit y of the parameters,in general.
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2.1 Neigh borho od structure, dependence parameters, and condi-
tional (co-)v ariances

The neighborhood/dependencestructure given in the spatial matrix, Vs, and the temporal

matrix, Vt , can be speci�ed with great 
exibilit y subject to the constraint that M � 1(I pT �

C(� )) is positive de�nite. For example, if a natural barrier exists between two sites, the

corresponding component of C(� ) canbe set to 0. Such issuescanbe di�cult to handlewith

direct speci�cation of covariances,asin geostatisticsmodels. Choicesfor the M ? matrix and

the spatial and temporal neighborhood matrices, Vs and Vt , respectively, can be made by

equating thesematrices to their counterparts in common(multiv ariate) spatial models and

temporal models. For example, if Nk = N for k = 1; : : : ; K and ski = sk0i for all i , then

the form of the M ? and Vs can be speci�ed as in MCAR models (Mardia, 1988). Extending

this to the more 
exible MCAR models in Gelfand and Vounatsou(2003) will be discussed

in Section 4.3. Any type of spatial dependence/parameterscan be used in Vs(� ) as long

as they are constant over time. The form of the Vt matrix can be made similarly to the

choicescommonly madein vector autoregressive (VAR) time seriesmodels for multiv ariate

responses.It might be chosento be diagonalwith a separateparameterfor each process/site

or to be a full matrix with the temporal autoregressive parametersdecreasingwith distance

from the site. Simpli�ed (diagonal) forms for the M ? matrix include M ? = � 2I p, a constant

conditional variance acrosssites and time and processor M ? = diagp(� 2
k ), i.e., a separate

conditional variancefor each process.Additional discussionof speci�cation of the M ? matrix

can be found in Section4.4. We will introduce the neighborhood structure, � parameters,

and the parameterizationof the M ? matrix usedin our examplein Section3.

2.2 Prior distributions

A di�use normal prior wasassumedon the regressionparameters,� , and inverseWishart/gamma

priors on M ? matrix and/or its components as appropriate. Prior speci�cation for the de-

pendenceparameters,� , is tricky and an open problem. Here, for simplicity, we consider
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uniform priors on the spaceover which M � 1(I pT � C(� )) is positive de�nite. For somemod-

els, this region can be determinedexplicitly. For details, seeSection3.3. Prior speci�cation

on simpler CAR modelswithin a multilevel setup can be found in Sun et al. (1999).

2.3 Computational Di�culties and Solutions

Space-timemodels often create computational challenges. Here, we will discusshow this

classof modelscanbe �t with minimal computational di�cult y. The main challengeinvolves

computation of both the determinant, inverse,and eigenvaluesof a matrix which is Tp� Tp

whereT is the number of time points and p =
P

k Nk is the total number of spatial locations

over each process.To accomplishthesetasks, clever, but simple, computational approaches

are required. We considerthe casewhereM = I T
N

M ?.

Result 1:

If M ? � 1(I p � Vs) is not positive de�nite, then M � 1(I pT � C(� )) is not positive de�nite.

Proof:: It is a leading submatrix of M � 1(I pT � C(� )).

Result 2:

Given the form of M � 1(I pT � C(� )), we can rewrite it as

M � 1(I pT � C(� )) = [I T 
 M ? � 1(I p � Vs(� s))] � � 
 (M ? � 1Vt (� t )) (5)

where� is the T � T matrix de�ned below.

� =

0

B
B
B
B
@

0 1 0 : : :
1 0 1 : : :
0 1 0 : : :
...

...
...

. . .

1

C
C
C
C
A

:

Result 3: Using someKronecker product identities,

M � 1(I pT � C(� )) = (I T 
 A � 1)( I pT � � 
 B )(I T 
 A � 1)

whereA = (I p � Vs)� 1=2M ? 1=2 and B = AM ? � 1VtA. This result will hold given Result 1.
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Result 4: M � 1(I pT � C(� )) is positive de�nite if and only if A is full rank and (I pT � � 
 B )

is positive de�nite. (follows from an adaptation of Theorem A.1.1 in Anderson (1984, p.

583)).

Theorem I:

De�ne 
 i to be the eigenvaluesof M ? � 1(I p � Vs), � i to be the eigenvaluesof � , and � j

to be the eigenvaluesof B . Then M � 1(I pT � C(� )) will be positive de�nite i� 
 i > 0 and

� i � j < 1 for all i and j .

Proof: Follows directly from Results1-4.

So to check the positive de�niteness of the joint covariance matrix M � 1(I pT � C(� )), we

only needto compute the eigenvaluesof two
P

k Nk-dimensionalmatrices, A and B, and a

T-dimensionalmatrix � , which hasa simple form and is �xed; this implies that even within

a sampling basedalgorithm, the eigenvaluesof � only needto be computed initially . Given

the eigenvalues,it is easyto compute the determinant. To invert M � 1(I pT � C(� )), we just

needthe eigenvectorsof thesesamematrices. Thus, all the computations reduceto dealing

with T and p =
P

k Nk dimensional matrices. Based on speci�c neighborhood structure,

calculationscan be simpli�ed even further (seeSection3.3).

The form of the C(� ) matrix given in equation (2) implies a a 'balanced' C(� ) matrix,

i.e., the samesitesover time and the sametimes for all sites. The computational tricks above

require such balance. If the actual data is unbalanced,balancecan be achieved by �lling in

the intermittent 'missing' data using data augmentation within an MCMC algorithm. The

details of this will be discussedin Section2.5.

So,similar to separablespace-timegeostatisticsmodels,the 'limiting' factor in computa-

tions is the sizeof T and p =
P K

k=1 Nk . Manipulating other T, p, or Nk dimensionalmatrices

can sometimesfacilitate posterior computation (seeSection3.3).
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2.4 Posterior sampling

Weusea Gibbs samplerto obtain a samplefrom the posteriordistribution of the parameters.

The full conditional distributions for � is normal. SamplingM ? will depend on the form of

this matrix; e.g., if M ? = � 2I p, then the full conditional distribution of � 2 will be inverse

gamma. Otherwise, we proposeto use an appropriate version of the Metropolis-Hastings

algorithm. To samplethe � , we useda Hybrid MC algorithm (Neal, 1994). This requires

evaluation of the �rst derivative of the log full conditional with respect to � , which is simple

to computegiven the form of the likelihood,

log(L(� )) / (1=2) logjM � 1(I pT � C(� )) j � (1=2)tr [M � 1(I pT � C(� ))( Y � W� )(Y � W� )T ] (6)

as� appeardirectly in the components of the C(� ) matrix. This algorithm facilitates e�cien t

movement through the multiv ariate � space.

When intervals over which the � resulted in a positive de�nite M � 1(I pT � C(� )) matrix

could be determinedexplicitly, the parametersweretransformedusing a logit type transfor-

mation on that interval, log( � � � min
� max � � ), where(� min ; � max ) is the interval; this wasdonein order

to transform � from a closedinterval for the Hybrid MC algorithm. If an interval cannot be

determined,a check of positive de�niteness (p.d) can be conductedusing TheoremI, and if

the valuescorresponds to a non-positive de�nite covariancematrix, the value is thrown out

(since it hasprior probability 0). Details using the structure of the C and M matrix in our

examplewill be given in Section3.3.

2.5 Mo del comparison

As discussedin Kaiser et al. (2002), evaluation of model �t and predictive abilit y are two

di�erent questionsand canresult in di�ering conclusions.To evaluate model �t and compare

models, we use the Devianceinformation criterion (DIC) (Spiegelhalteret al., 2002). We

will give somedetails in the following. De�ne the parameter vector to be � . The DIC is
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de�ned to be Dev(�̂ ) + 2pD , whereDev(� ) = � 2logl ik (� ), �̂ is the posterior meanof � , and

pD = ^Dev � Dev(�̂ ) with ^Dev the posterior meanof the Deviance. Here, � = (� ; M (� 2); � )

and the likelihood is given in (6). Smaller valuesof the DIC are preferred.

To comparethe predictive abilit y of thesemodels,we computeboth the prediction error

and coverageprobabilities. We usea cross-validation approach. To assessspatial prediction,

we drop out the data on a sub-siteat all times, re-�t the model, and then predict the process

valuesat the dropped sub-site. For temporal prediction, we drop out all sub-sitesat the �rst

and last times, re-�t the model, and then predict the processvaluesat the dropped times.

Somedetails on prediction follow (under the restriction that M ? is diagonal; extension

to non-diagonalM ? is straightforward). Similar to the approach in Kaiser et al. (2002), we

drop a sub-site (time) and �t the model to the remaining sites to obtain the posterior dis-

tributions of the parametersconditional on thesesub-sites. Then, we assumethe pollution

processat the dropped sub-site follows the samedistributional form as (3), i.e., the condi-

tional distribution of Y0, the vector of responsesat the sub-sites/timesto be predicted (i.e.,

the dropped sub-sites/times), given the remaining sub-sites/times, Yobs, follows a normal

distribution with mean,

Y0;pr ed = W0� +
KX

k=1

N kX

i =1

TX

t=1

c(0;k)
(0;i );(0;t ) (Yk(ski ; t) � Wik t � ) (7)

and variance

V � 1
y = M � 1

0 (I dim (Y0;pr ed ) � C0) (8)

where C0 is the neighborhood matrix for the sub-sitesto be predicted, W0 is the design

matrix for the sub-sitesto bepredicted,c(0;k)
(0;i );(0;t ) is the matrix of elements of the C(� ) matrix

corresponding to the regressionof the sub-sitesto be predicted on the remaining sub-sites

(cf. (3)), and M 0 is a diagonal matrix containing the appropriate conditional variances;

theseare formed using (3). So, for prediction, the dimensionof the matrix that needsto be

inverted will be the dimensionof Y0.
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The C(� ) matrix is constructedto include intermittent missingvalues. At each iteration

of the sampler,thesevaluesare �lled in via data augmentation using a normal distribution

with mean and variance analoguesof (7) and (8); this is necessaryfor the computational

results outlined in Section 2.3 to hold. We emphasizethat by using this approach, we

are implicitly using monte carlo integration to account for the uncertainty of thesemissing

values.

We will evaluate prediction using mean squaredprediction error (MSPE) and coverage

probabilities. Mean squareprediction error is de�ned as

M SPE =
X

(Y0;pr ed � Y0;obs)2

whereY0;pr ed is the conditional posterior meangiven in (7) and Y0;obs is the observed value

of the dropped sub-site/time. To help calibrate MSPE, we can compare its value to the

conditional variances(� 2
ik ), estimated from �tting the model with all sub-sites/times.

To evaluate coverage,we compute95%prediction intervals using the following approach.

We will illustrate the approach under the setting of dropping out a sub-site at all times

(dropping out all sub-sitesat onetime follows similarly). At iteration m (of M) of the Gibbs

sampler,wecreate95%credibleregionsusing(Y0;obs(si ; �)� Y m
0;pr ed(si ; �))T (V m

y )� 1(Y0;obs(si ; �)�

Y m
0;pr ed(si ; �)) where Y m

0;pr ed(si ; �) is given in (7) and V m
y is given in (8), using the valuesof

(� 2; � ; � ) at iteration m. Sincethe conditional distribution is normal, this shouldfollow a chi-

squareddistribution on T degreesof freedom. We can count for how many iterations these

regionscover the true valueof the droppedsub-site;ideally, closeto 95%for each sub-site. A

refereehaspointed out that theseregionsmay be too small, especially if there is considerable

uncertainty/v ariabilit y re
ected in the posterior distribution of (� ; � ; � 2). As an alternative,

wealsoexaminemarginalizedcredibleregionsthat integrateover the uncertainty in (� ; � ; � 2).

Theseare constructedas(Y0;obs(si ; �) � Y0;pr ed(si ; �))T (V ?
y )� 1(Y0;obs(si ; �) � Y m

0;pr ed(si ; �)), where

Y0;pr ed(si ; �) and V ?
y are computed using Rao-Blackwellization (Gelfand and Smith, 1990)

as follows, Y0;pr ed(si ; �) = 1
m

P
Y m

0;pr ed(si ; �) and V ?
y = 1

m [V m
y + Y m

0;pr ed(si ; �)Ym
0;pr ed(si ; �)T ] �

12



Y0;pr ed(si ; �)Y0;pr ed(si ; �)T . For this region, we again use a chi-squared distribution with T

degreesof freedomto createa cuto�; however, here,this will only be approximate, with the

approximation improving as the posterior of (� ; � ; � 2) concentrates around the true values.

If the original data were transformed, the predictive variance will be neededto obtain

the posterior predictive meanon the original scale. For example,in the application, we log

transformed the responses.So, the prediction on the original scale,X pr ed, is given as

X pr ed = expf Ypr ed + Vy=2g:

We will computeMSPE on both the original scaleand the transformedscaleof the data .

In the following example, we will examine MSPE and coverage overall, and for each

processseparately.

3 Data Example

We illustrate this methodologyon pollutant data from the LA area. There werea total of 35

siteswith pollutant monitors, 5 of which monitored both particulate matter (PM) and ozone

and 30 which only monitored ozone;a map of the sitesis given in Figure 1. We analyzedata

collectedduring a 54 day period during the summer in 1995,July 10-Sept. 1 (this period

was chosensince it contained no missing data); however, we point out that that the time

window chosenwas chosenfor easeof demonstration of thesemodels. Thesemodels easily

accommodate intermittent missingdata (even if missingby design)as discussedin Section

2.5. Wealsomention that weundertake a simpleanalysisof this data here. A morede�nitiv e

analysiswould include many extensionswhich we discussmore thoroughly in Sections3.7

and 4. Oneobjective of this modeling wasto useozoneto help predict PM given the sparsity

of the PM sites.

A log transformation of both ozoneand PM seemedto provide a good approximation to

normality and constant variance. This agreeswith previouswork by Carroll et al. (1997)on

ozoneand Cressieet al. (1999) on PM. The designmatrix ultimately chosen,W, consisted
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of 9 � 1 design vectors which included a set of ozone-speci�c components: an intercept,

terms for both latitude and longitude and an interaction, and a quadratic in time; and a

set of PM-speci�c components: an intercept and a quadratic in time. We also considered

some additional design vectors that included/excluded spatial components for the mean

structure for PM/ozone. Someweather covariates were also available, but there was so

much missingnesshere that they could not be usedwithout explicitly building models for

them. Ultimately, the most complexmeanstructure '�t' the data best (by DIC), but resulted

in poorer cross-validation predictive accuracy.

A summary of the data by site appearsin Table 1.

3.1 Neigh borho od Structure

We considerthe following possibleneighbors of Yk(ski ; t)

1. Yk(ski ; t + 1). The pollutant value at the samelocation on the subsequent day.

2. Yk(ski ; t � 1) The pollutant value at the samelocation on the previousday.

3. f Yk(skl ; t) : l 6= ig. The pollutant valueson the sameday at other locations.

4. f Yj (sj i ; t) : j 6= kg. The pollutant valuesof other pollutants on the sameday at the

samelocation.

Let c(k;k0)
(i;i 0);(t;t 0) denote the element of the C(� ) matrix corresponding to the pair of values

(Yk(ski ; t); Yk0(sk0i 0; t0)). Using the neighborhood structure given above, we specify the C(� )

matrix to have the following structure,

1. c(k;k)
(i;i );(t;t +1) = � (k)

t

2. c(k;k)
(i;i );(t;t � 1) = � (k)

t

3. c(k;k)
(i;l );(t;t ) = � (k)

s f (si ; sl )

4. c(k;j )
(i;i );(t;t ) = � (k;j )

s
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and 0 otherwise. In this application, we set f (si ; sl ) = min i 0;l 0(di 0;l 0)=di;l where di;l is the

Euclideandistancebetweenthe two sites. This is similar to the choiceof Cressieand Chan

(1989), though they set the dependenceto 0 when the distancebetweenlocations exceeded

somedata determinedthreshold. For a good approach for determining distancebasedneigh-

borhood structures using geostatistical techniques,we refer the reader to Hrafnkellson and

Cressie(2003), which we will discussfurther in Section 4. For block sourcedata, f (si ; sl )

might be chosento be an indicator of whether sitessi and sl are neighbors or somemeasure

of the 'qualit y' of the neighbors (seeSection4.4).

3.2 Choice of the conditional covariance matrix, M ?

For the M ? matrix, we consider two speci�cations. For the �rst, we assumea common

conditional variance over space,i.e., M ? = � 2I p. For the second,we assumea separate

conditional variancefor each process(pollutant); in our application, � 2
1 and � 2

2 . The elements

of the C(� ) matrix then needto beadjustedfor the matrix M � 1(I pT � C(� )) to besymmetric.

The elements of the C(� ) matrix will remain as speci�ed above except for the elements of

the C(� ) matrix corresponding to cross-pollutant neighbors. Thesewill have the following

structure,

1. c(k;j )
(i;i );(t;t ) = � (j;k )

s � j =�k

2. c(j;k )
(i;i );(t;t ) = � (j;k )

s � k=� j

wherethe �rst term is in the upper triangle and the secondterm is in the lower triangle of

the C(� ) matrix.

3.3 Posterior sampling details

The full conditional for � 2 in the model with M ? = � 2I p will be inversegamma. For the more

generalspeci�cation of M ?, the C(� ) matrix will contain the diagonal elements of the M ?

matrix. For this choice of M ?, we usea random walk Metropolis-Hastingsalgorithm. For

the neighborhood structure, given in Section 3.1, we can compute 'necessary'intervals for
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positive de�niteness (i.e., valuesoutside the interval, correspond to a non-positive de�nite

matrix). For M = � 2I and the speci�c M ? described in Section3.2,necessaryintervals, given

our neighborhood structure, for � (k)
s are (1= k;max ; 1= k;min ), where  k;min and  k;max are

the smallestand largest eigenvaluesrespectively of the distancematrices for each pollutant

(k), i.e., the Nk � Nk matrix of pairwise distances (as speci�ed in Section 3.1 with 0's

on the main diagonal). In addition, the following bound must be satis�ed which provides

additional restrictions on � (k)
t given � (k)

s and vice versa,j� (k)
t j < 1

max l � l
(1 � � (k)

s  k;max ). Here,

we have assumedthat � (j;k )
s = 0; the intervals are further restricted if this is not the case.In

Section3.4,we usetheseboundsto help interpet the magnitudeof the estimateddependence

parameters(� ). However, we cannot usea logit transformation basedon this last interval as

the boundsfor � (k)
t depend on the current value of � (k)

s and vice versa. However, we can use

the �rst set of boundsfor � (k)
s and simpler boundson � (k)

t , (� :5; :5), basedon the eigenvalues

of the � matrix, � .

The Gibbs sampling algorithm convergedquickly using several starting values. 50; 000

iterations were run, with the �rst 1000 thrown out as burn-in; computing time for com-

plex models like Models IV and V was four hours on a PC with a pentium 4, 1.8 GHz

processor. For Model V, we broke the dependenceparameters, � 's into two blocks: 1)

(� (1)
s ; � (2)

s ; � (1)
t ; � (2)

t ), and 2) � (1;2)
s . The dependenceparametersmixed quite well using the

Hybrid MC algorithm though the cross-pollutant parameter, � (1;2)
s mixed more slowly than

the others. Convergencewas assessedby examining trace plots from four chains.

3.4 Mo del �t and inference on � parameters

We �t �v e dependencemodels as given in Table 2. Model �t, as discussedin Section 2.5,

was assessedvia the DIC. DIC valuesfor the given models, are given in Table 3. Clearly,

the model with all the spatial and temporal dependenceparameters�t best.

The estimatesof � , the dependenceparameters,and � 2
k , k = 1; 2, the varianceparameters,

for the best�tting model, ModelV, appearin Table4. Usingthe information on the necessary
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intervals/bounds in Section3.3, all of the spatial and temporal dependenceparametersare

quite closeto their upper bounds. As the intervals in Section3.3do not include � (1;2)
s , we did

somesimulations conditional on the other � parametersand found this wasalsoin fact near

its upper boundsaswell. So,clearly, both the spatial and temporal dependenceis strong in

this data.

3.5 Prediction Error

For prediction, for each sub-site,5100iterations wererun, with a burn-in of 100;twenty-two

hourswasrequired to run the prediction for all the sub-sitesin the model. Predictive abilit y

as measuredby MSPE is given in Tables 5-8 for prediction on the log and original scale

both spatially and temporally. We usethe posterior meansof � 2
1 and � 2

2 and Table 1 to help

calibrate the magnitude of the prediction errors for PM and ozonerespectively, below.

The overall gains in spatial prediction when comparing the independencemodel to the

best dependencemodel, Model V, was to decreaseMSPE by about 30%. The magnitude

of the prediction error was about twice the value of the respective posterior meansof � 2

(cf: Table 4). To assessthe gains in PM prediction by modelling it jointly with ozone,we

comparemodels IV and V. The gainsin predicting PM hereare not large, on the order of a

2-4%reduction in MSPE. The bias in generalwas quite small (cf. Table 1).

The superior temporal prediction for PM versusozoneis mainly due to the fact that

an AR(1) type model �t PM very well, but not ozone(not shown). However, we do seea

decreasein MSPE of over 30%for ozonewhen including temporal dependencein the model.

The huge di�erences between the MSPE for PM was due to very poor prediction for the

independencemodel on the �rst day. We can seethat in Model V, the magnitude of the

prediction error for PM waslessthan the posterior meanfor � 2
1 while it wasabout twice the

value of � 2
2 for ozone.This indicatessolid temporal prediction for PM.
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3.6 Coverage results

To obtain someabsolutemeasureof model �t, we examinedthe coverageprobabilities (based

on 95% con�dence regions) for Model V using the cross-validation approach. For the PM

spatial predictive coverage,we observed coveragesbetween .94 and 1.0 for four of the �v e

sites,with onesite having coverageof 0.0; for ozone,we observed coveragebetween.94 and

1.0 for 28 of the 35 sites,with 7 siteshaving lessthan .04 coverage.Thus, for both PM and

ozone,the model appearsto be �tting about 80%of the sub-siteswell. This agreedwith the

marginal credible regionswhich covered 80% of the sub-sites. For PM temporal predictive

coverage,coveragewas over 90% for both days while for ozone,coveragewas about .98 for

the last day, but .00 for the �rst day.

We did somefurther exploration of the sub-siteswith poor coverage.Thesetendedto be

sites with the fewest 'qualit y' neighbors (for a discussionof 'qualit y' neighbors, seeSection

4.4) and with considerablevariabilit y over time (relative to the other sub-sites;seeTable 1).

Poorer prediction at sub-siteswith not too many 'qualit y' neighbors is not surprising.

3.7 Mo del Expansions

Theseresults suggestfurther model expansionfrom several perspectives. In terms of spa-

tial dependence,nonstationary spatial structures should be considered,especially given the

topography in this region of the United States, as well as �ne tuning the distance based

neighborhood structure using the approach of Hrafnkellsonand Cressie(2003) (seeSection

4.5). Other extensionsmight include adjusting the M matrix to account for the 'qualit y' of

neighbors (seeSection4.4) and taking into account the measurement error in the monitors

(Section 4.2). We will discusssomedetails about theseexpansionsand others in the next

section.
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4 Mo del Generalizations and Extensions

In the following, we will discussseveral generalizationsand extensionsto the model, both

with respect to the neighborhood structure and incorporating additional sourcesof variabil-

it y.

4.1 More than lag 1 temp oral dependence

Only lag 1 temporal dependencehas beenconsideredhere. Increasingthe temporal neigh-

borhood structure beyond the singlenearestneighbor createsmajor di�culties with compu-

tations. Such matriceswill have a block Toeplitz form for which the inversecanbecomputed

e�cien tly (Dietrich, 1991),but checking positivede�nitenessand computing the determinant

are not computationally tractable.

4.2 Measuremen t Error

Another extensionwould be a to build a hierarchical (mixture) model to allow for measure-

ment error. Thesemodelsare most appropriate when the varianceof the measurement error

is known or there are replications. In our setting, we did not know the measurement error

variancesand we did not have replications. However, the measurement error variancestill

could be identi�ed by assumingindependenceof the measurement errors, conditional on the

true valuesof the process;the measurement error varianceestimatedin this way would likely

be confoundedby residual error not explainedin the spatial dependencemodel for the true

process(seebelow). An alternative approach would be to put an informative prior on � 2.

The extensionto our model is as follows,

Y � N (� ; D) (9)

� � N (W� ; [M � 1(� 2)( I pT � C(� ))] � 1) (10)

with D a diagonal matrix often speci�ed as � 2I . We have added a measurement error

component into the model and the true processof interest is now represented by � , not
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y. How does this impact computing? Sampling from the full conditional distributions of

� ; � ; � 2 will be the same,but with Y replacedby � . The full conditional for � 2 will be inverse

gamma(assuminga conjugateprior). The full conditional distribution of � will be normal

and the tools usedin this paper to deal with M � 1(I pT � C(� )) can be usedfor computing

this distribution. Finally, intermittent missingdata caneasilybe handledmoreeasilywithin

this model as the missingY's can be sampledfrom a N (� ; D) distribution.

For count or binary data, (9) could be replacedby a Poissonor logistic regressionmodel

with � now being a random e�ect.

4.3 Extension to 
exible MCAR mo dels

Gelfandand Vounatsou(2003)considerlinear transformationsof the data/random e�ects to

extend the MCAR modelsof Mardia (1988)to allow a separatespatial parameterfor each of

the multiv ariate processes.We will give somedetails on incorporating theseideasinto our

model. Considera p� p linear transformation matrix G, which is block diagonalwith blocks

of size K . We can modify the model proposedin this paper by replacing the covariance

matrix M � 1(I pT � C(� )) with the matrix (G 
 I T )M � 1(I pT � C(� ))( G 
 I T )0. The bene�t

of extending the model using this approach is a more 
exible speci�cation for multiv ariate

spatial dependencewith simpleconstraints on the spatial dependenceparametersfor positive

de�niteness; thus, no check would needto be madeon the eigenvalues,
 i , as in Theorem I.

In addition, Theorem I will hold as beforewith appropriate modi�cation to the matrix B .

Care, however, must be taken to account for the impact of G on the temporal neighborhood

matrix, Vt .

4.4 Adjustmen t for 'qualit y' of neigh bors

In the air pollution dataset here,and in many other settings with an irregular lattice, there

is an asymmetry in terms of the number of neighbors (for block sources)or the number and

quality of neighbors (with point sources). The 'adjustment' often made to the conditional

variance in CAR models with block sourcesis to divide a constant unknown variance by
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the number of neighbors, � 2=ni (Sun et al, 1999). The motivation for such an adjustment

is that we would expect the conditional varianceof siteswith more neighbors to be smaller

than sites with fewer neighbors. Adjustments are also frequently made for the quality of

neighbors as well; e.g., how much of the total boundary do they share. In point source

data, often all sites are neighbors to each other. We might construct a similar adjustment

to the standard CAR models in this caseby dividing � 2 by a measureof the 'qualit y' of

the neighbors. We might de�ne this quantit y, n?, by the inverseof the harmonic averageof

the distancesfrom the current site to all other sites. Sincethe neighborhood structure in

this model is assumedstatic over time, n? will be constant over time and computationswill

proceedunder the M = I T
N

M ? case. Appropriate adjustments then needto be made to

the conditional mean(through the C matrix) to ensureM � 1(I pT � C(� )) remainssymmetric.

This idea will be exploredin future work and might improve the prediction for the pollution

exampleas discussedin Section3.6.

4.5 Alternativ e neigh borho od structures and nonstationarit y

The temporal neighborhood structure used in the example could be supplemented by in-

cluding the following additional neighbors for Yk(ski ; t); Yk(skl ; t + 1); l 6= i (lag 1 temporal

correlation acrosssites) and/or Yj (sj l ; t + 1); l 6= i; j 6= k (lag 1 temporal correlation across

sitesand pollutant). In addition, to better calibrate distance-basedneighbors, the techniques

in Hrafnkellsonand Cressie(2003)couldbe implemented which involves,amongother things,

�nding a range of dependencefor the neighbors by 'equating' the neighborhood structure

to the results from �tting variograms using geostatistical techniques. In this paper, the

distance-basedneighborhood structure was speci�ed without using such techniques as in

Kaiser et al. (2002) amongothers.

The neighborhood structure proposedfor our modelsmight be characterizedas station-

ary. To extend to a nonstationary dependence,we can allow the neighborhood dependence

parametersonly to operatelocally and/or allow them to vary over space.The deformationof
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distanceapproach (Sampsonand Guttorp, 1992)might be a reasonablemethodology to try

to integrate into this model. Care must be taken in order to ensurethe conditional variance

matrix M ? and the neighborhood matrix, C(� ) are speci�ed appropriately so as to make

M � 1(I pT � C(� )), symmetric.

5 Discussion

We have proposeda conditionally speci�ed space-timemodel which providesboth tractable

computationsand 
exibilit y in specifying the spatial dependencestructure while allowing for

simple temporal dependence.This provides another classof models that can be considered

for space-timedata with either point or block sources.

The multi-p ollutant exampleillustrated the potential gainsfrom modelingmultiple space-

time processesjointly via the slightly increasedpredictive accuracy and greatly improved

model �t (DIC). Larger gains would likely have been seenin the example by modeling

pollutants that are more related than PM and ozoneand by introducing someof the model

expansionsdiscussionin Sections3.7 and 4.

In addition to 'modeling' the pollutant �eld asan end in and of itself, the 'output' from

thesemodels has other uses. For example, thesemulti-p ollutant space-timemodels might

be usedas input to health e�ects models. However, the health e�ects data are usually at

a di�erent level of aggregationthan the pollutant data. In particular, the pollutant data

are point sourcesand the health e�ects data tend to be over areas. So, in somesense,an

averageexposure(pollutant level) for the areawould be desired.This could be accomplished

by creating a �ne grid over the areas,constructing the appropriate C(� ) matrix on this grid,

predicting the pollutants at each point on the grid (Hrafnkelssonand Cressie,2003), and

then averaging. Such an approach would avoid the change of support problem discussed

recently in Gelfand et al. (2001). In addition, the posterior draws from the Gibbs sampler

canbeusedto addressthe uncertainty of the pollutant exposurein the health e�ects models.

Recent work on such modeling has beendoneby Van den Eeden(2001), Zhu et al. (2003),
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and Dukic et al. (unpublished manuscript). For block sources,we might use thesemodels

to �ll in spatial covariates for a regressionmodel wheresomeof the covariates (exposures)

are missingin certain blocks.

In the LA data, weather variableswere also collected. However, there was considerable

missingness.Thesemight beusedin both the spatial model for the pollutants and the health

e�ects modelsby �tting additional spatial modelsto the weatherdata to obtain a predicted

weather�eld that could beusedascovariatesin both the pollutant and health e�ects models.

A criticism of conditionally speci�ed models is that the marginal distribution of the

original sites changeswhen we add in additional sites; i.e., lack of marginal invariance. For

block sourcesthis is lessof an issuethan with point sources.However, the ultimate goal of

the modeling may either be a good �t of the model to the data and/or good prediction; the

model shouldbe judgedmoreon thesecriteria than the lack of marginal invarianceproperty.

An alternative approach for prediction (cf: Section2.5) would be to augment the C(� )

matrix with the site(s) to bepredicted,Y0, and then to samplefrom the posteriordistribution

with the additional site(s) in the model, similar to the data augmentation approach usedto

'�ll-in' intermittent missingdata. This approach may potentially result in slightly di�erent

predictions and posterior distributions of the parameterssincethe marginal distribution of

the observed sites is altered when adding in the site to be predicted. This was the approach

usedin Hrafnkelssonand Cressie(2003).

The �t of the covariancestructure could be assessedvia posterior predictive checks (Gel-

man et al., 2003). Such checks have beenusedrecently to assessthe �t of the correlation

structure in complexhierarchical models (see,e.g., Ilk and Daniels,2005).

Future work will include doing many of the model expansionsdiscussedhere for a more

de�nitiv e analysisof the pollutant data and making comparisonsof such models with geo-

statistics models with a separablespace-timestructure. In addition, we will report on the

propriety of the posterior under improper priors on the regressioncoe�cien ts, � , and the

diagonal matrix of variances, M , including derivation of default referencepriors for the
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dependenceparameters.We will alsoexploree�cien t sampling algorithms as the neighbor-

hood/dependencestructure getsmore complex.
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Pollutant Site No. Mean Variance Min Max
PM 1 3.93 .077 3.42 5.27

2 3.70 .056 3.13 4.76
3 4.38 .059 3.75 4.81
4 4.21 .112 3.36 5.35
5 3.79 .040 3.47 4.34

ozone 1 3.22 .042 2.73 3.61
2 3.15 .073 2.65 3.65
3 3.78 .059 3.35 4.25
4 3.68 .082 3.21 4.27
5 3.38 .082 2.73 3.85
6 2.67 .094 1.72 3.24
7 3.66 .046 3.30 4.10
8 3.73 .121 2.83 4.55
9 3.46 .051 2.96 4.05
10 3.57 .118 3.14 4.60
11 4.00 .282 1.97 4.59
12 3.28 .089 2.48 3.88
13 3.13 .092 2.45 3.71
14 3.83 .061 3.41 4.38
15 3.30 .044 2.59 3.71
16 3.79 .043 3.23 4.19
17 3.96 .054 3.39 4.45
18 3.24 .067 2.64 3.73
19 3.81 .058 3.17 4.32
20 3.92 .075 3.36 4.35
21 3.63 .095 3.05 4.28
22 3.66 .053 3.29 4.11
23 3.54 .047 3.04 4.01
24 3.86 .058 3.34 4.41
25 3.43 .038 3.02 3.84
26 3.53 .040 3.13 3.96
27 3.53 .068 3.08 4.03
28 4.04 .083 3.37 4.54
29 3.48 .062 2.82 4.04
30 3.95 .065 3.53 4.41
31 3.80 .062 3.35 4.60
32 3.59 .051 3.03 4.60
33 3.75 .074 3.33 4.28
34 3.84 .139 2.57 4.60
35 3.31 .046 2.62 3.73

Table 1: Summary statistics for each site over time on the log scale. Sites 1-5 are
measuredfor both PM and ozone.
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Parameters
Model Spatial Temporal
I - -
I I - (� (1)

t ; � (2)
t )

I I I (� (1)
s ; � (2)

s ) -
IV (� (1)

s ; � (2)
s ) (� (1)

t ; � (2)
t )

V (� (1)
s ; � (2)

s ; � (1;2)
s ) (� (1)

t ; � (2)
t )

Table 2: ModelsFit

Model DIC pD

I 1259 11.7
I I 269 13.8
I I I 755 14.7
IV 99.7 14.9
V 78.1 14.3

Table 3: DIC and e�ective number of parameters(pD ) for models �t

Parameter Posterior mean(CI)
� (1)

space .046(.005,.099)
� (2)

space .043(.035,.051)
� (1;2)

space .065(.033,.094)
� (1)

time .42 (.37,.45)
� (2)

time .39 (.37,.41)
� 2

1 .055(.046,.066)
� 2

2 .049(.045,.052)

Table 4: Posterior means and 95% credible intervals for the spatial dependence
parameters.(1) corresponds to PM and (2) to ozone.

Overall PM Ozone
Model MSPE Bias MSPE Bias MSPE Bias
I .119 .003 .169 .000 .112 .003
IV .094 .004 .107 -.003 .092 .005
V .093 .005 .103 -.004 .091 .007

Table 5: MSPE and bias overall and broken down by pollutant for predicting one
site at all times on log scale
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Overall PM Ozone
Model MSPE Bias MSPE Bias MSPE Bias
I 239 0.4 735 .15 168 .41
IV 180 0.0 508 -.6 133 .1
V 178 0.0 498 -.9 133 0.1

Table 6: MSPE and bias overall and broken down by pollutant for predicting one
site at all times on original scale

Overall PM Ozone
Model MSPE Bias MSPE Bias MSPE Bias
I 1.26 -.30 9.1 -2.1 .133 -.04
V .092 -.09 .030 -.08 .100 .-.10

Table 7: MSPE and bias overall and broken down by pollutant for predicting all
sitesat the �rst and last times on log scale

Overall PM Ozone
Model MSPE Bias MSPE Bias MSPE Bias
I 547 -5.5 2730 -35 235 -1.3
V 190 -4.0 87 -4.0 204 -3.9

Table 8: MSPE and bias overall and broken down by pollutant for predicting all
sitesat the �rst and last times on original scale
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