Supplemental Materials for “Causal Effects of
Treatments for Informative Missing Data Due to
Progression/Death”

Detailed Calculations for the Covariance Matrix of SACE} (1,0)

We first describe the calculation for the covariance matrix for the log of SACE) 1(1,0).
The log of SACE}1(1,0) is

log SACE;1(1,0) = log P(Yr(1) > k[A7(0)) —log {1 — P(Yr(1) > k[A7(0))}
—log P(Y7(0) > k[Ar(0)) +log {1 — P(Yr(0) > k[Ar(0))}.

The derivatives of log SACEL(1,0) with respect to 5y(0), Bo(1), 5o(2), B(0), B(1), and
B(2) are, respectively, given by

0log SACE,1(1,0)  0log SACE}(1,0) Ohy tx (k)

() Oheas(h)  OBe(6)
dlog SACEy1(1,0)  0log SACE}1(1,0) Ohytx(k)
DB() Ohrex(k)  08(t0)
Oh, ¢+ (k) Oh_ (k) .. , —
L and —= are given in Lee and Daniels (2007). The derivatives of log SACEy 1 (1, 0)

9B (1X) o0B(tx)



with respect to ¥y, 1, V2, hro(k), hr1(k), and hro(k) are given by

oP(Yr(1)>k|Ar(0))

0log SACE,(1,0) 90
0o P(Yr(1) > k[Ar(0) {1 = P(Yr(1) > k|A7(0))}
OP(Yr(0)>k|Ar(0))
- o (1)

P(Yr(0) > k|Ar(0)) {1 — P(Y7(0) > k|A7(0))}’
OP(Yr(1)>k|Ar (0))

810g SACEk’l(l, O) B A1
O P(Yr(1) > k|A7(0)) {1 = P(Yr(1) > k[A7(0))}
OP(Y7(0)>k A7 (0))
- o (2)

P(Yr(0) > k|A7(0)) {1 = P(Yr(0) > k|Ar(0))}
OP(Yr (1)>k| A7 (0))

0log SACE1(1,0) M2
Ny P(Yr(1) > k[A7(0)) {1 = P(Yr(1) > k[A7(0))}
OP (Y (0)>k|Ar(0))
_ Otz (3)

P(Y7(0) > k|A7(0)) {1 — P(Y7(0) > k|A7(0))}
OP(Yr(0)>k|Ar(0))

8log SACE]CJ(L O) _ Ohr,o(k) <4)
Ohro(k) P(Yr(0) > k|A7(0)) {1 — P(Yr(0) > k|A7(0))}’
OP(Yr(1)>k|A7r(0))
alog SACEk,l(L O) — ahT,l(’f) (5)
Ohr (k) P(Yr(1) > k|Ar(0)) {1 — P(Yr(1) > k|Ar(0))}
0log SACE,(1,0) 0
s () !

where the numerators in (1)-(5) are calculated using numerical derivatives.
We now describe the calculation for the covariance matrix for the log of SACE)»(1,0).
The log of SACE}»(1,0) is
log SACE;2(1,0) = log P(Yr(1) > k|Ar(4)) —log {1 — P(Yr(1) > k|Ar(4))}
—log P(Vr(0) > K| Ar(4)) + log {1 — P(¥2(0) > k| Ar(4))}

The derivatives of log SACEy 5(1,0) with respect to 5y(0), Bo(1), Bo(2), B(0), 5(1), and
((2) are, respectively, given by

Olog SACE}5(1,0)  0log SACE}5(1,0) Ohptx (k)

0 (tx) Ohy x (k) 0o (tx)
(‘Nog SACE]f,z(l, 0) B Olog SACEkQ(l, 0) 8hT,tx<k)
0B (tx) N athtX(k) 0p(tx)

The derivatives of log SACEy, »(1, 0) with respect to ¢, V1, V2, hro(k), hr1(k), and hr (k)
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are given by

dlog SACEj5(1,0)

oP(Yr(1)>k|AT(4))
9o

o

Jlog SACE}»(1,0)

P(Yr(1) > k[Ar(4)) {1 — P(Yr(1) > k|Ar(4))}
BP(YT((giok\AT(‘l))
P(Yr(0) > k|Ar(4)) {1 — P(Y7(0) > k|A7(4))}
aP(YT(la);’ﬂAT(4))

iy

Jdlog SACFE)»(1,0)

P(Yr(1) > k[Ar(4)) {1 — P(Yr(1) > k|Ar(4))}
oP(Yr(0)>k|Ar(4))
oY
P(Yr(0) > k|Ar(4)) {1 — P(Y7(0) > k|A7(4))}’
oP(Yr(1)>k|Ar(4))
0P

Oy

O0log SACE)(1,0)

P(Yr(1) > k|A7r(4)) {1 — P(Yr(1) > k|Ar(4)) }
OP(Y7(0)>k|AT(4))
0P
P(¥(0) > kA7 (1) {1~ PV (0) > KA (0)}
OP(Y7(0)>k|AT(4))
Ohr o(k)

Ohr,o(k) P(Yr(0) > k|Ar(4)) {1 — P(Yr(0) > k|Ar(4))}’
OP(Yr(1)>k|Ar(4))
Olog SACE»(1,0) Ohr,1 (k)
Ohr,1 (k) ~ P(Yr(1) > E|Ap(4) {1 = P(Yr(1) > k|Ar(4))}
J0log SACFE)»(1,0) _ 0
Ohr (k) ’
where
OP(Yr (j)>F|Ar(0))
OP(Yr(j) > k|Ar(4)) _ T
Mix {1+ (= = 1)P(Yr(j) > k|A7(0))}*
OP(Yr(0) > k|Ar(4)) e i
Ohy (k) {1+ (7 = 1)P(Yr(0) > k|Ap(0)}
OP(Yr(1) > HAr(4) e T
Ohra (k) {1+ (7 = )P(Yp(1) > k|Ap(0)}

for = 0,1 and tx = 0,1, 2.

We now describe the calculation for the covariance matrix for the log of SACEj 5(1,0).

The log of SACE}5(1,0) is

log SACE 3(1,0) = log P(Yp(1) > k|Ap(0) U Ap(4)) —log {1 — P(Y7(1) > k|Ap(0) U Ap(4))}
—log P(Y7(0) > k|Ar(0) U A7 (4)) + log {1 — P(Y7(0) > k|A7(0) U A7 (4))} .
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The derivatives of log SACEy 5(1,0) with respect to 5y(0), Bo(1), Bo(2), B(0), 5(1), and
[(2) are, respectively, given by

810g SACE]ﬁ;(l,O) . 810g SACE]ﬁ;(l,O) 8hT,tx<k)

93 (tx) N Ohp tx (k) 0B (tx) ’
Jdlog SACE) 3(1,0) _ dlog SACE}5(1,0) Ohgtx (k)
53 Ohrexh)  0B()

The derivatives of log SACEy 3(1, 0) with respect to ¢, V1, 2, hro(k), hr1(k), and hr (k)
are given by

dlog SACE, 5(1,0) - BP(YT(1)>’VB\;2§“<0)UAT(4))
Ao P(Yr(1) > k|A7(0) U Ar(4)) {1 — P(Y7 (1) > k|AT(0) U AT (4))}
aP(YT(O)>k|$T(O)UAT(4))
0

 P(Yr(0) > k|A7(0) U Ar(4)) {1 — P(¥7(0) > k|A7(0) U Ar(4))}’
OP(Yr (1)>k| A1 (0)UAT(4))

0log SACE}, 3(1,0) _ B2
b1 P(Yr(1) > k|AT(0) U Ar(4)) {1 — P(Y7(1) > k|AT(0) U Ar(4))}
9P (YT (0)>k|AT (0)UAT (4))

_ Y1
P(Yr(0) > k|A7(0) U Ap(4)) {1 — P(Y7(0) > k|Ar(0) U Ap(4))}
OP(Yr (1)>k| A1 (0)UAT(4))

dlog SACE 5(1,0) %3
Oz P(Yr(1) > k|AT(0) U Ar(4)) {1 — P(YT(1) > k|AT(0) U Ar(4))}
E’P(YT<0)>k|£T(O)UAT(4>>
2

 P(Y7(0) > k|A7(0) U A7 (4)) {1 — P(Y7(0) > k|A7(0) U Ap(4))}’
AP (YT (0)>k|AT(0)UAT(4))

O0log SACE 3(1,0) dhr o (k)

dhr o (k) = T P(Yr(0) > k|A7(0) U Ap(4)) {1 — P(Y7(0) > k|A7(0) U Ap(4)}
dlog SACE), 5(1,0) BP(YT(I);?&T(S)UAT(“)

Ohr1(k) ~ P(Yr(1) > k[A7(0) U Ap(4)) {1 — P(Yr(1) > k| A7 (0) U Ap(4))}
0log SACE}, 3(1,0) 0

Ohr (k) ’



where

OP(Ar(0))
Ar(4) 1 {8P(YT(0) > FATO) p( g (0)) + P(Yr(0) > AT O =50
OP(Yr(0) > ’2;‘5(0) LR P(A7(0) U Ar(4)) ap(a:’; (4))}
OP(YT(0) > HATM) b 4 iy & pryvp(0) > kAT () =5 == e (0) U ()
0o k|Ar(4))P(AT(4)) OP(Ar LY
- {Piar(O)u AT(I OPOT(1) > KIATO) b 4 0)) + PV (1) > Kl A7(0)) o
4))
OP(Yr(1) > zgx(o)uAT( ) _ P(Ar(0) U A7 (4)) { 8P(<‘Zﬁ;(4))}
OPOT() > MATM) b 4 (4y) 1 Pvr(1) > RAT ) =50
4)) 9P(A7(0) U Ap(4))
ovo P(A7(0) + P(Yr (1) > kA7 (4)) P(AT(4)) 2 ’
P(Yr(1) > k|A7(0)) P(Ar ) 0 9P(A7(0)
) gy T SRS HATOD P ) + POR(0) > KAr ) ST
Ar(4))
OP(Yr(0) > zgf(o) UAT(4) _ P(Ar(0) U A7 (4)) { 8Pfj;(4))}
OP(Yr(0) > KIAT() by (4) 1 P(vr(0) > AT =g
4)) OP(Ar(0) U A1 (4))
o P(A7(0)) + P(Y7(0) > k|A7(4)) P(A7( o ’
P(Yr(0) > k|Ap(0)) P(Ar ) 1 AP(Ar(0))
B A 0P () > KATO) b g (0)) 4 P(YVr(1) > kA2 (0)) o1
Ar(4))
oP(Yr(1) > xg;xj(o) UAT(4)) _ P(A7(0) U Ar(4)) { apfj;(@)}
OP(Yr(1) > k|Ar(4)) P(A7(4)) + P(Yp(1) > k|AT(4))87’¢11
+ 4)) OP(A1(0) U Ap(4))
oY1 P(A7(0)) + P(Yr(1) > k| Ap(4)) P(Ar(4) 50 ;
P(Yr(1) > k|Ar(0) P(Ar 0 ' oP(Ar(0))
) gy A {02 AT O) plar o)) + POY(0) > K ) T L
OP(Yr(0) > k|A7(0) U A(4)) _ 1 0
0 o P(Ar(0)U Ar(4)) OP(A7(4)) }
OP(Yr(0) > KAT() b 4 (43) + P(v(0) > RlAr () —5 P(Ar(0))
o 4)) 1 {aP<YT<1> > HATOD par (o)) + P(Yr(1) > klAr (0) 92
Ar(4
e Y - o a® ap?jju))}
OPOT() > KIATM) by 4)) 1 P(vr(1) > A=y OP(Yr(1) > k|AT(4))P(AT(4))} »
+ o ) N {aP(YT(o) > KIATO) by o)) + Ohr 1 (k)
OP(Yz(0) > HAr(OUAr(4) _ P(A7(0) U A7 (4)) Ohr,o(k) dP(Yr(1) > kIAT(4))p(AT(4))} ,
Ohr o (k) ) 1 {8P(YT(1) > HATO) by 0y + Ohr 1 (k)
OP(Yr(1) >8:|Ali(’k(;)) U Ar(4) = P(Ar(0) U Ar(4)) Ohr 1 (k)
T,



with

OP(Ar(0)) . [gr(0,w)
I, ‘E“’l I

opp(2w) ap;u,mH |

{pr(2,w) = pp(1,w) + 1} +9T<0’“’){ o o

OPAr) _ p [Orr(Lw) . Dor(00) ) OP(Ar(0)
Oy o 0o o
OP(Ar(0) U Ar(4)) _ OP(Ar(0)) | OP(Ar(4))
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O R G oy J
OP(Ar(4)) opy(1, w)
e =2 o0 T,
OP(Ar(0) U Ar(4)) _ OP(Ar(0)) | OP(Ar(4))
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OP(Ar(0)) Op3(2, w)
iy L {9T<O’w) o, }
OP(Ar(4)) _ OP(Ar(0))
0 oy

Detailed Calculations for the Covariance Matrix of SACE}_.(2,0)
The log of SACE(2,0) is

log SACE 1(2,0) = log P(Yr(2) > k|Ar(0)) —log {1 — P(Yr(2) > k|Ar(0))}
—log P(Y7(0) > k|A7(0)) +log {1 — P(Y7(0) > k|Ar(0))}.

Similar to the calculation of derivatives in SACEy 1 (1, 0), the derivatives of log SACEy ; (2, 0)
with respect to 5p(0), Bo(1), 5o(2), 5(0), 5(1), and (5(2) are, respectively, given by

dlog SACE},1(2,0)  dlog SACE},1(2,0) Ohytx (k)

9o (tx) a Ohrtx (k) IPo(tx)
dlog SACE1(2,0)  dlog SACE},1(2,0) Ohytx (k)
OB (tx) B Ohy (k) op(tx)

The derivatives of log SACEy 1 (2, 0) with respect to ¢, V1, 2, hro(k), hr1(k), and hr (k)



are, respectively, given by

810g SACE]@J (2, 0)
0o

OP(Yr (2)>k|AT(0) OP(Y7 (0)>k|AT(0)

_ 9o _ Yo
= POr@ > KAr(0) (L - P (D) > KAr(0)]  PVr(0) > HAr () (1 - P2 (0) > KAz

0log SACEy 1(2,0)
oY1

OP(Yr (2)>k|AT(0)) OP(Y1(0)>k|AT(0))

_ 91 . Oy
= POr@ > HAr(0) (L - PO () > KAr(0)]  PVr(0) > HAr () (1 - POr(0) > KAz () )

dlog SACEj 1(2,0)

Oth2
OP(Yr(2)>k|A7(0)) OP(Y1(0)>k|AT(0))
— aﬂ& _ an (8)
P(Yr(2) > k|A7(0) {1 = P(Y7(2) > k[A7(0))}  P(Yr(0) > k[A7(0)) {1 — P(Y7(0) > k|A7(0))}’

OP(Yr(0)>k|AT(0)

0log SACEy 1(2,0) _ Ohr o(k) (9)
dhr o(k) P(Y7(0) > k|A7(0)) {1 — P(Y7(0) > k|AT(0))}

0log SACEy 1(2,0) -0
Ohr1(k) ’

AP (Y (2)>k|Ar (0
dlog SACE1(2,0) _ TR 10)
Ohr 2 (k) P(Yr(2) > k|A7(0)) {1 = P(Yr(2) > k|A7(0))}

where the numerator parts in (6)-(10) are calculated using numerical derivatives.
We now describe the calculation for the covariance matrix for the log of SACE) »(2,0).
The log of SACE}2(2,0) is
log SACE2(2,0) = log P(Yr(2) > k|Ar(5)) —log {1 — P(Yr(2) > k|Ar(5))}
—log P(Y7(0) > k[Ar(5)) +log {1 — P(Y7(0) > k[Ar(5))} .

The derivatives of log SACEy, 5(2,0) with respect to 5y(0), Bo(1), Bo(2), B(0), 5(1), and
[(2) are, respectively, given by

dlog SACE}5(2,0)  0log SACE}5(2,0) Ohy (k)

9B (tx) Ohrtx (k) 9Po(tx)
dlog SACEy»(2,0)  dlog SACE}5(2,0) Ohytx (k)
I (tx) h Ohy (k) OB (tx)

The derivatives of log SACEy, 2(2, 0) with respect to ¢, V1, 2, hro(k), hr1(k), and hr (k)



are given by

OP(Yr(2)>k|AT(5))

810g ;S'AAC'E]€72(27 O) . Ao
o P(Yr(2) > k[A7(5)) {1 — P(Yr(2) > k|A7(5))}
OP(YT(0)>k|Ar(5))
9o

P(Yr(0) > k[Ar(5)) {1 — P(Y7(0) > k[A7(5))}
OP(Yr(2)>k|Ar(5))

810g SACEkQ(Q, 0) . Oy
Oy P(Yr(2) > k|A7(5)) {1 — P(Yr(2) > k|A7(5))}
oP(Yr(0)>k|Ar(5))
oY

P(Yr(0) > k[A7(5)) {1 = P(Yr(0) > k|Ar(5))}’
OP(Yr(2)>k|Ar (5))

0log SACE»(2,0) 0
0o P(Yr(2) > k|Ar(5)) {1 — P(Yr(2) > k|Ar(5))}
OP(Yr(0)>k|AT(5))
02

P(Yr(0) > k[Ar(5)) {1 — P(Yr(0) > k|Ar(5))}
OP(Yr(0)>k|Ar(5))

8 log SACE]C,Q(2, O) _ _ 8hT,0(k)
Ohro(k) P(Yr(0) > k[Ar(5)) {1 — P(Yr(0) > k|Ar(5))}
0 IOg SACE]C’Q(Q, O) — 0
dhry (k) ’
dlog SACE4(2,0) _ (e
Ohra(k) P(Yr(2) > k[Ar(5)) {1 — P(Yr(2) > k|Ar(5))}
where
. - OP(Yr(j)>H A7 (0))
OP(Yr(j) > k|Ar(5)) _ Wix
Mrx {1+ (r = )P(Yr(j) > k|Ar(0)}*
OP(¥r(0) > kAr(5)) _ T
Ohr (k) {1+ (1 = DPYr(0) > k|Ar(0)}*
OP(Yr(2) > HAr(5) _ T
Ohr (k) {1+ (r = 1DPYr(2) > k|Ar(0)}*

for j = 0,2 and tx = 0, 1, 2.
We now describe the calculation for the covariance matrix for the log of SACEj 5(2,0).
The log of SACE}5(2,0) is

log SACEL3(2,0) = log P(Yr(2) > k|Ar(0) U Ar(5)) — log {1 — P(Yr(2) > k| Az(0) U Az(5))}
—log P(Y(0) > K[ Ar(0) U Ar(5)) + log {1 — P(Yr(0) > k|A7(0) U Ar(5))}

8



The derivatives of log SACEy 5(2,0) with respect to 5y(0), Bo(1), Bo(2), 8(0), 5(1), and
[(2) are, respectively, given by

810g SACE].C73(2, O) . 810g SACE].C73(2, O) 8hT,tx<k)

93 (tx) N Ohp tx (k) 0B (tx) ’
Jdlog SACFE) 3(2,0) _ dlog SACE} 5(2,0) Ohgtx (k)
53 Ohrexh)  0B()

The derivatives of log SACEy, 3(2, 0) with respect to ¢, V1, 2, hro(k), hr1(k), and hr (k)
are given by

dlog SACE} 5(2,0) - BP(YT(2)>’VB\;2§“<0)UAT(5))
Ao P(Yr(2) > k|AT(0) U A7 (5)) {1 — P(Y7(2) > k|AT(0) U AT (5))}
aP(YT(O)>k|$T(O)UAT(5))
0

~ P(Y7(0) > k[A7(0) U A7 (5)) {1 — P(Y7(0) > k|A7(0) U A7 (5))}’
AP (Y (2)>k|AT(0)UAT(5))

0log SACE}, 3(2,0) _ B2
b1 P(Yr(2) > k|AT(0) U Ar(5)) {1 — P(Y7(1) > k|AT(0) U Ar(5))}
9P (YT (0)>k|AT (0)UAT(5))

_ Y1
P(Yr(0) > k|A7(0) U A7 (5)) {1 — P(Y7(0) > k|Ar(0) U A7 (5))}
OP (Y (2)>k| A1 (0)UAT(5))

dlog SACE 5(2,0) %3
Oz P(Yr(2) > k|AT(0) U Ar(5)) {1 — P(YT(2) > k|AT(0) U AT (5))}
E’P(YT<0)>k|£T(O)UAT(5>>
2

 P(Y7(0) > k|A7(0) U A7(5)) {1 — P(Y7(0) > k|A7(0) U Ap(5))}’
AP (YT (0)>k|AT(0)UAT(5))

dlog SACE) 5(2,0) o (k)
Ohr,0(k) P(Y7(0) > k|A7(0) U Ap(5)) {1 — P(Y7(0) > k|A7(0) U Ap(5))}’
dlog SACEL 3(2,0) 0
dhr 1 (k) ’
P (Yo (2)>k| Ap (0)UAL(5))
dlog SACE}, 5(2,0) O

Ohr,2(k) T P(Yr(2) > K[A7(0) U Ar(5)) {1 — P(Y7(2) > k[A7(0) U A7 (5))}



where

OP(Ar(0))
P02 MATOUAE) _ L (OPOTO) 2 HATOD by )1 pvpe) > Hr 0y 2T
0o T T
oP(Yr(0) > k‘AT(5))p Ar(5)) + P(Yr(0) > k|AT(5))M
50 (Ar(5)) o
0
P(Yr(0) > k|AT(0))P(AT(o)))+ Z(ig;)}); k| Az (5)) P(AT(5)) 8P(AT(2L:J Ar (%)
- P(A7(0)U
{P(Ar( T . OP(Yr(2) > k|Ar(0)) P(A7(0)) + P(Yr(2) > k‘AT(O))w
Pr2) > MArQ v 220) _ P(A71(0) U A7 (5)) { 0o ’ o
T
oo ! oP(Ar(5)
SRS HATED P 3)) + P(2) > K () S T Y
9o
P(Yr(2) > k|AT(0))P(AT(O)))+ Zog;)?; k|Ar(5))P(Ar(5)) 8P(AT(2L:J Ar(5))
- {P(Ar(0) U A dP(Ar(0))
OP(Yr(0) > k|AT(0) U A7 (5)) _ T (O)IU yrEy {BP(YT(OQ;IHAT(O)) P(A7(0)) + P(Yr(0) > k|Ar(0) =57
oY1 T T
Ar(5
RO RO plar () + PV (0) > Az () TG L2, (Ar(0))
oy OP(AT(0
R > Merlo ) - P(A (0)1U A7 (5)) {aP(YT(QQ;k'AT(O)) P(A7(0)) + P(Y () > kA7 (0) — /==
oY1 T T
Ap(5
OB S AT par 3) + PY(2) > KaAr(5) IO (A7 (0))
oy OP(AT(0
OP(Yr(0) > k|A7(0) U A7(5)) _ 1 { 8P<YT<0;;“AT<0” P(AT(0)) + P(¥e(0) > HAz(0) = 22
s P(Ar(0) U Ar(5))
8P(YT(0)8; k\AT(5))P(AT(5))}
2
P(Yr(0) > k|AT(0))P(AT(0()))+ 1;(12;;);; kA7 (5)) P(A7(5)) OP(AT(((;L:J Ar(5)).
B {P(Ar(0)U AT OP(Ar(0))
OP(Yr(2) > k|AT(0) U AT (5)) _ 1 {aP(YT(Qg;klAT(O)) P(A7(0)) + P(Yr(2) > k\AT(O))T
o P(Ar(0) U Ar(5))
oPr) = KAL) by (5))}
2
P(Yr(2) > k|AT<o>>p<f(xT(o(>>)+ Z(ﬁ;?}); HAT()Plr(E) P (OU Ar(s)
) {P(ArO)U Ar KA ()
k| A7 (0)) OP(Y1(0) > KATG)) p s 5L
AP(Y(0) > g}LAT(o)uAT(5)) _ P(AT(o)lu — {aP(YTE()?l)Tz(kI) ) P(Ar(0) + hrs (k|)A N (Ar {
T:0 Ar(0)) OP(Yr(2) > k|Ar PArG) ),
kA2 (0)UAr(5) 1 OP(YT(2) > KATO) b 4 0)) + -
o) >az|w,§( - P(Ar(0) U Az (5)) { Oh,2(k) o)
with
. Ipr (1, w)
OP(Ar(5) _ p f99r(0.0) ) ey ) — g0, Ol vt £
Mo B QI 0

OP(Ar(0) U Ar(5)) _ 9P(Ar(0) | OP(Ar(5))

0o 0o Ohy
OP(A7(5)) o 2P w)
o f, o)
OP(Ar(0) U Ar(5)) 8P(AT(O))‘

s Oy

10



Detailed Calculations for the Covariance Matrix of SACE}_.(2,1)
The log of SACE;(2,1) is

log SACE,1(2,1) = log P(Yr(2) > k|Ar(0)) — log {1 — P(Yy(2) > k|Ar(0))}
—log P(Yr(1) > k|Ar(0)) + log {1 — P(Vr(1) > k| Az(0))}.

The derivatives of log SACEy 1(2,1) with respect to 5y(0), Bo(1), Bo(2), B(0), 5(1), and
[(2) are, respectively, given by

Olog SACE1(2,1)  0log SACE},1(2,1) Ohytx (k)

9o (tx) Ohrtx (k) IPo(tx)
dlog SACEy1(2,1)  9log SACE}1(2,1) Ohytx (k)
dB(tx) a Ohrtx (k) IB(tx)

The derivatives of log SACEy 1 (2, 1) with respect to ¢, V1, 2, hro(k), hr1(k), and hr (k)
are given by

0log SACEy 1(2,1)
o

OP(Yr(2)>k|AT(0)) OP(Yr(1)>k|AT(0))
9o )

P(Y7(2) > k|A7(0)) {1 — P(Y7(2) > k|A7(0))}  P(Yr(1) > k|A7(0)) {1 — P(Yr(1) > k|A7(0)}’
dlog SACE, 1(2,1)
Y

OP(T(3)>HAT (0) OP(7(1)>H AT (0)
1 _ 1

P(Yr(2) > k[A7(0) {1 = P(Y7(2) > k[A7(0))}  P(Yr(1) > kA7 (0)) {1 = P(Yr(1) > kA7 (0))}
Blog SACEkyl(Q, 1)

02

OP(Yr(2)>k|Ar(0)) OP (Y7 (1)>k|Ar(0))
) 2

P(Yr(2) > k|A7(0)) {1 = P(Y7(2) > k|A7(0))}  P(Yr(1) > k[A7(0)) {1 = P(Yr(1) > k|A7(0))}’
0log SACEy 1(2,1)

=0,
Ohr,0(k)
AP(Yr(1)>k|Ar (0
dlog SACE1(2,1) S
Ohr,1(k) P(Yr(1) > k|A7(0)) {1 — P(Y7(1) > k|AT(0))}
AP (Y1 (2)>k|Ar (0
dlog SACE, 1(2,1) —Tahmmﬂ )
Ohr 2(k) P(Yr(2) > k|A7(0)) {1 = P(Y7(2) > k|AT(0))}

We now describe the calculation for the covariance matrix for the log of SACE}»(2,1).
The log of SACE})2(2,1) is

log SACE;5(2,1) = log P(Yr(2) > k|Ap(1)) — log {1 — P(Yr(2) > k|Az(1))}
—log P(Yr(1) > k| Az (1)) +log {1 — P(Yr(1) > k|Ar(1))} .

11



The derivatives of log SACEy 5(2,1) with respect to 5y(0), Bo(1), Bo(2), B(0), 5(1), and

[(2) are, respectively, given by

Olog SACE2(2,1)  0log SACE}»(2,1) Ohytx (k)

9P0(tx) - Ohytx (k) OBo(tx)
Olog SACE»(2,1)  0log SACE}»(2,1) Ohpix (k)

Bx) | Ohplk)  0B(x)

The derivatives of log SACE 2(2, 1) with respect to ¢, V1, 2, hro(k), hr1(k), and hr (k)

are given by

O0log SACFE2(2,1)

OP(Yr(2)>k|Ar (1))
9o

o

O0log SACE2(2,1)

P(Yr(2) > k[Ar(1)) {1 — P(Y7(2) > k|Ar(1))}
OP(Yr(1)>k|Ar(1))
9o
P(Yr(1) > k|Ar(1)) {1 = P(Yr(1) > k|Ar(1))}’
aP(YT(Qa);klAT(1))

Iy

O0log SACE2(2,1)

P(Yr(2) > k[Ar(1)) {1 = P(Y7(2) > k[Ar(1))}
PP ()>H A7 ()
P(Yr(1) > k|Ar(1)) {1 = P(Yr(1) > k|Ar(1))}
2P0 () A ()

Oy

O0log SACFE,2(2,1)

P(Yr(2) > k[Ar(1)) {1 — P(Yr(2) > k|Az(1))}
3P(YT(18);21€\AT(1))
P(Yr(1) > k[Ar(1)) {1 — P(Yz(1) > k|Ar(1))}

0,
Ohro(k)
Dlog SACE(2,1) P ()
Ohr,1(k) P(Yp(1) > k|Ar(1)) {1 — P(Yr(1) > k|Ap(5))}
IP (YT (2)>k|Ar(1))
O0log SACE2(2,1) Ohr.2(k)
Ohra(k) P(Y7r(2) > k|Ap(1)) {1 — P(Y7(2) > k|Ar(1))}
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where

TOP(YT(j)>k\AT(0))

OP(Yr(j) > k|Ap(1)) Mix
Oix {1+ (r = 1)P(Yz(j) > k[Ar(0)}
OP(Yr(1) > HAz(1)) 7RI ()
Ohr, (k) {1+ (1= 1)P(Yr(1) > k|Ar(0)}
OP(Yr(2) > k|Ar(1)) R
Ohr (k) {1+ (r = 1)P(Yr(2) > k|Ap(0))}*

for j=1,2 and tx =0,1, 2.
We finally describe the calculation for the covariance matrix for the log of SACE} 5(2,1).
The log of SACE} 5(2,1) is
—log P(Yz(1) > k|A7(0) U Az(1)) + log {1 — P(Vr(1) > k| Az(0) U Az (1))}

The derivatives of log SACEy 5(2,1) with respect to 5y(0), Bo(1), Bo(2), B(0), 5(1), and
B(2) are, respectively, given by

Olog SACE5(2,1)  0log SACE}3(2,1) Ohptx (k)

6 (tx) - Ohy tx (k) 960 (tx)
Olog SACEy3(2,1)  0log SACE}5(2,1) Ohp (k)
08 (tx) T Ohp(k) 0B()

The derivatives of log SACEk73(2, 1) with respect to ’QZ)Q, 201, 1/12, hﬂo(k’), hT71(k’), and h{ng(k’)
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are given by
Dlog SACEy 5(2, 1) OP(L(2)>H AT (O)UAT (1))
o P(Yr(2) > k|A7(0) U Ap(1)) {1 — P(Y7(2) > k|A7(0) U A7 (1))}
OP(Yr (1)>k| A7 (0)UAT (1))
9vo

_P(YT(l) > k|A7(0) U Ar (1)) {1 — P(Y7(1) > k|A7(0) U Ar (1)}’

15 A A
dlog SACE 5(2,1) P(YT(2)>k\wlT(0)U 7(1))

o) P(Yr(2) > k|AT(0) U Ar(1)) {1 — P(YT(2) > k|AT(0) U AT (1))}
OP(Yr(1)>k|Ar (0)UAT (1))
_ Y1
P(Yr(1) > k|A7(0) U Ap(1)) {1 — P(Yr(1) > k|A7(0) U Ap(1))}

d A
dlog SACE), 5(2,1) P(YT(2)>1€\$2T(0)U (1)

Otba P(Yr(2) > k|Ar(0) U Ar(1)) {1 — P(Y7(2) > k|A7(0) U Ap(1))}
BP(YT(1)>k6Ll‘2T(0)UAT(1>)
2

~ P(Yr(1) > k[A7(0) U Ar(1)) {1 — P(Yr(1) > kA7 (0) U Ap (1))}’

0log SACE 3(2,1)

= 0,
Oh o(k)
OP(Yr(1)>k|Ar (0)UAT (1))
dlog SACEs(2,1) AR
Ohp1(k) P(Yp(1) > k|Ap(0) U Ap(1)) {1 — P(Yp(1) > k|Ap(0) U Ap(1))}
OP(Y1 (2)>k|AT7(0)UA (1
dlog SACE 3(2,1) 2l >ah;fu§>) )
Oh,2(k) ~ P(Yr(2) > k|Ap(0) U Ap (1) {1 — P(Y7(2) > k|A7(0) U Ap (1))}
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where

OP(Ar(0))
W) ! {SPA 2 HATOD par(0) + P(ve() > klar (0) 2L
A
PR 'B'Zif B P(Ar(0)V Ar(1) ap(af;)(l))}
OPOr (1) > KIATM) b4 (1) 4 P(vr(1) > kAT (1) =5, =
1)) 9P(A7(0) U Az (1))
o P(Ar(0) + P(Yr(1) > klAr(1)) P(Ar( 9o ’
Py (1) > klA7(0))P(AT )2 9P(A7(0)
- {Piar(O)u AT(l OPOT(2) > KIATO) b 4 0)) + PV (2) > Kl A7(0)) o
1)
OP(Y7(2) > gﬁg(o)uAT( ) _ P(Ar(0) U A7 (D) { 8P$ﬁ;(l))}
OPOT(2) > MATW) by (1)) 4 P(vr(2) > AT ) =50
1)) 9P(A7(0) U Az (1))
oo 0)) + P(Y7(2) > k|Ar(1)) P(A7 (1)) ’
PO'T(E) > HA(O)P(AT(O) + P e oo OP(Ar(0))
) oy T SRS HATOD P o) + POR(1) > KA ) ST
Ar(1))
OP(Yr(1) > zg;xlT(o) UAr(1) _ P(Ar(0) U Ar(1)) { 8Pfj;(1))}
OPr() > MATA) b4 (1)) 4 PY(1) > HAr =5,
1)) OP(A7(0) U Ap(1))
o P(A7(0) + P(Y7(1) > k| A7 (1) P(Ax( a1 ’
P(Yr(1) > kA7 (0) P(Ar A (D)) OP(Ar(0))
B P 0P @) > KATO) p g (0)) 4 P(YVr(2) > kA7 (0)) o1
Ar(1))
BP(YT(Q)M;';‘? S P(ATU))UAT“)){ ap?ﬁ(l))}
OP(r@) > KlAT() by (1)) 4 P(vp(2) > kAT (1) —5 =
+ 1)) 9P(Ar(0) U Ar (1))
oY1 P(A7(0)) + P(Yr(2) > k| Ap (1)) P(Ar(1) D0 ;
P(Y7(2) > k|A7(0)) P(Ar A (D)) 9P(AT(0)
) oy A {2 2 AT O) plar o)) + P (1) > Kz ) 2 L
Ar(1) _
e ’2'525 pear - P(Ar(Q)u Ar(D) apfﬁu))}
OPOr () > KATM) p 4. 1) 4 P(vp(1) > HAr )=
OP(Ar(0) U Ar(1))
ove Ar(0) + P(Yr(1) > k|A7(1))P(Ar(1)) o ’
P(Yr(1) > k|AT(0)) P(Ar 1))}2 : OP(AT(0))
) oy oA {2 AT O) par o)) + POe@) > KA ©) T L
Ar(1)) _
R ]31?; e - PlAr(0)U Ar(1)) ap(ipj(l))}
OP(Yr(2) > KAL) by (1)) 1 P(vr(2) > e =5,
( (Ar(
OP(A7(0) U Ar (1))
o2 P(Yr(2) > kA7 (1)) P(A7(1)) ’
P(Yr(2) > k|A7(0)) P(Ar(0)) + ) 0 OP(YE(1) > HAT(D) , (1))},
- {PlAr(0)U A 1 OPOT() > KIATO0) b 4 o)) + Tahm(k) ’
9P(Yr(1) > k|A7(0) U A7 (1)) = P(A7(0) U Ap(1)) { Ohr1 (k) OP(Yr(2) > k|AT(1))P(AT(1))} )
ohr,1 (k) 1 ) {@P(YT(Q) > MATO) b4 0)) + Dhr2()
OP(Yr(2) >3:|A;k(;)) U Az (1)) = P(Ar(0) U Az (1) Ohr 2(k)
T,
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with

OP(Ar(1)) _ g, {8gT(O, w)

Pi(2,w) + gT<o,w>9p*T<2vw>} _ OP(Ar(2))

0o Oy Oy Ny
OP(Ar(®) _ . [ dgilw) *
PR — |- 1 gr(0,0) - ar(1,0) + pi (1 w)gr 0, 0))
(1= gyt { - 220 4 D 0,0y 4 i, ) 2R
OP(Ar(0) UAL(1)) _ OP(Ag(0)) | P(Ar(1)
(o410 Oy Oy
AP iy |2 1~ gr(0,0) ~ gr(1,0) + pi (L w)ar(0. )

(1= i) { 220 — g0, PEE ]

OP(Ar(0) U Ar(1))  OP(A7(0)) | OP(Az(1))
i T~ T, od
OP(Ar(D) _ o {agT(z,w) o (O7w)8p}(2,w)} 9P(Ar(2))

Oy 0y 0y opy 7
) — |25 1~ g 0,0) = g1, 0) + gL w)gr 0,0}
OP(Ar(0) U Ar(1))  OP(Ar(0)) | OP(Aq(1)

o, T o, s

Numerical derivatives

Numerical derivatives are computed as local slopes based on small perturbations of pa-
rameter estimates (Press et al., 1992). Let f(w) be the left hand side of (25), (26), or (32)
where w = (o, ¥1, %2, hr1(k), hra(k)), and let w(=) be a vector with the ith element of

w removed. The ith element of v, w®, is perturbed as follows:

where ¢; and ¢y are small (here, we set ¢; = 0.01 and ¢; = 0.001). Using the current

(%)

w

5 = 4 ,
“ (w(l) + cz)

O w® — 0i, 05 > c; Wl — w® 4 0;,  0; > co;
1 o w(z) — Co, 52 < (o, 2 w(l) + Co, (51 < Cog,

estimates of the parameters w, the derivative of w® is

OP(Yr(tx) > k| Ar(0)) FlwED 0y = fwD Wiy
Ow(@) 20; ’

for tx = 0,1, 2.
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