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Summary. In this paper we consider the problem of tting pattern mixture models to
longitudinal data when there are many unique dropout times.We propose a marginally-
speci ed latent class pattern mixture model. The marginal rean is assumed to follow a
generalized linear model, while the mean conditional on tHatent class and random e ects is
speci ed separately. Because the dimension of the parametector of interest (the marginal
regression coe cients) does not depend on the assumed numloé latent classes, we propose
to treat the number of latent classes as a random variable. Vigpecify a prior distribution for
the number of classes, and calculate (approximate) posterimodel probabilities. In order
to avoid the complications with implementing a fully Bayesan model, we propose a simple
approximation to these posterior probabilities. The ideasre illustrated using data from a
longitudinal study of depression in HIV-infected women.
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1 Introduction

Dropout is a common occurrence in longitudinal studies. Mssgness induced by dropout
that depends only on the observed data is called missing atmdom (MAR) or random
dropout. If missingness depends on the unobserved respoasé¢he time of dropout or at
future times, even after conditioning on the observed datahen the missingness is called non-
ignorable or informative dropout (Little, 1995). There aremany model-based approaches to
deal with informative dropout that are characterized by howthey factor the joint distribution
of missingness and the response. We will focus on the pattamxture approach. Pattern
mixture models are a exible and transparent way to analyzencomplete longitudinal data
where the missingness is non-ignorable (Little, 1994; Hagand Laird, 1997). The typical
approach taken in pattern mixture models is to stratify on dopout time (i.e., the pattern)
and assume that missing data within a pattern are missing atandom (MAR). Consider
the case ofT unique dropout times and de neD; to be the dropout time andY; to be
the response vector for subjeat Pattern mixture models (PMM) account for nonignorable
missingness by allowing the distribution of; to di er by dropout time, i.e., f (yijDi) 6 f (yi).
So, models are built for Y;jDi], but inferences are based oh(y) = P o f(yjD)p(D). One
issue in this formulation, addressed in Fitzmaurice, Laircind Shneyer (2001) and Wilkins
and Fitzmaurice (2006), is that for nonlinear link functiors connecting the meansk[Y;jDi]
to covariates, i.e.,g(E[Yt]Di; Xi]) = Xit (Dj), the marginal mean,E[Y;], is such that, in
general,g(E[YijXit]) 6 Xi P o (D)p(D). This is one issue we will address in our model.
The other issue we will address are situations where the nueabof unique dropout times
T is large. In this setting strati cation by dropout pattern may lead to sparse patterns,
which will lead to unstable parameter estimates (or unidened parameters) in those pat-
terns. There are several ways to remedy this include allovwgrparameters to be shared across
patterns (Hogan and Laird, 1997) or to group the dropout time into m < T groups in an

ad hoc fashion (Hogan, Roy and Korkontzelou, 2004). Roy (2B0proposed an automated



way to do the latter using a latent variable approach within he context of normal models
for continuous data. This approach assumes the existenceadfliscrete latent variable that
explains the dependence between the response vector and dnepout time and allows in-
corporation of uncertainty about the groupings, conditioal on a xed number of groups.
We will extend the approach of Roy (2003) by incorporating urertainty in the number of
classes through (approximate) Bayesian model averaging.

A common way to account for the longitudinal correlation in he vector of responses for
subject i, Y; is to introduce random e ects. However, for nonlinear link dnctions, similar
to the above discussion, the link no longer holds for margihaovariate e ects (Diggle et
al. 2002). We will use the ideas in Heagerty (1999) within ounodel to directly model the

marginal covariate e ects. We brie y review Heagerty's appoach below.

gerty (1999) speci es marginalized logistic models in thelflowing way. First, the marginal

mean ofYj; is specied as

logitf P(Yx =1j )g= X : 1)

Then the dependence among th¥;; is specied via a conditional model that is consistent

with (1),

logitf P(Yy =1jh)g= &+ h 2)
wherehh  N(O; ). The quantity ; is determined by the other parameters in the model

and can be computed by solving the following the convolutioaquation,

Z
P(Ye =1)=  P(Yy =1jb)dF(h):

Notice that  is a function of X;; and . The overall objective in our approach will be to
propose a model that marginalizes over the random e ectand the dropout distribution to

directly model the marginal covariate e ects of interest.
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This work is widely applicable, but was motivated by an HIV naural history study
of depression. The HIV Epidemiology Research Study (HERSEith et al. 1997) was a
longitudinal study of women with, or at high risk for, HIV infection. Data were collected from
1310 women at baseline. Investigators then attempted to d¢ett data from each subject every
6 months for a total of 6 years. Thus, 12 total visits from eacBubject would be obtained
if there were no missing data. Our interest is in studying theourse of depression in the
849 women that had HIV infection at baseline. Depression waeated as a binary, yes/no,
variable (Cook et al., 2004). A challenge with the analysisfdhese data is that less than
half of these women remained in the study until the end. Itis@t hard to imagine a scenario
where the course of depression over time might vary as a fuiwt of dropout time. Because
there are many unique dropout times (12), some of which inale very few subjects, we apply
the latent class pattern mixture modeling approach to the aalysis of these data.

In Section 2 we introduce the model. We provide computatiohaletails in Section 3.
The example is analyzed in Section 4. A brief simulation stydis given in Section 5. We

conclude with a discussion in Section 6.

2 Model

Before we introduce the model, we rst go through some adddnal notation needed for the
latent class component. De neS; = (Si1; ;S )" to be a vector of latent indicators, where
Sj is de ned as an indicator for clasg,j =1; ;M (M <T) (e.g., if subjecti is in class
j,thenS; =1 and Sjo =0 for all j 8 j5. The idea here will be to “group' the dropout
times into the M classes as in Roy (2003).

All of the parameters in the following speci cation are a funtion of the number of latent
classesM ; for example, ™). However, we suppress the superscripts without loss of dtgr

in the following. First, we specify the marginal mean as
of E(Ya )g= Xy : (3)
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By marginal, we mean marginalized over subject speci ¢ ramin e ects and over the latent
class distribution (implicitly over the dropout distribution as well). If the number of classes
M were known, then the parameters would be of primary interest. We address the issue
of M being unknown below.

In order to fully account for correlation due to repeated olexvations and informative
censoring, we specify a conditional model in addition to themarginal model. Recall that we
are taking a pattern mixture modeling approach to account fodropout. We assume that
the relevant information in D is captured by the latent variableS. We therefore specify a
mixture distribution over these latent classes, as opposéd over D itself. Before proceeding
to describe the model, however, we rst make two points. Fitsthe parameters from the
conditional model are not of scienti c interest, and in factare viewed as nuisance parame-
ters; we are not interested in estimating subject-speci c ects (i.e., e ects conditional on
the random e ects) or class-speci c covariate e ects (i.g.e ects of covariates onY given a
particular dropout class). Second, we must specify the comidnal model in a way that is
compatible with the marginal model (3). As we will see belowthis leads to a somewhat
complicated model. Specifying this conditional model is sessary, however, in order to ac-
count for the two types of dependencies (within-subject caglation and dependency between
the outcome and dropout time).

We assume the datay;;, conditional on random e ectsh and latent classS;, are from an

exponential family with distribution

f (Yiejh; S) = exp[fYi i (i)g=(m; )+ h(Yi; )]

where E(Yijb;S)= g *( )= X &), i isthe linear predictor, () is a known function,
is a scale parameter andn; is the prior weight. This family includes normal ( (x) = x?=2),
binomial ( (x) = log(1 + €*)) and Poisson ( (x) = €*) distributions, among others. The

conditional mean is speci ed as



_ P
of E(Vajb;S)g= w+h+ Sz O @
j=1

where, in the most general form of the model we allow the variee ofly to depend on the
latent class, i.e., BjS; = 1] N(O; ;). For identi ability, we use a sum to zero constraint
on the 's, namely M) = i L7t 0. In this conditional model, each subject has its own
intercept, and the e ect of each covariateZy; (Zy  Xji) is allowed to dier by dropout
class via the regression coe cients, ().

The probabilities of the latent classes given the dropout ithe are speci ed as a propor-

tional odds model

0 19
< Xr( =
logit, P@ S; =1DA = + 1Dj; k=1;::5M 1 (5)
. =1 ;
where o1 02 om—1 and 1 are unknown parameters. From this regression (5) it

is clear that the class probabilities are a monotone functimoof dropout time (in fact, linear
on the logit scale). Finally, the dropout times,D;, follow a multinomial distribution with
mass at each of the possible dropout times, parameterized by

We point out that in the above formulation, Y is independent ofD; givenS;. This is a
key assumption with this approach which we will examine in $ton 3.4.

The intercept  in (4) is determined by the relationship between (3) and (4)pamely

the solution to

. X X . Z . .
E(Ye] )= pP(SijDi)p(Di) E(Yijhb; S)p(bjS)dh:

D S
The main target of inference typically will be the covariatee ects averaged over classes,
. . P . . .
i.e., M) averaged oveM. We denote thisas =, (™p(mjy). We discuss computation

/\?).

of p(mjy) in Section 3.3 and the corresponding computation of ar(



3 Computational details

We provide details on computation of maximum likelihood (Ml estimates conditional on

m, computation of the approximate posterior model probabilies, and model-averaging.

3.1 The likelihood and ML inference

Denote the set of all parametersby =( T; T; T;; T; T)T. We partition the complete
response data for subject, Y, into observed and missing components. Denote b the
observed part of the vector (i.e., values of © prior to dropout) and by Y,™ the response after
dropout. In the following presentation, assumeX; and M are conditioned on throughout.

The likelihood contribution for subjecti corresponding to the models described in Section

21s
Z .
Li(Yi; Dist)/ Li(YijSy =1;h; 95 )p(Sj =1jDi; )p(Dij )dF(hjSi; j);  (6)
j=1
where
Li(YijSj =1;0b; @; )Y=exp[fY ; (Dg=(m; )+17h(Y;; )I;
with = +bl+ M §7 O, S =1jD;; )is dened in (5) and p(Dij ) is the

distribution of D;, which might depend on covariates, and is parameterized by Propor-
tionality in (6) holds because we assume the missing and obssd responses from subject
are independent, giver§; and by (i.e., [Y,\"jYi; b; S =[Y,"jh; Si]).

Maximization of Iong{Ll Li(Y;; D;;! )g with respect to the parameterd is complicated
by the possibly intractable integral in (6), and the need to alculate j at each iteration
in the algorithm for every record in the data set. We provide étails of the maximization

algorithm in the appendix.

3.2 Posterior model probabilities

The models introduced in Section 2 are indexed by the numbef @tent classesm (m =

1,:::;M, M <T). Given that our main interest is in the regression paramets , it would
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be sensible to properly account for the uncertainty in the igression coe cients by averaging
over the number of classes as opposed to conditioning on theshlikely number of classes.
To do this, we need to rst specify a prior distribution on the number of latent classes,
m. We recommending specifying a prior to favor parsimony andf to be consistent with
subject matter considerations (if available). A convenidrspeci cation is a truncated Poisson
distribution with rate parameter, and truncated at an integer between 1 and. Denote

this prior as p(m). The posterior probability of m classes is given by the expression,

p(yjm; x)p(m)
p(yjx)

p(mjy; x) =

where p(yjx) = P m P(yim; x)p(m) and p(yjm; Xx) is the integrated likelihood, i.e.,

z
plyim;x) = p(yjm;x; ™; M p )p( ™jm)p( ™jm)p( )p( )d ™Md Mddd;
wherep(yjm;x; ™; ;)= " P pyvimix; M M yp(sjm;x;D; )p(Djm;x; ).
Unfortunately, this integral is not available in closed fom. We propose to use a Laplace ap-

proximation to evaluate this integral,

b(yjm; x) = (2 )*?jPj*?p(yjm; x; BM; b(M; b 1 b) (7)

whered= dim(;;;; ), (PM; pm): bm).xm)- bm)) gre the joint maximum likelihood es-
timates of ( (M; (M (M. (m): (M) for the model with m classesp(yjm; x; 2(m: b(m): B Db
is the value of the maximized integrated likelihood, andis the inverse of the observed in-
formation matrix for ( ; ; ; ; ) based on the integrated likelihood (6). These estimates
are obtained using the algorithm described in the Appendixt is clear that in (7) we have

ignored the contribution of the prior, p( )p( ™jm)p( ™jm)p( )p( ), evaluated at the joint



maximum likelihood estimates. This is justi ed (asymptotically) since the maximized like-
lihood term, p(yjm;x; P(m: b(m: B g by is O,(n) while the prior is typically Oy(1). Thus,

the approximate posterior probabilities take the form,

_ P(yim; x)p(m)

P M )P(m) (®)

p(mjy; x) =

3.3 Model averaging and approximate posterior inference

Once the posterior distribution p(mjy) is estimated, we can then estimate the covariate

e ects averaged across class sizes. As described previgusé denote the average covariate
. . P . .

e ect over classes as S'which can be estimated a®? = =, P(™p(mjy): The variance of "™

is

var(P% = E[var( P§M)] + var(E[ P§M])

% var(P'jn)p(miy) + var(E[ B™jMm 1)

m

which can be estimated as
by = X b(m); a. X b b -
var(?) = var(®™jm)p(mjy) +  (°™  PHZH(mijy):
m m
Notice that if we conditioned on the most likely value for thenumber of classesmn, the
variance of the estimated regression coe cients would likg be too small due to ignoring the

2nd term in the variance expression above.

3.4 Model checking

Conditional independence betweelY and D given S and X is a key assumption with this
modeling approach. A simple method for checking the condithal independence assumption
for a given class siz# is as follows; this approach was originally proposed by LivcCulloch,

and Rosenheck (2004), as a modi cation to the test proposed¢ Bandeen-Roche et al. (1997).



The goal is to test the null hypothesis that model (4) holds vsus the alternative that the
true model is
of E(Yajb:SiDi)g= i+ b+ _)Ml Sizg O+ _XJl hi (D) (9)
j= j=

where eachh; () is a known function and the 's are parameters. The null hypothesis is
that ;= = 3 =0. A simple example withJd =1 is h(D;) = D;, which would assume
a linear e ect of D;. If class membershis were known, then we could simply t both the
full model (9) and reduced model (3) using maximum likelihaty and carry out a likelihood
ratio test with J degrees of freedom. Sinc® is unknown, Lin, McCulloch, and Rosenheck
(2004) proposed the following approach.

First, t the null model (3). We can then estimate the posterior probability of class

membership for each subject as

B(Sy = 1jDi; ¥i; X b) = "Li(YopsilSy =13 b0; E)?(Ys,; l101)Di; )R(Dib)dF (bjS; ; 5).
whereL;(Y;;Dj;! ) was de ned in (6). The next step is to createM replicate pseudo data
sets for each record, setting the latent class variable edua j for the jth replicate of that
record. In other words, the entire data set will be replicat® M times, and the latent class
variable will be set toj for every record in thejth replicate of the data set. Each record
is then assigned a case weight based on the correspondingtgras probability of S. For
example, a case weight oP(Si,- = 1jD;; Y;; Xi; b) will be assigned to thejth replicate of
subjecti's data. We can then t models (9) and (3) using the weighted kelihood, and carry

out the likelihood ratio test.

4 Example

As brie y described in the Introduction, we were interestedn analyzing data on the lon-

gitudinal course of depression of 850 HIV-infected womerom the HERS. Depression was
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measured using the Center for Epidemiologic Studies Depsemn Scale (CES-D). The CES-
D includes 20 questions related to mood, each of which can &k value from 0 (symptom
rarely present) to 3 (symptom almost always present). Largescores indicate the presence
of more symptoms, and scores range from 0 to 60. A score of 1@a@ater is frequently used
as a depression cuto (e.g., Cook et al. 2004). We therefore ded our outcomeY;; as the
indicator of depression at visit, meaning it took a value of 1 if subject had a CES-D 16 at
visit t, and took a value of O otherwise. Our goal was to describe clygs in depression over
time as a function of baseline characteristics, such as réegnicity, number of HIV-related
symptoms, injection drug use and number of recent adverseesis (such as homelessness,
violence and death of a close person).

The observed proportion of depression decreased over oviend. However, the sample
mean is only a valid estimate of the prevalence at each visithe missing data were MCAR; it
would not be surprising if depression status was related ta@pout. There was a substantial
amount of drop out. By visit 12, less than half of the originasample remained in the study.
We would like to account for the possibility that the preval@ce of depression over time might

be related to the dropout time.

4.1 Models

We rst tted a marginally-speci ed logistic regression model under the MAR assumption.
This could also be thought of as a special case of the propodatént class model, but with
M =1 class. We assumed models (1) and (2) hold, where the cowd vector includes: an
intercept; indicator of black race (black); indicator of Hgpanic ethnicity (latina); indicator

of other race/ethnicity (other); number of HIV-related symptoms during the 6 months prior
to the baseline visit (symptoms); indicator that the subjet has been an injection drug user
(idu); number of adverse events in 6 months prior to the basak visit (adverse); the HERS
visit number (visit). Only visit was a time-varying covariate. White race was the reference

category for the race/ethnicity variable.
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We next tted models (3)-(5), with M equal to 2, 3 and 4 classes. The covariate vector
Xit was the same as used in the previous model. We also Zgt = X;;, meaning that
every covariate was allowed to have an e ect that varied by @pout class. In order to carry
out the model averaging, we needed to estimate the posteriprobability for the number
of classes. We considered two prior distributionp(m): a discrete uniform prior and a
truncated Poisson prior distribution for M 1, with mean equal to 0.5. The truncated
Poisson prior placed more prior weight on smaller classepgsi cally, the probabilities were
0:6076 0:3038 0:0759 0:0127 forM = 1;2; 3; 4 respectively. The posterior distribution of the
number of classes for the uniform and truncated Poisson prgowere estimated using equation
(8). Once the posterior probabilities of the number of class were calculated, we were able
to estimate as described in Section 2. All models were tted using R 2.2 doftware
(http: nnwww.r-project.org). We wrote functions to calculate eachype of likelihood, and
used the generic optimization functionoptim to maximize these likelihoods. More details

are given in the Appendix.

4.2 Results

The results are given in Tables 1 and 2. In Table 1, we comparéide 4 models based on
the components of the Laplace approximation of the marginalistribution (7) and the cor-
responding approximate posterior distribution of the numbr of classes. First, we examined
the maximized likelihood,p(y j ). There was a substantial increase in the likelihood (rel-
ative to the increase in the number of parameters) by goingdm 1 to 2 classes. Similarly,
there was a modest gain in the likelihood by going from 2 to 3adses. The likelihood for
the 4 class model was almost identical to that in the 3 class mel. The 4 class model pro-
vided essentially the same t as the 3 class model, but with &&a parameters. Besides the
maximized likelihood, the term @=2)log(2 ) always increases as the number of parameters
(d) increases. However, the determinant of the estimated wriance matrix, j°j typically

decreases as the number of parameters increases; this astsaapenalty' term for adding
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parameters. In particular, consider the comparison betwaemodels 3 and 4. In model 4
we added 9 new parameters to the model. These parameters ditld to improve the t to
the data, as the likelihood only increased by a small amountThese parameters were not
well identi ed by the model, and tended to have large varianes and high correlation with
other parameters. This caused the determinant of the estirted covariance matrix to be
considerably smaller than from the 3 class model.

The posterior distribution of M was insensitive to the choice of the priond(M = 3jy; x) =
0:9997 with the uniform prior, and p(M = 3jy;x) = 0:9987 with the truncated Poisson
prior). The 3 class model was the clear "winner' based on thegierior model probabilities;
no reasonable prior would change this conclusion. Due to th@oseness of the posterior
probability of the 3 class model to one, there was no need torcaout the model averaging.
In particular, recall that P? = P n PMp(mijy): Since, from Table 1,p(M = 3jy) = 1, then
the estimated parameters from the 3 class modeP®, were equivalent to the estimated
parameters that were averaged over the number of class®'s!

The marginal regression coe cient estimates are presentad Table 2 for each model.
The parameter estimates from the one class model were quiteedent from the models
with multiple classes. For example, based on the 1-class nebdwe might conclude that the
prevalence of depression was lower for blacks. However,®mge account for dropout using
the latent class model, we conclude the opposite.

Since the posterior probabilities overwhelmingly favorethe 3 class model, we will now
focus on this model for our conclusions. Blacks, Latinas amather non-white racial and
ethnic groups were estimated to have a signi cantly higherrgvalence of depression, relative
to whites. Injection drug use, the number of adverse eventa@ HIV-related symptoms were
associated with higher prevalence of depression. There veasigni cant, but somewhat grad-
ual decline in depression over time. We also considered irgetions between race/ethnicity

and visit number, but these interactions did not appear to bemportant in describing the
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data.

Table 3 displays estimated latent class probabilities as ariction of dropout time, using
the estimated values of , the ordinal regression parameters in (5). Individuals whdropped
out early (after visit 1), were very likely to be in class 1. Idividuals who remained in
the study until the end, were most likely to be in class 2. Clas3 consisted of a small

subpopulation of the subjects who dropped out in the nal fewisits of the study.

4.3 Checking the conditional independence assumption

We used the method described in Section 3.4 to test the null pgthesis of conditional
independence. For each value &4 (1 to 4), we tted model (9), with szl h; (Di) ; = D
The test statistic, which, under the null hypothesis follow an approximate 2 distribution,
had value of 7.81, 2.64, 0.41 and 0.41 fM =1 to M = 4 respectively. Thus, with respect
to the speci c alternative of a linear e ect of dropout time, the conditional independence

assumption appeared to be reasonable fot = 3.

5 Simulation Study

We carried out a brief simulation study, primarily to examire the e ectiveness of the approx-
imation to fully Bayesian inference. For covariates, we udevariables from the HIV data
described in the previous section. In particular, theX matrix included an intercept, the
indicator of injection drug use (idu) and visit number. The tue values of the parameters
were -1.1, 0.45 and -0.02 for the intercept, idu and visit, spectively.

We rst generated the response for the case whek =1 (where the MAR assumption
holds). The missing data pattern was just the observed patte from the HIV data. The
response was generated from models (1) and (2). We also gatent data for the case where
M = 2. The missing data pattern was the same, but now the respoasdepended on class

membership. The latent class variable was generated from ge (5) with o; = 4 and
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1= 07. We then set @ =(0:003 0:16,0:24)" in (4) and generated the response. In
each case, the variance of the random intercept was= 4. These parameter values are equal
to their estimated values from the 2 class model tted in the pevious section.

For each generated data set, we tted a marginally-speci edogistic regression model
under the MAR assumption M = 1). We also tted the latent class model proposed in the
manuscript. In that case, we tted a 1, 2 and 3 class model, anchrried out model averaging
assuming a discrete uniform prior over the 3 classes. One lawed simulated data sets were
analyzed under each scenario. The percentage bias, averaggémated standard error (SE),
the estimated standard deviation of the estimates (ESD), asell as coverage probability was
recorded. For model averaging? =vas reported. The results are given in Table 4.

When the data were generated under the MAR assumptionM = 1), both modeling
approaches worked reasonably well. The estimates had veritlé bias. The SEs tended
to be slightly underestimated. Coverage was below the nonaihfor the intercept. We did
not expect the coverage and standard errors to be exact as wseuarge sample results for
inference here.

When data were generated from the 2 class model (MAR assumtiviolated), the model
that relied on the MAR assumption M = 1) no longer performed well. In general, coverage
probabilities were too low. In particular, the estimated ce cient of visit number had a large
negative bias (582%) and no coverage. The model averagingagach yielded better results.
The coe cient of visit number had negative bias (26%) with ceerage probability of 0.91.
The bias comes from putting some weight on the incorrect mold@VIAR); the coe cient of
visit number conditional on M = 2 had bias of just 3%.

For data generated from the 1 class model (MAR), the 1 class me had the highest
posterior probability in 44% of samples. Here, the 2 class e was slightly favored, which
is only an incorrect model in the sense that it has more parares than necessary. For data

generated from the 2 class model, the 2 class model had theHhagt posterior probability
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in 81% of samples. The 1 class model (MAR) only had the highegtobability in 2% of
samples.

To conrm that the model probabilities would converge to thecorrect values as the
sample size increased, we simulated data from the same moaeldescribed above, but with
a sample size of 3400 (4 copies of the covariate data from 860jscts were used). We tted
5 simulated data sets from the 1 class model (MAR) and from th2 class model. In each

case, the posterior model probability for the correcM was greater than 099.

6 Discussion

We have proposed a new model for dealing with non-ignorableissing data that parsimo-
niously addresses datasets with many possible dropout tisién an automated fashion) and
directly models the marginal covariate e ects of interestVia approximate posterior model
probabilities for the number of latent classes, this appra properly takes into account
uncertainty in the unknown number of classes.

We tted the model using approximate Bayesian methods. Revsible jump Markov chain
Monte Carlo methods (Green, 1995) would be required to t a fily Bayes model since the
dimension of the parameter space changes with the number atdnt classes.

For the model proposed here, we have assumed a simple witklass longitudinal depen-
dence structure through the introduction of a random interept. More exible speci cations

of the dependence structure could be obtained by replacinge scalar random e ecth with

mensional numerical integrations) or by allowing depender through a Markov transition
structure within class (Heagerty, 2002).

Alternative methods for specifying marginal e ects for caelated binary data have been
proposed. Ca o, An and Rohde (2006) proposed a model for biryadata with random e ects,

which uses mixtures of normals. Their approach is less contptionally intensive than the
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Heagerty (1999) approach that we implemented here. Howeyeaaxtending their approach
to also average over the discrete latent dropout distributin would likely prove challenging.
In particular, the additional step of averaging over the la¢nt dropout classes would make it
di cult to preserve the marginal probit interpretation. Wa ng and Louis (2004) proposed a
bridge distribution function for binary random intercept models. However, extending their
approach to our setting would likely have similar problemsad mixture of normals approach
of Cao et al. (2006).

The model proposed here assumes conditional independeneéneen the outcome and
dropout processes, given the latent class and covariates.eWésted this assumption against
a very simple alternative hypothesis (linear e ect of dropot time). A more complicated
approach would be leave the functional form of the dependemcnspeci ed. Speci cally, we
could assume

ogf E(Yijb;Si;Di)g= i+ b+ _)Ml Sjzg W+ f(Dy)
j=
wheref () is a smooth, but otherwise unspeci ed function. The null hpothesis of conditional
independence would be that (D;) = 0. We plan to explore a score-type test similar to that
proposed by Zhang and Lin (2003) and Lin, Zhang and Davidiar2Q06) and examine its

asymptotic distribution for the models proposed here.
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Appendix: Computational details of ML

We propose the following approach to compute the maximum ktihood estimates. First,
obtain initial values of the parameters. Initial values of and could be obtained from ML
estimates of a model that assumes an ignorable missing dat@chanism. The parameters
initially should be selected in a way that leads to marginal wbabilities not too close to zero
for any latent class. Initial values of could be obtained by tting a pattern mixture model
with M groups of dropout times that have xed boundaries. Given thelata and parameters
I, we next calculate j for all i and t. We accomplish this using Newton Raphson with
numerical di erentiation and integration. Speci cally, we solveh( ) g (X ) =0 for

it, Where
X w2 .

h( i) = i gt w+h+2z] 9O phjS; =1)dh p(S; =1jD; = d)p(D; = d)
and p(hjS; = 1) is N(O; ;) and p(S; = 1jD; = d) can be found using equation (5). A
10 point Gauss-Hermite quadrature is used to integrate ouht random e ectsh from the
above equation. The derivative oh( ;) with respectto ; ish{ ), which is found using
standard numerical techniques. We then nd the value of ; by repeatedly calculating

pew = old f p oody g7(XT )g=h{{ 99) until convergence. Once we have a values
of ;i for the current set of parameters , we can then evaluate the likelihood (6), where
again Gauss-Hermite quadrature is used to evaluate the igeal. Many possible algorithms
could then be used to nd the ML estimates. For example, one atd use a Newton Raphson
approach, which would require calculating the likelihoodtavarious points to get numerical
estimates of the score and Hessian at each step. However, kbglikelihood for many latent
class models tends to be poorly behaved (e.g., more than onedl maximum). Algorithms
such as Newton Raphson or Fisher scoring may not perform welDur recommendation is

start with a more stable, robust algorithm, such as Nelder-iad, and then switch to a faster

algorithm such as Newton Raphson for the nal steps.
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Table 1: The components of the Laplace approximation to the anginal likelihood and the
corresponding approximate posterior model probabilitiesnder two priors for the number of
classes: a discrete uniform prior and a truncated Poissonirr.

Number of classes

1 2 3 4
Number of parameters 9 19 28 37
loglikelihood -3571.829 -3501.31 -3489.768 -3489.751
(1/2)logj P -24.51 -44.07 -55.84 -78.22
d=2log (2 ) 8.27 17.46 25.73 34.00
P (mjy), uniform prior 0 0 1 0
P (mjy), truncated Poisson prior 0 0 1 0

Table 2: Estimates and standard errors of marginal coe ciets (™. The estimated covariate
e ects averaged over classes,%’is also given in the column foM = 3

Number of classes
1 2 3 4

Parameter Estimate @SE Estimate SE Estimate SE Estimate SE

Intercept 1.36 0.08 -1.11 0.32 -1.01 0.26 -1.01 0.28

black -0.79 0.28 0.67 0.35 0.56 0.25 0.56 0.25
latina 0.39 0.30 1.37 0.33 1.26 0.27 1.26 0.30
other 1.06 0.30 0.85 0.38 0.71 0.26 0.71 0.27
idu 0.59 0.29 0.47 0.19 0.34 0.11 0.35 0.11
symptom 0.20 0.13 0.45 0.06 0.48 0.05 0.48 0.05
adverse 0.31 0.04 0.31 0.05 0.32 0.04 0.32 0.05
visit -0.04 0.007 -0.02 0.009 -0.03 0.011 -0.03 0.011

Table 3: Comparison of the estimated latent class probalikes as a function of the dropout
time for the 3 class model.

Dropout time (visit number of last observed value)

Class 1 2 3 4 5 6 7 8 9 10 11 12

1
2

3

089 0.86 081 0.75 0.68 0.61 0.53 0.44 0.36 0.29 0.22 0.17
0.09 0.13 0.17 0.21 0.27 0.32 0.38 0.43 0.47 0.49 0.50 0.48
0.01 0.02 0.03 0.04 0.05 0.07r 0.09 0.12 0.17 0.22 0.28 0.35
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Table 4: Results from simulation study. Percentage bias, avage of the estimated standard
errors (SE), empirical standard deviation (ESD) and 95% ce&vage probabilities are reported
for the estimated marginal regression coe cients.

Fitted model: MAR Fitted model: latent class

Parameter % bias SE ESD coverage % bias SE ESD coverage
True model: MAR
Intercept 0.1 0.07 0.08 0.86 3.5 0.07 o0.08 0.87
idu -1.1 0.12 0.14 0.91 -1.9 0.12 0.14 0.91
visit 0.0 0.01 o0.01 0.98 -3.2 0.01 0.01 0.93
True model: latent class W = 2)
Intercept 7.6 0.07 0.07 0.74 8.0 0.07 0.07 0.98
idu -0.9 0.13 0.16 0.87 -1.6 0.12 0.12 0.94
visit -582 0.01 0.01 0.00 -26  0.02 0.02 0.91
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