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Abstract

The data augmentation (DA) algorithm is a widely used Markov chain Monte Carlo (MCMC) algo-

rithm that is based on a Markov transition density of the formp(x|x′) =
∫
Y
fX|Y (x|y)fY |X(y|x′) dy,

wherefX|Y andfY |X are conditional densities. The PX-DA and marginal augmentation algorithms (Liu

and Wu, 1999; Meng and van Dyk, 1999) are alternatives to DA that often converge much faster and are

only slightly more computationally demanding. The transition densities of these alternative algorithms

can be written in the formpR(x|x′) =
∫
Y

∫
Y
fX|Y (x|y′)R(y, dy′)fY |X(y|x′) dy, whereR is a Markov

transition function onY. We prove that whenR satisfies certain conditions, the MCMC algorithm driven

by pR is at least as good as that driven byp in terms of performance in the central limit theorem and

in the operator norm sense. These results are brought to bear on a theoretical comparison of the DA,

PX-DA and marginal augmentation algorithms. Our focus is on situations where the group structure

exploited by Liu and Wu (1999) is available. We show that the PX-DA algorithm based on Haar measure

is at least as good as any PX-DA algorithm constructed using a proper prior on the group.
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1 Introduction

1.1 Background

In statistical problems where there is a need to explore an intractable density,fX(x), there is sometimes

available a joint densityf(x, y), onX × Y say, such that
∫
Y f(x, y) dy = fX(x) and such that simulating

from the conditional densities,fX|Y (x|y) andfY |X(y|x), is straightforward. In such situations, one can

apply the data augmentation (DA) algorithm (Tanner and Wong, 1987), which is a Markov chain Monte

Carlo (MCMC) algorithm based on the Markov transition density (Mtd) given by

p(x|x′) =
∫

Y
fX|Y (x|y)fY |X(y|x′) dy . (1)

It is well known and easy to show thatp(x|x′) is reversible with respect tofX , which implies thatfX is an

invariant density. Like its cousin, the EM algorithm, the DA algorithm is considered a useful algorithm that

sometimes suffers from slow convergence.

The PX-DA algorithm (Liu and Wu, 1999) and the closely related marginal augmentation (MA) algo-

rithm (Meng and van Dyk, 1999) are alternatives to DA that often converge much faster and are only slightly

more computationally demanding. The basic idea is to usef(x, y) to create an entire family of joint densi-

ties that all havefX as thex marginal. Each member of this family can be used to form a DA algorithm and

the hope is that some of the resulting algorithms will be significantly better than the original. To be specific,

consider a class of functionstg : Y → Y for g ∈ G such that, for each fixedg, tg(y) is one-to-one and

differentiable iny. Suppose further thatr(g) is a probability density onG and define another probability

densityf̃ : X × Y × G → [0,∞) asf̃(x, y, g) = f
(
x, tg(y)

)
|Jg(y)| r(g), whereJg(z) is the Jacobian of

the transformationz = t−1
g (y). Let f̃(x, y) =

∫
G f̃(x, y, g) dg and note that

∫
Y f̃(x, y) dy = fX(x). The

PX-DA algorithm (which is the same as the MA algorithm in this situation) is simply the alternative DA

algorithm based on the Mtd given by

pr(x|x′) =
∫

Y
f̃X|Y (x|y)f̃Y |X(y|x′) dy . (2)
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By varyingr(·), we can create the family of joint densities mentioned above. Liu and Wu (1999), Meng and

van Dyk (1999) and van Dyk and Meng (2001) (hereafter L&W, M&vD and vD&M) have provided many

examples where this strategy leads to major improvements over standard DA algorithms.

Straightforward sampling from̃fX|Y and f̃Y |X , which is necessary if the PX-DA algorithm is to be

useful in practice, is made possible by exploiting the relationship between these conditionals and the joint

densityf̃(x, y, g). First, consider sampling from̃fY |X and note that

f̃Y |X(y|x) =
∫

G
fY |X(tg(y)|x)|Jg(y)|r(g) dg .

Consequently, we can draw from̃fY |X by drawingy′ and g independently fromfY |X(y′|x) and r(g),

respectively, and settingy = t−1
g (y′). Now let fY (y) =

∫
X f(x, y) dx and letw(g; y) denote the den-

sity proportional tor(g)|Jg(y)|fY (tg(y)). We can draw fromf̃X|Y by drawingg from w(g; y) and then

x ∼ fX|Y (x|tg(y)). Putting all of this together, as in L&W’s Scheme 1.1, a single iteration of the PX-DA

algorithm (x′ → x) can be accomplished by performing the following three steps:

1. Drawy ∼ fY |X(y|x′)

2. Drawg ∼ r(·), drawg′ fromw(g′; t−1
g (y)) and sety′ = tg′(t−1

g (y))

3. Drawx ∼ fX|Y (x|y′)

Note that the first and third steps are exactly the same as the two steps of the DA algorithm. Given that

w(g; y) contains the termfY (tg(y)) and that direct sampling fromfY is infeasible (otherwise MCMC would

be unnecessary), one might expect that sampling fromw(g; y) would be difficult. However, as the examples

in L&W, M&vD and vD&M illustrate, wheng has lower dimension thany, sampling fromw(g; y) can be

completely straightforward, adding very little to the overall computational burdon.

We use Albert and Chib’s (1993) DA algorithm for Bayesian probit regression as a running example.

Let V1, V2, . . . , Vn denote independent random variables withVi | β ∼ Bernoulli
(
Φ(zT

i β)
)

wherezi is a

p× 1 vector of known covariates associated withVi, β is ap× 1 vector of unknown regression coefficients
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andΦ(·) is the standard normal distribution function. A flat prior onβ leads to an (intractable) posterior

density given by

π(β|v) =
1

m(v)

n∏
i=1

[
Φ(zT

i β)
]vi

[
1− Φ(zT

i β)
]1−vi ,

wherem(v) is the marginal mass function. LetR+ = (0,∞), R− = (−∞, 0] and consider the function

π(β, y|v) =
1

m(v)

[
n∏

i=1

{
IR+(yi)I{1}(vi) + IR−(yi)I{0}(vi)

}
φ(yi; zT

i β, 1)

]
,

wherey = (y1, y2, ..., yn)T ∈ Rn, IA(·) is the indicator of the setA andφ(x;µ, σ2) denotes the N(µ, σ2)

density function evaluated at the pointx. Straightforward calculations show thatπ(β, y|v) is a joint density

in (β, y) whoseβ marginal is the target,π(β|y). Moreover,π(β|y, v) is a multivariate normal density and

π(y|β, v) is a product ofn truncated univariate normal densities. Albert and Chib’s algorithm alternates

between these two conditionals. L&W developed a PX-DA algorithm for this problem by takingtg(y) =

gy andG = (0,∞). This yieldsw(g; y) ∝ r(g) gn exp
{
− g2yTMy/2

}
IR+(g), whereM is a known

n× n matrix. Drawing from the multivariate densityπ(y|v) does not appear straightforward, but sampling

from the univariate densityw(g; y) is easy as long asr(g) has a simple form. Indeed, L&W taker(g) ∝

ga−1e−bg2
IR+(g) wherea, b > 0, which allows one to sample fromw(g; y) by drawing a gamma variate

and taking the square root.

1.2 A general class of alternatives to DA

Step 2 of the PX-DA algorithm involves making the transitiony → y′ and can therefore be interpreted as

simulating one step of a Markov chain onY. In fact, L&W’s Theorem 1 shows thatfY is an invariant density

for this chain. Thus, the Mtd of the PX-DA algorithm is a special case of the general Mtd given by

pR(x|x′) =
∫

Y

∫
Y
fX|Y (x|y′)R(y, dy′)fY |X(y|x′)dy , (3)

whereR(y, dy′) is any Markov transition function (Mtf) onY that hasfY as an invariant density. Routine

calculations show thatfX is invariant forpR and that, ifR is reversible with respect tofY , thenpR is re-

versible with respect tofX . In this paper, we perform the first general study of (3). The main results provide
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conditions under which the Markov chain driven by (3) is better than the corresponding DA algorithm. To be

specific, we show that ifpR is reversible with respect tofX , thenpR is at least as good asp in the efficiency

ordering of Mira and Geyer (1999), which concerns performance in the central limit theorem (CLT). (For

a cleaner exposition, we henceforth write “better than” instead of the more accurate “at least as good as.”)

We also show that ifpR is itself a DA algorithm; that is, if there exists a joint densityf∗(x, y) such that∫
Y f

∗(x, y) dy = fX(x) and such thatpR can be re-expressed as

pR(x|x′) =
∫

Y
f∗X|Y (x|y)f∗Y |X(y|x′) dy ,

thenpR is better thanp in the operator norm sense (Liu, Wong and Kong, 1994).

Because the Mtds of the DA, MA and PX-DA algorithms can all be written in the form (3), our general

results concerning (3) can be brought to bear on a theoretical comparison of these algorithms. This yields

both new results and generalizations of known results from M&vD, vD&M and L&W. Furthermore, our

proofs of the generalizations are simpler and require fewer regularity conditions than the original proofs.

It is our hope that the results herein will promote theoretical and methodological development of improved

DA algorithms.

Here is a simple example of the application of our results concerning (3). The PX-DA algorithm is,

by definition, a DA algorithm and as such is reversible with respect tofX . Hence, the results described

above are applicable and imply that every PX-DA algorithm is better than the DA algorithm in the efficiency

ordering and in the operator norm sense. The efficiency ordering result is new, but the operator norm result is

known - see L&W’s Theorem 2 and M&vD’s Theorem 1. Note that we say “every PX-DA algorithm.” This

is because the result holds no matter what (proper) densityr(g) is used to construct the PX-DA algorithm.

1.3 Adapting to an improper r(g): Liu and Wu’s group structure

L&W, M&vD and vD&M all argued that the PX-DA algorithm should perform better as the densityr(g)

becomes more “diffuse” or “spread out,” and they provided empirical evidence supporting this claim. It is

clearly impossible to implement the PX-DA algorithm in the limiting case wherer is improper. However,
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L&W and M&vD found (what appear to be) different ways of utilizing an improper prior ong to construct

an algorithm that achieves the limiting convergence rate. L&W developed their results by exploiting a

certain group structure that may be present in the problem. M&vD, on the other hand, constructed a non-

positive recurrent Markov chain onX × G having stationary densityfX(x)r(g) and provided conditions

under which thex component of that chain is itself a Markov chain with invariant densityfX . We focus on

L&W’s approach and show that, when the group structure exists, L&W’s algorithm is exactly the same as

M&vD’s algorithm (under a particular improper working prior). This is the first formal comparison of the

two limiting algorithms. We now briefly describe L&W’s group structure and limiting algorithm.

Suppose thatG is a topological group; i.e., a group such that the functions(g1, g2) 7→ g1g2 andg 7→ g−1

are both continuous. Lete denote the group’s identity element. (An example is themultiplicative group,

R+, where group composition is defined as multiplication, the identity element ise = 1 andg−1 = 1/g.)

Suppose further thatte(y) = y for all y ∈ Y and thattg1g2(y) = tg1

(
tg2(y)

)
for all g1, g2 ∈ G and all

y ∈ Y. Assume thatG is a unimodular group and letν(dg) denote Haar measure onG. One iteration of

L&W’s limiting algorithm, which we call the Haar PX-DA algorithm, consists of the following three steps:

1. Drawy ∼ fY |X(y|x′)

2. Drawg from the density (with respect toν) proportional to|Jg(y)| fY

(
tg(y)

)
and sety′ = tg(y)

3. Drawx ∼ fX|Y (x|y′)

Note that the Haar PX-DA algorithm actually requires less computation than the PX-DA algorithm. Indeed,

Step 2 involves only a single draw from a distribution onG, while the middle step of the PX-DA algorithm

requires two such draws. The Mtd associated with this algorithm hasfX as an invariant density (see L&W)

and is, in fact, another special case of (3). (Note that the invariance offX is not obvious in this case because,

unlike PX-DA, the Haar PX-DA algorithm is not defined as an alternative DA algorithm.) L&W proved that

the Haar PX-DA algorithm is better in the operator norm sense than every PX-DA algorithm.

Consider again the probit regression example. The multiplicative group,G = R+, is unimodular with
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Haar measure given byν(dg) = dg/g wheredg denotes Lebesgue measure. Furthermore, the trans-

formation tg(y) = gy satisfies the compatibility conditions described above, so the Haar PX-DA algo-

rithm is applicable. As shown in L&W, the middle step entails drawingg from a density proportional to

gn−1 exp{−g2yTMy}IR+(g). Both L&W and vD&M provide strong empirical evidence that this algo-

rithm can converge much faster than Albert and Chib’s (1993) DA algorithm.

1.4 Comparing general versions of PX-DA and Haar PX-DA

We develop generalizations of the PX-DA and Haar PX-DA algorithms in a setting whereX, Y andG are

abstract spaces (not necessarily Euclidean) and the groupG is not required to be unimodular (Haar measure

is replaced by left-Haar measure). This is accomplished in two steps. First, the group structure is used to

build Mtfs, Qr(y, dy′) andQ(y, dy′), that are reversible with respect tofY and that behave like general

versions of the middle steps of the PX-DA and Haar PX-DA algorithms. Then Mtds for the generalized

versions of PX-DA and Haar PX-DA are formed by usingQr andQ in place ofR in (a generalized version

of) (3). Because L&W did not use the term “Haar PX-DA,” it is important to bear in mind throughout this

paper that what we call the “general Haar PX-DA algorithm” is, in fact, a generalization of L&W’s limiting

PX-DA algorithm.

A comparison of the resulting generalized algorithms is facilitated by a representation of Haar PX-DA

as an improvement of PX-DA. More specifically, we show that there exists a joint densityf̃(x, y), whosex

marginal isfX , such that the Mtd of the general PX-DA algorithm can be written as

pr(x|x′) =
∫

Y

∫
Y
fX|Y (x|y)Qr(y, dy′)fY |X(y|x′)µy(dy) =

∫
Y
f̃X|Y (x|y)f̃Y |X(y|x′)µy(dy) , (4)

whereµx(dx) andµy(dy) are the analogues ofdx anddy that will be defined in Section 3. (This, of course,

implies that PX-DA is better than DA.) We then show that the Mtd of the general Haar PX-DA algorithm

can be written as

p∗(x|x′) =
∫

Y

∫
Y
fX|Y (x|y)Q(y, dy′)fY |X(y|x′)µy(dy) =

∫
Y

∫
Y
f̃X|Y (x|y)Q̃(y, dy′)f̃Y |X(y|x′)µy(dy),
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wheref̃ is as in (4) andQ̃(y, dy′) is reversible with respect to
∫
X f̃(x, y)µx(dx) = f̃Y (y); that is,p∗ is an

improvement ofpr. It is also shown thatp∗(x|x′) is itself a DA algorithm. Therefore, our results concerning

(3) imply thatp∗(x|x′) is better than every version ofpr(x|x′) in the efficiency ordering and in the operator

norm sense. As before, the efficiency ordering result is new, but a special case of the operator norm result

was established in L&W (see Section 5 for details).

The remainder of the paper is laid out as follows. In Section 2, we set notation and review some results

from general state space Markov chain theory. Our study of (3) commences in Section 3. In Section 4, we

describe two different methods of using a group action to construct a Mtf with a pre-specified stationary

distribution. Finally, our general versions of the PX-DA and Haar PX-DA algorithms are introduced and

studied in Section 5.

2 Markov chain background

As in Meyn and Tweedie (1993, Chapter 3), letP (x, dy) be a Mtf on a setX equipped with a countably gen-

eratedσ-algebraB(X). Suppose thatπ is an invariant probability measure; i.e.,π(A) =
∫
X P (x,A)π(dx)

for all measurableA. Denote the Markov chain defined byP (x, dy) asΦ = {Φn}∞n=0, where the distri-

bution ofΦ0 will be stated explicitly when needed. As usual, letL2(π) be the vector space of real-valued,

measurable functions onX that are square-integrable with respect toπ, and letL2
0(π) be the subspace of

mean zero functions; that is, functions satisfying
∫
X f(x)π(dx) = 0. Define inner product on this space

by 〈f, g〉 =
∫
X f(x)g(x)π(dx). The corresponding norm is given by‖f‖ =

√
〈f, f〉. The Mtf P (x, dy)

defines an operator,P , that acts onf ∈ L2
0(π) through

(Pf)(x) =
∫

X
f(y)P (x, dy) = E

[
f
(
Φn+1

)
|Φn = x

]
.

Note that〈Pf, f〉 = Cov
(
f(Φ0), f(Φ1)

)
whenΦ0 ∼ π. The chainΦ (or, equivalently, the MtfP ) is said to

be reversible with respect toπ if for all bounded functionsf, g ∈ L2
0(π), 〈Pf, g〉 = 〈f, Pg〉. The norm of
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the operatorP is defined as

‖P‖ = sup
f∈L2

0(π),f 6=0

‖Pf‖
‖f‖

= sup
f∈L2

0(π), ‖f‖=1

‖Pf‖ .

A straightforward application of Jensen’s inequality shows that‖P‖ ≤ 1.

Now assume that
∫
X |h(x)|π(dx) <∞ and that MCMC will be used to estimate the intractable expecta-

tionπh :=
∫
X h(x)π(dx). If Φ is irreducible, aperiodic and Harris recurrent (see Meyn and Tweedie (1993)

for definitions), then the ergodic averagehn = n−1
∑n−1

i=0 h(Φi) converges almost surely toπh no matter

what the distribution ofΦ0. This justifies the use ofhn as an estimator ofπh. There are several different

methods available for calculating the standard error of this estimator (see, e.g., Geyer, 1992; Hobert, Jones,

Presnell and Rosenthal, 2002; Jones, Haran, Caffo and Neath, 2006) and all are based on the assumption that

there is a CLT forhn; i.e., that there exists aσ2 ∈ (0,∞) such that, asn→∞,
√
n
(
hn − πh) d→ N(0, σ2).

The asymptotic variance,σ2, depends on both the functionh and the MtfP (but not on the distribution of

Φ0) so we write it asv(h, P ). If the CLT fails to hold, then we simply writev(h, P ) = ∞.

Unfortunately, even ifh ∈ L2(π), irreducibility, aperiodicity and Harris recurrence (henceforth “the

usual regularity conditions”) are not enough to guarantee thatv(h, P ) < ∞. The chain is calledgeometri-

cally ergodicif there existM : X → [0,∞) andρ ∈ [0, 1) such that‖Pn(x, ·)− π(·)‖TV ≤M(x)ρn for all

x ∈ X and alln = 1, 2, 3, . . . , where‖·‖TV denotes total variation norm. IfΦ is geometrically ergodic and

reversible with respect toπ, thenv(h, P ) < ∞ for everyh ∈ L2(π) (Roberts and Rosenthal, 1997). Many

popular Monte Carlo Markov chains have been shown to be geometrically ergodic. See, for example, Jones

and Hobert (2001) and Roberts and Rosenthal (2004) and the references therein.

Now suppose that we wish to estimateπh and we have available two different Mtfs,P andQ, with

invariant probability measureπ such thatv(h, P ) andv(h,Q) are both finite. IfP andQ are similar in

terms of simulation effort, then we would clearly prefer the more efficient chain; that is, the chain with

the smaller asymptotic variance. Moreover, ifv(h, P ) ≤ v(h,Q) for all h, then we would preferP over

Q regardless of the functionh. This discussion motivates the following definitions from Mira and Geyer

(1999).
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Definition 1. If P andQ are two Mtfs with invariant probability measureπ that both satisfy the usual

regularity conditions, thenP is better thanQ in the efficiency ordering, writtenP �E Q, if v(h, P ) ≤

v(h,Q) for everyh ∈ L2(π).

Definition 2. If P andQ are two Mtfs with invariant probability measureπ, thenP dominatesQ in the

covariance ordering, writtenP �1 Q, if 〈Ph, h〉 ≤ 〈Qh, h〉 for everyh ∈ L2
0(π).

The following result provides a characterization of the efficiency ordering for reversible chains as well

as a practical method of proving thatP �E Q.

Theorem 1. (Mira and Geyer, 1999) LetP andQ be two Mtfs that are reversible with respect to the

probability measureπ and that satisfy the usual regularity conditions. ThenP �E Q if and only ifP �1 Q.

It is important to note that�E provides only a partial ordering; that is, it can happen that neitherP �E Q

norQ �E P holds. In such a case, neither chain is better than the other and the choice betweenP andQ

will depend on the particular function to be estimated.

Monte Carlo Markov chains can also be compared via their operator norms. Indeed, the quantity‖P‖ is

closely related to the convergence rate of the corresponding Markov chain. For instance, ifP is reversible

with respect toπ and satisfies the usual regularity conditions, thenP is geometrically ergodic if and only

if ‖P‖ < 1 (Roberts and Rosenthal, 1997; Roberts and Tweedie, 2001). Furthermore, results in Liu, Wong

and Kong (1995) show that the smaller the norm, the faster the chain converges. Examples of the use of this

criterion for comparing Monte Carlo Markov chains can be found in Liu et al. (1994), L&W and M&vD.

It is important to keep in mind that neither‖P‖ ≤ ‖Q‖ norP �E Q guarantees thatP is a good Monte

Carlo Markov chain. Indeed, even if‖P‖ ≤ ‖Q‖, it may be the case that bothP andQ are bad chains (with

norm 1) and neither should be used. Similarly,P �E Q tells us nothing about the existence of CLTs forP .

However, ifP is also known to be geometrically ergodic, then we could rule outQ andbe content to useP

to explore the target distribution. The results described above imply that ifP andQ are both reversible and

‖P‖ ≤ ‖Q‖, then geometric ergodicity ofQ implies that ofP . (See Roberts and Rosenthal (2006) for some
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related results.) This result can be extremely useful in practice because the better chain (P in this case) is

typically more complex and hence harder to analyze. This idea is exploited in Roy and Hobert (2006), who

prove that the Haar PX-DA algorithm for the probit model (discussed in Section 1) is geometric by showing

that the simpler DA algorithm of Albert and Chib is geometric.

3 Improving upon the DA algorithm

In this section, we study Mtds of the form (3). Assume thatX andY are locally compact, separable metric

spaces equipped with their Borelσ-algebras. Assume further thatµx andµy areσ-finite measures onX and

Y, respectively, and thatf(x, y) is a probability density onX × Y with respect toµx × µy. As usual, let

fX , fY , fX|Y andfY |X denote the marginal and conditional densities. In this context, the DA algorithm has

Mtd (with respect toµx) given by

p(x|x′) =
∫

Y
fX|Y (x|y)fY |X(y|x′)µy(dy) . (5)

The analogue of (3) is

pR(x|x′) =
∫

Y

∫
Y
fX|Y (x|y′)R(y, dy′)fY |X(y|x′)µy(dy) , (6)

whereR(y, dy′) is any Mtf onY that hasfY as an invariant density. Again, straightforward calculations

reveal thatfX is an invariant density forpR and that reversibility ofRwith respect tofY implies reversibility

of pR with respect tofX . Varying the MtfR(y, dy′) produces a family of Markov chains havingfX as

invariant density, and (as we explain later) the DA algorithm is one of the family members. In some cases

pR is itself a DA algorithm; i.e., there exists a probability densityf∗(x, y) onX×Y with respect toµx×µy

such that
∫
Y f

∗(x, y)µy(dy) = fX(x) and such thatpR can be re-expressed as

pR(x|x′) =
∫

Y
f∗X|Y (x|y)f∗Y |X(y|x′)µy(dy) .

Clearly, if pR is a DA algorithm, then it is reversible with respect tofX . We now state a known result about

DA that will be used to prove the main result in this section.
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Theorem 2. (Amit, 1991; Liu et al., 1994) LetP denote the operator onL2
0(fX) associated withp(x|x′).

Let (X,Y ) ∼ f(x, y) andh ∈ L2
0(fX). Then〈Ph, h〉 = Var

[
E
(
h(X)|Y

)]
and‖P‖ = γ2(X,Y ), where

γ(X,Y ) is the maximal correlation betweenX andY .

The next result allows us to compare two different versions of (6).

Theorem 3. Suppose thatR andS are two Mtfs onY that havefY as invariant density and assume that

R �1 S. Let pR andpS denote the corresponding versions of(6) and denote the associated operators as

PR andPS . Assume thatpR andpS satisfy the usual regularity conditions. IfpR andpS are both reversible

with respect tofX , thenpR �E pS . If, in addition,pR andpS are both DA algorithms, then‖PR‖ ≤ ‖PS‖.

Proof. Let Φ∗ = {Φ∗
n}∞n=0 andΦ̃ = {Φ̃n}∞n=0 denote stationary versions of the chains driven bypR and

pS , respectively. Fixh ∈ L2
0(fX) and defineh∗(y) =

∫
X h(x)fX|Y (x|y)µx(dx). It is easy to see that

h∗ ∈ L2
0(fY ). Now

〈PRh, h〉 =
∫

X

∫
X
h(x′)h(x)pR(x|x′)fX(x′)µx(dx′)µx(dx)

=
∫

X

∫
X

∫
Y

∫
Y
h(x′)h(x)fX|Y (x|y′)R(y, dy′)fY |X(y|x′)fX(x′)µy(dy)µx(dx′)µx(dx)

=
∫

Y

∫
Y

[ ∫
X
h(x)fX|Y (x|y′)µx(dx)

][ ∫
X
h(x′)fX|Y (x′|y)µx(dx′)

]
R(y, dy′)fY (y)µy(dy)

=
∫

Y

∫
Y
h∗(y)h∗(y′)R(y, dy′)fY (y)µy(dy) ≤

∫
Y

∫
Y
h∗(y)h∗(y′)S(y, dy′)fY (y)µy(dy) = 〈PSh, h〉 ,

where the inequality follows from the fact thatR �1 S. It then follows from Theorem 1 thatpR �E pS .

Now let f∗(x, y) andf̃(x, y) denote the densities that allow us to expresspR andpS as DA algorithms. In

conjunction with the results above, Theorem 2 implies that

Var
[
E
(
h(X∗)|Y ∗)] = 〈PRh, h〉 ≤ 〈PSh, h〉 = Var

[
E
(
h(X̃)|Ỹ

)]
,

where(X∗, Y ∗) ∼ f∗(x, y) and(X̃, Ỹ ) ∼ f̃(x, y). Now, sinceX∗ d= X̃, we have
{
g : Varg(X∗) = 1

}
={

g : Varg(X̃) = 1
}

. Suppose that Varg(X∗) = 1 and putµg =
∫
X g(x)fX(x) dx. Then

Var
[
E
(
g(X∗)|Y ∗)] = Var

{
E
[(
g(X∗)−µg

)
|Y ∗]} ≤ Var

{
E
[(
g(X̃)−µg

)
|Ỹ

]}
= Var

[
E
(
g(X̃)|Ỹ

)]
. (7)
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But it is well know that for random elementsU andV ,

γ2(U, V ) = sup{
h :Varh(U)=1

} Var
[
E
(
h(U)|V

)]
.

It follows that‖PR‖ = γ2(X∗, Y ∗) ≤ γ2(X̃, Ỹ ) = ‖PS‖.

Theorem 3 actually allows us to compare the DA algorithm with the algorithm based on (6). Indeed,

the Mtd (5) can be viewed as a special case of (6) whereR(y, dy′) is taken to be the trivial Mtf that is a

point mass aty. This trivial Mtf is obviously dominated in the covariance ordering by any non-trivialR.

We conclude that, ifpR can be expressed as a DA algorithm, then it is better than the original DA algorithm

both in terms of efficiency and operator norm. We state this as a corollary.

Corollary 1. Suppose thatR is a Mtf on Y that hasfY as invariant density. LetpR be as in(6) and

denote the associated operator byPR. Assume thatp andpR satisfy the usual regularity conditions. IfpR is

reversible with respect tofX , thenpR �E p. If, in addition,pR is a DA algorithm, then‖PR‖ ≤ ‖P‖.

In order to apply Corollary 1, we must establish thatpR is reversible and thatpR is a DA algorithm. We

know that reversibility ofR implies that ofpR. The next result shows that there is also a simple condition

onR that implies thatpR is a DA algorithm.

Proposition 1. LetR be a Mtf onY that hasfY as invariant density and letpR be as in(6). If there exists a

Mtf R
1
2 (y, dy′) that is reversible with respect tofY and is such thatR(y, dy′) =

∫
Y R

1
2 (w, dy′)R

1
2 (y, dw),

thenpR is a DA algorithm with respect tof∗(x, y) = fY (y)
∫
Y fX|Y (x|y′)R

1
2 (y, dy′).

Proof. First, it is easy to see (without using reversibility) that
∫
Y f

∗(x, y)µy(dy) = fX(x). Now∫
Y
f∗X|Y (x|y)f∗Y |X(y|x′)µy(dy) =

∫
Y

[
f∗(x, y)∫

X f
∗(x, y)µx(dx)

][
f∗(x′, y)∫

Y f
∗(x′, y)µy(dy)

]
µy(dy)

=
∫

Y

[ ∫
Y
fX|Y (x|y′)R

1
2 (y, dy′)

][
fY (y)
fX(x′)

∫
Y
fX|Y (x′|y′′)R

1
2 (y, dy′′)

]
µy(dy)

=
∫

Y

∫
Y

∫
Y
fX|Y (x|y′)R

1
2 (y′′, dy′)

1
fX(x′)

fX|Y (x′|y)fY (y)R
1
2 (y, dy′′)µy(dy)

=
∫

Y

∫
Y
fX|Y (x|y′)fY |X(y|x′)

[ ∫
Y
R

1
2 (y, dy′′)R

1
2 (y′′, dy′)

]
µy(dy′′) = pR(x|x′) .
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Two situations where the hypotheses of Proposition 1 are clearly satisfied are (i) ifR is reversible with

respect tofY andidempotentin the sense thatR(y, dy′) =
∫
Y R(w, dy′)R(y, dw), and (ii) if R is defined

to be the Mtf corresponding to two consecutive steps of a chain onY that is reversible with respect tofY .

4 Using group actions to construct Markov transition functions

We now use the group structure onG to build two Mtfs,Qr(y, dy′) andQ(y, dy′), that behave like general

versions of the middle steps (Step 2) of the PX-DA and Haar PX-DA algorithms described in Section 1.

4.1 The group structure

Let Y andfY be as defined in the previous section and assume now thatG is another locally compact,

separable metric space that is also a topological group. Suppose that the groupG acts topologically on the

left of Y; that is, there is a continuous functionF : G × Y → Y such thatF (e, y) = y for all y ∈ Y and

F (g1g2, y) = F
(
g1, F (g2, y)

)
for all g1, g2 ∈ G and ally ∈ Y. (Note thatF (g, y) is playing the role of

tg(y) from Section 1.) As is typically done, we will abbreviateF (g, y) with gy so, e.g., the second condition

is written(g1g2)y = g1(g2y).

As in Eaton (1989), we use the termmultiplier to describe a continuous homomorphism ofG into the

multiplicative groupR+; that is, a functionχ : G → R+ is a multiplier ifχ is continuous andχ(g1g2) =

χ(g1)χ(g2) for all g1, g2 ∈ G. Clearly, if χ is a multiplier, thenχ(e) = 1 andχ
(
g−1

)
= 1/χ(g). The

measureµy is calledrelatively (left) invariantwith multiplier χ if

χ(g)
∫

Y
h
(
gy

)
µy(dy) =

∫
Y
h(y)µy(dy) ,

for all g ∈ G and all integrable functionsh : Y → R. As an example, consider the PX-DA algorithm for

the probit model that was discussed in Section 1. In that case, the group acts on the left ofY = Rn through

scalar multiplication,(g, y) 7→ gy, andµy, which is Lebesgue measure onRn, is easily seen to be relatively

invariant with multiplierχ(g) = gn.
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While all of the examples considered in L&W, M&vD and vD&M satisfy the assumptions of the previ-

ous two paragraphs, this level of generality is not quite enough. In order to ensure that our results subsume

those of L&W, we assume that there exists a functionj : G× Y → R+ such that

1. j
(
g−1, y

)
= 1

j(g,y) ∀ g ∈ G, y ∈ Y,

2. j(g1g2, y) = j(g1, g2y)j(g2, y) ∀ g1, g2 ∈ G, y ∈ Y, and

3. For allg ∈ G and all integrable functionsh : Y → R,

∫
Y
h
(
gy

)
j(g, y)µy(dy) =

∫
Y
h(y)µy(dy) . (8)

Note that whenµy is relatively invariant, we can simply takej(g, y) to beχ(g). Now suppose (as in L&W)

thatY ⊂ Rn, µy is Lebesgue measure onY, and for each fixedg ∈ G, F (g, ·) : Y → Y is differentiable.

Then if we takej(g, y) to be the Jacobian of the transformationy 7→ F (g, y), the three properties listed

above follow straightforwardly from calculus.

4.2 A transition based on a probability measure onG

We now build a Mtf,Qr, that is a generalized version of Step 2 of the PX-DA algorithm. Letr be a

probability measure onG. Define

mr(y) =
∫

G
fY (gy)j(g, y)r(dg)

and assume thatmr(y) > 0 for all y ∈ Y. DefineN = {y ∈ Y : mr(y) = ∞} and letY = Y \N . Note that∫
Y mr(y)µy(dy) = 1, which implies thatµy(N) = 0. Assume thatgy ∈ Y for all y ∈ Y and allg ∈ G. A

simple calculation shows that, for fixedy ∈ Y, fY (g′g−1y)j(g′, g−1y)/mr(g−1y) is a probability density

function onG×G with respect tor × r. LetQr be an operator onL2
0(fY ) defined as

(Qrh)(y) =
∫

G

∫
G

h(g′g−1y)fY (g′g−1y)j(g′, g−1y)
mr(g−1y)

r(dg)r(dg′)
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wheny ∈ Y and(Qrh)(y) =
∫
Y h(y)fY (y)µy(dy) wheny ∈ N . This is the operator corresponding to a

Markov chain onY that evolves as follows. If the current state,y, is in Y, then the distribution of the next

state is that ofg′g−1y where(g, g′) is a random element from the densityfY (g′g−1y)j(g′, g−1y)/mr(g−1y),

and if y ∈ N , then the next state is fromfY . Denote the corresponding Mtf onY asQr(y, dy′). We now

establish thatfY is an invariant density forQr by showing thatQr is reversible with respect tofY .

Proposition 2. Supposer is a probability measure onG such thatmr(y) > 0 for all y ∈ Y and such that

gy ∈ Y for all y ∈ Y and allg ∈ G. The MtfQr is reversible with respect tofY .

Proof. We prove the result in the case whereµy is relatively invariant and leave the extension to the general

case to the reader. Leth1, h2 ∈ L2
0(fY ) be bounded. We will show that〈Qrh1, h2〉 = 〈h1, Qrh2〉. Indeed,

〈h1, Qrh2〉 =
∫

G

∫
G

∫
Y

h1(y)h2

(
g′g−1y

)
fY (y)fY

(
g′g−1y

)
χ(g′)

mr

(
g−1y

) µy(dy)r(dg)r(dg′) . (9)

Now, sincegg′−1g′g−1 = e, the inner integral in (9) can be expressed as∫
Y

h1

(
gg′−1g′g−1y

)
h2

(
g′g−1y

)
fY

(
gg′−1g′g−1y

)
fY

(
g′g−1y

)
χ
(
g′g−1

)
χ(g)

mr

(
g′−1g′g−1y

) µy(dy) ,

which, using the relative invariance ofµy, becomes∫
Y

h1

(
gg′−1y

)
h2(y)fY

(
gg′−1y

)
fY (y)χ(g)

mr

(
g′−1y

) µy(dy) .

Thus, (9) can be written as∫
G

∫
G

∫
Y

h2(y)h1

(
g′g−1y

)
fY (y)fY

(
g′g−1y

)
χ(g′)

mr

(
g−1y

) µy(dy)r(dg)r(dg′) = 〈Qrh1, h2〉 .

Example1. Let Y = R and takeµy to be Lebesgue measure. LetfY (y) = 1
2e

−|y| and takeG to be the

multiplicative group onR+. If the group action is defined as multiplication, thenµy is relatively invariant

with multiplier χ(g) = g. (We always useχ(g) instead ofj(g, y) whenµy is relatively invariant.) If

we taker(dg) to be the probability measure associated with the densitye−g on the positive half-line, then

mr(y) = (1 + |y|)−2 ∈ (0,∞) for all y ∈ Y. (For an example wheremr is not finite everywhere, use
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(1 + g)−2 in place ofe−g.) A simple calculation shows that the distribution of the random element(g, g′)

used to make the transitions underQr can be described as follows. First,g ∼ Exp(1) and, conditional ong,

g′ has density (with respect to Lebesgue measure onR+) given by

fY

(
g′g−1y

)
χ(g′)e−g′

mr

(
g−1y

) ∝ g′e−g′(1+|y|/g) .

Hence,g′|g ∼ Gamma(2, 1 + |y|/g) and it follows thatg′g−1 d= v, wherev is a random variable onR+

with density given by

f(v) = v exp{−v|y|}
[

2
(v + 1)3

+
2|y|

(v + 1)2
+

|y|2

(v + 1)

]
.

Consequently, for measurableA ⊂ R,Qr(y,A) =
∫
A qr(y

′|y)µy(dy′) where

qr(y′|y) = e−|y
′| |y′||y|
|y′ + y|

[
2

|y′ + y|2
+

2
|y′ + y|

+ 1
][
IR+(y)IR+(y′) + IR−(y)IR−(y′)

]
.

Clearly,qr(y′|y)fY (y) is a symmetric function of(y′, y) so the MtfQr is reversible with respect tofY as it

must be according to Proposition 2. Note that the chain is not irreducible. For example, if it is started with

y0 > 0, then it will never visit the negative half-line.

4.3 A transition based on left-Haar measure onG

In this section we build on results in Liu and Sabatti (2000) to construct a Mtf,Q, that is a generalized

version of Step 2 of the Haar PX-DA algorithm. We begin by describing left-Haar measure and some of its

properties. Under the assumptions of Subsection 4.1 there exists a left-Haar measure,νl, onG, which is a

non-trivial measure satisfying ∫
G
h(g̃g) νl(dg) =

∫
G
h(g) νl(dg) (10)

for all g̃ ∈ G and all integrable functionsh : G→ R. This measure is unique up to a multiplicative constant.

Moreover, there exists a multiplier,∆, called the(right) modular functionof the group, with the property

thatνr(dg) := ∆
(
g−1

)
νl(dg) is a right Haar measure, which satisfies the obvious analogue of (10). Groups

for which ∆(g) ≡ 1; i.e., for which right and left-Haar measure are equivalent, are calledunimodular. We
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now state two useful formulas that will be used repeatedly in the sequel (see Fremlin, 2003, Theorem 442K).

If g̃ ∈ G andh : G→ R is an integrable function, then

∫
G
h
(
gg̃−1

)
νl(dg) = ∆(g̃)

∫
G
h(g) νl(dg) , (11)

and ∫
G
h
(
g−1

)
νl(dg) =

∫
G
h(g)∆

(
g−1

)
νl(dg) . (12)

Now assume thatm(y) :=
∫
G fY (gy)j(g, y)νl(dg) is positive for ally ∈ Y and finite forµy-almost

all y ∈ Y. As in Subsection 4.2, letN denote theµy-null set ofy values for whichm(y) = ∞ and set

Y = Y \N . A routine calculation shows that, fory ∈ Y,

m(gy) = j
(
g−1, y

)
∆

(
g−1

)
m(y) . (13)

This formula is basically Liu and Sabatti’s (2000) equation (A1). One consequence of (13) is thatgy ∈ Y

for all y ∈ Y and allg ∈ G. LetQ be an operator onL2
0(fY ) defined by

(Qh)(y) =
∫

G

h(gy)fY (gy)j(g, y)
m(y)

νl(dg)

wheny ∈ Y and (Qh)(y) =
∫
Y h(y)fY (y)µy(dy) wheny ∈ N . This is the operator associated with

the Markov chain onY that evolves as follows. If the current state,y, is in Y , then the distribution of

the next state is that ofgy whereg is a random element fromG whose density (with respect toνl) is

fY (gy)j(g, y)/m(y), and if y ∈ N , then the next state is fromfY . Denote the chain and its Mtf by

Ψ = {Ψn}∞n=0 andQ(y, dy′).

Proposition 3. Suppose thatm(y) is positive for ally ∈ Y and finite forµy-almost ally ∈ Y so thatQ is

well-defined. The MtfQ is reversible with respect tofY .
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Proof. As in the proof of Proposition 2, leth1, h2 ∈ L2
0(fY ) be bounded. Then

〈h1, Qh2〉 =
∫

G

∫
Y

h1(y)h2(gy)fY (y)fY (gy)j(g, y)
m(y)

µy(dy)νl(dg)

=
∫

G

[ ∫
Y

h1

(
g−1y

)
h2(y)fY

(
g−1y

)
fY (y)

m
(
g−1y

) µy(dy)

]
νl(dg)

=
∫

Y

h2(y)fY (y)
m(y)

[ ∫
G
h1

(
g−1y

)
fY

(
g−1y

)
j
(
g−1, y

)
∆

(
g−1

)
νl(dg)

]
µy(dy)

=
∫

Y

h2(y)fY (y)
m(y)

[ ∫
G
h1(gy)fY (gy)j(g, y)νl(dg)

]
µy(dy) = 〈Qh1, h2〉 ,

where the second through fourth equalities are due to, respectively, (8), (13) and (12).

Compared with Liu and Sabatti’s (2000) Theorem 1, our Proposition 3 is more general and has a stronger

conclusion (reversibility versus invariance).

Example 1 cont.As noted previously, the multiplicative group is unimodular andνl(dg) = dg/g where

dg denotes Lebesgue measure onR+. Now, m(y) =
∫
G fY (gy)χ(g)νl(dg) =

(
2 |y|

)−1
. Therefore,

N = {0} andY is the real line less the origin. Fory 6= 0, g ∼ Exp(|y|) and for measurableA ⊂ Y,

Q(y,A) =
∫
A q(y

′|y)µy(dy′) whereq(y′|y) = e−|y
′|
[
IR+(y)IR+(y′) + IR−(y)IR−(y′)

]
. Again, the chain

is not irreducible. However, for any fixed starting value inY, the random variablesΨ1,Ψ2,Ψ3, . . . are

independent and identically distributed (iid). Indeed, ifψ0 > 0, thenΨ1,Ψ2,Ψ3, . . . are iid Exp(1) and if

ψ0 < 0 thenΨ1,Ψ2,Ψ3, . . . are iid with common distribution equal to that of−Z whereZ ∼ Exp(1).

The behavior exhibited byΨ in the example above is not exceptional. Indeed,Q has the special property

that, conditional on any fixed starting value inY, {Ψn}∞n=1 is an iid sequence (which must be fromfY if the

chain satisfies the usual regularity conditions). We will not prove this result here (due to space limitations),

but we will prove thatQ is idempotent. Forn ∈ N := {1, 2, 3, . . . }, letQn(y, dy′) denote then-step Mtf.

Proposition 4. Suppose thatm(y) is positive for ally ∈ Y and finite forµy-almost ally ∈ Y so thatQ is

well-defined. For eachy ∈ Y,Q2(y, dy′) = Q(y, dy′) and henceQn(y, dy′) = Q(y, dy′) for all n ∈ N.

Proof. We prove the result in the case whereN = ∅ and leave the extension to the general case to the reader.
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We will show that forh ∈ L2
0(fY ), (Q2h)(y) =

(
Q(Qh)

)
(y) = (Qh)(y) for all y ∈ Y. Indeed,

(
Q(Qh)

)
(y) =

∫
G

[ ∫
G

h(g′gy)fY (g′gy)j(g′, gy)
m(gy)

νl(dg′)

]
fY (gy)j(g, y)

m(y)
νl(dg)

=
∫

G

fY (gy)
m(y)m(gy)

[ ∫
G
h(g′gy)fY (g′gy)j(g′g, y)νl(dg′)

]
νl(dg)

=
∫

G

fY (gy)
m(y)m(gy)

[ ∫
G

∆
(
g−1

)
h(g′y)fY (g′y)j(g′, y)νl(dg′)

]
νl(dg)

=
∫

G

∫
G

j(g, y)h(g′y)fY (gy)fY (g′y)j(g′, y)
m(y)m(y)

νl(dg′)νl(dg)

=
∫

G

h(g′y)fY (g′y)j(g′, y)
m(y)m(y)

[ ∫
G
fY (gy)j(g, y)νl(dg)

]
νl(dg′) = (Qh)(y) ,

where the third and fourth equalities are due to, respectively, (11) and (13).

The discussion preceding the statement of Proposition 4 suggests that it might be possible to useQ to

make iid draws fromfY . Unfortunately, as we now explain, it is typically impossible to simulateQ when

the corresponding Markov chain is irreducible. Fixy ∈ Y and define

Oy =
{
y′ ∈ Y : y′ = gy for someg ∈ G

}
.

The setOy is called theorbit of y. The orbits induce an equivalence relation on the spaceY; i.e., two

points are equivalent if they are in the same orbit. Hence,Y can bepartitioned into a collection of orbits.

Clearly, when the Markov chain driven byQ (or Qr for that matter) is started at the fixed valuey ∈ Y,

it remains forever inOy. Therefore, if the probability measure associated withfY puts positive mass on

the complement ofOy, the Markov chain will not befY -irreducible. Of course, the complement ofOy

definitely has measure zero whenOy = Y; that is, when there is only one orbit. Unfortunately, whenY

andG are Euclidean spaces, the situations where there is only one orbit are those in whichg andy have

the same dimension. In practice, sampling fromfY (y) is not feasible and hence, ifg andy share the same

dimension, making draws from a density (ing) that is proportional tofY (gy)j(g, y) will also likely be

impossible. Loosely speaking, we are able to simulateQ only when the corresponding Markov chain is

reducible. While such reducible chains are not particularly useful by themselves, they can be used as part
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of a hybrid chain that is irreducible (see; e.g., Liu and Sabatti, 2000) and they can be used to improve other

chains such as the DA algorithm.

5 General versions of PX-DA and Haar PX-DA

Our general PX-DA algorithm has Mtd given bypr(x|x′) =
∫
Y

∫
Y fX|Y (x|y′)Qr(y, dy′)fY |X(y|x′)µy(dy).

We now prove thatpr is better thanp defined at (5) in both the efficiency ordering and the operator norm

sense. We accomplish this by showing thatpr is a DA algorithm. LetP andPr denote the operators

corresponding top andpr.

Proposition 5. Let r be a probability measure onG such thatQr is well-defined. The Mtdpr is a DA

algorithm. Thus, ifp andpr satisfy the usual regularity conditions, thenpr �E p and‖Pr‖ ≤ ‖P‖.

Proof. Definef̃(x, y) =
∫
G f(x, gy)j(g, y)r(dg) and note that

∫
Y f̃(x, y)µy(dy) = fX(x). Hence,f̃ is a

joint density onX× Y (with respect toµx × µy) whosex marginal isfX . Fory ∈ Y,

f̃X|Y (x|y) =
f̃(x, y)∫

X f̃(x, y)µx(dx)
=

∫
G f(x, gy)j(g, y)r(dg)

mr(y)
,

where, as in Subsection 4.2,mr(y) =
∫
G fY (gy)j(g, y)r(dg). Also,

f̃Y |X(y|x) =
f̃(x, y)∫

Y f̃(x, y)µy(dy)
=

∫
G f(x, gy)j(g, y)r(dg)

fX(x)
=

∫
G
fY |X(gy|x)j(g, y)r(dg) .

Now,∫
Y
f̃X|Y (x|y)f̃Y |X(y|x′)µy(dy)

=
∫

Y

[
1

mr(y)

∫
G
f(x, g′y)j(g′, y)r(dg′)

][ ∫
G
fY |X(gy|x′)j(g, y)r(dg)

]
µy(dy)

=
∫

G

∫
G

[ ∫
Y

1
mr

(
g−1y

)f(
x, g′g−1y

)
j(g′, g−1y)fY |X(y|x′)µy(dy)

]
r(dg′)r(dg)

=
∫

Y

[ ∫
G

∫
G

fX|Y
(
x|g′g−1y

)
fY

(
g′g−1y

)
j(g′, g−1y)

mr

(
g−1y

) r(dg′)r(dg)

]
fY |X(y|x′)µy(dy)

=
∫

Y

[ ∫
Y
fX|Y (x|y′)Qr(y, dy′)

]
fY |X(y|x′)µy(dy) = pr(x|x′) ,
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where the second equality is due to (8) and the penultimate equality follows from the definition ofQr. We

conclude thatpr is a DA algorithm. An appeal to Corollary 1 yields the result.

In Proposition 5, the efficiency ordering result is new, but a special case of the operator norm result (where

X, Y & G are Euclidean spaces) is known - see L&W’s Theorem 2.

Our general Haar PX-DA algorithm has Mtd given by

p∗(x|x′) =
∫

Y

∫
Y
fX|Y (x|y′)Q(y, dy′)fY |X(y|x′)µy(dy) ,

whereQ(y, dy′) is the Mtf defined in Subsection 4.3. LetP ∗ denote the corresponding operator. Our next

result establishes that the Haar PX-DA algorithm is better thaneveryPX-DA algorithm in both the efficiency

ordering and the operator norm sense. Before we state and prove the result, we explain the main idea. The

most direct route to a proof would be to show thatQ �1 Qr for everyr(dg), and then apply Theorem 3.

However, we have not been able to establish thatQ �1 Qr. Alternatively, the reason we found success

in comparingpr andp is thatpr is an improvement of the DA algorithm. At first glance, there is no such

connection betweenp∗ andpr. However, Proposition 5 says thatpr is a DA algorithm and it turns out that

p∗ can be represented as an improvement ofpr.

Theorem 4. Let r be any probability measure onG such thatQr is well-defined. Suppose thatm(y) is

positive for ally ∈ Y and finite forµy-almost ally ∈ Y so thatQ is well-defined. Ifpr andp∗ satisfy the

usual regularity conditions, thenp∗ �E pr and‖P ∗‖ ≤ ‖Pr‖.

Proof. We prove the result in the case whereN = ∅ (for bothmr andm) and leave the extension to the

general case to the reader. We know from Proposition 5 thatpr is a DA algorithm with respect to the joint

densityf̃(x, y) =
∫
G f(x, gy)j(g, y)r(dg) and that

∫
X f̃(x, y)µx(dx) = mr(y). Let Q̃ be the Mtf onY

with invariant densitymr(y) that is constructed according to the recipe in Subsection 4.3; i.e.,Q̃ is what we

would have ended up with had we usedmr(y) in place offY (y) in Subsection 4.3. We will show that

p∗(x|x′) =
∫

Y

∫
Y
f̃X|Y (x|y′)Q̃(y, dy′)f̃Y |X(y|x′)µy(dy) ; (14)
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i.e.,p∗ is an improvement ofpr. First, if we substitutemr(y) for fY (y) in the definition ofm(y), we have∫
G
mr(gy)j(g, y)νl(dg) =

∫
G

[ ∫
G
fY (g′gy)j(g′, gy)r(dg′)

]
j(g, y)νl(dg)

=
∫

G

[ ∫
G
fY (g′gy)j(g′g, y)νl(dg)

]
r(dg′) =

∫
G
fY (gy)j(g, y)νl(dg) = m(y) .

Hence, the functionm(y) is the same whether we usefY or mr. Now, using the definition of̃Q and the

calculation above, we have
∫
Y f̃X|Y (x|y′)Q̃(y, dy′) = 1

m(y)

∫
G f̃X|Y (x|g′′y)mr(g′′y)j(g′′, y)νl(dg′′). Thus,∫

Y

[ ∫
Y
f̃X|Y (x|y′)Q̃(y, dy′)

]
f̃Y |X(y|x′)µy(dy)

=
∫

Y

[ ∫
G

[ ∫
G

f(x, g′g′′y)j(g′, g′′y)r(dg′)
mr(g′′y)

]
mr(g′′y)j(g′′, y)νl(dg′′)

m(y)

]
[ ∫

G
fY |X(gy|x′)j(g, y)r(dg)

]
µy(dy)

=
∫

G

∫
G

∫
G

[ ∫
Y

f(x, g′g′′y)j(g′g′′, g−1gy)j(g, y)fY |X(gy|x′)
m(y)

µy(dy)

]
νl(dg′′)r(dg′)r(dg)

=
∫

G

∫
G

∫
G

[ ∫
Y

f
(
x, g′g′′g−1y

)
j(g′g′′, g−1y)fY |X(y|x′)
m

(
g−1y

) µy(dy)

]
νl(dg′′)r(dg′)r(dg)

=
∫

G

∫
G

∫
Y

[ ∫
G

f
(
x, g′g′′g−1y

)
j(g′g′′g−1, y)∆

(
g−1

)
fY |X(y|x′)

m(y)
νl(dg′′)

]
µy(dy)r(dg′)r(dg)

=
∫

G

∫
G

∫
Y

[ ∫
G

f(x, g′g′′y)j(g′g′′, y)fY |X(y|x′)
m(y)

νl(dg′′)

]
µy(dy)r(dg′)r(dg)

=
∫

G

∫
G

∫
Y

[ ∫
G

f(x, g′′y)j(g′′, y)fY |X(y|x′)
m(y)

νl(dg′′)

]
µy(dy)r(dg′)r(dg)

=
∫

Y

[ ∫
G

f(x, g′′y)j(g′′, y)fY |X(y|x′)
m(y)

νl(dg′′)

]
µy(dy)

=
∫

Y

[ ∫
G

fX|Y (x|g′′y)fY (g′′y)j(g′′, y)
m(y)

νl(dg′′)

]
fY |X(y|x′)µy(dy)

=
∫

Y

[ ∫
Y
fX|Y (x|y′)Q(y, dy′)

]
fY |X(y|x′)µy(dy) = p∗(x|x′) ,

where the second equality follows from the properties ofj, the third is from (8), the fourth is due to Fubini

and (13), the fifth is a consequence of (11), the sixth is due to the left-invariance ofνl, the seventh follows

from the fact thatr is a probability measure, and the penultimate equality is due to the definition ofQ.
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Proposition 4 implies that̃Q(y, dy′) is idempotent and it follows from Proposition 1 thatp∗(x|x′) is a DA

algorithm. An application of Corollary 1 yields the result.

L&W proved that‖P ∗‖ ≤ ‖Pr‖ in the special case whereX, Y & G are Euclidean spaces andG is

a unimodular group. Their proof relies heavily on a further assumption regarding the group structure that

we now describe. Recall thatY can be partitioned into a set of orbits. Across sectionis basically a subset

of Y that intersects each orbit exactly once (see; e.g., Wijsman, 1990). L&W assume the existence of a

cross-section and a corresponding diffeomorphism that allows one to express each point inY in terms of

two quantities - its orbit and its position within its orbit. As L&W point out, the existence of a cross-section

and an associated diffeomorphism is not guaranteed in general.

Recall from the discussion in Section 1 that L&W and M&vD developed (what appear to be) differ-

ent strategies for handling the case in whichr is improper. We now demonstrate that the general Haar

PX-DA Markov chain can be viewed as a marginal Markov chain associated with a non-positive recur-

rent chain on a larger space. This result implies that, when the group structure is present, M&vD’s chain

(with left-Haar measure for the working prior) is exactly the same as L&W’s Haar PX-DA algorithm. Sup-

pose, as in most of the interesting applications, thatνl(G) = ∞. Following the ideas in M&vD, consider

the function mappingX × Y × G into [0,∞) that is defined bŷf(x, y, g) = f(x, gy)j(g, y). Now since∫
G

∫
Y

∫
X f̂(x, y, g)µx(dx)µy(dy)νl(dg) = νl(G), f̂(x, y, g) is not integrable and therefore cannot be nor-

malized to be a probability density function with respect toµx×µy×νl. On the other hand, we can formally

define “conditional” densities based on̂f as follows:

f̂(y|x, g) =
f̂(x, y, g)∫

Y f̂(x, y, g)µy(dy)
=
f(x, gy)j(g, y)

fX(x)
= fY |X(gy|x)j(g, y) ,

and, fory ∈ Y,

f̂(x, g|y) =
f̂(x, y, g)∫

G

∫
X f̂(x, y, g)µx(dx)νl(dg)

=
f(x, gy)j(g, y)

m(y)
.

Therefore, despite the fact that̂f is not a density,p∗
(
(x, g)|(x′, g′)

)
=

∫
Y f̂(x, g|y)f̂(y|x′, g′)µy(dy)

is still a “DA-type” Mtd on X × G. A routine calculation reveals thatfX(x)µx(dx)νl(dg) is an in-
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variant measure for the corresponding Markov chain, which we denote by{(Xn, Gn)}∞n=0. However,∫
G

∫
X fX(x)µx(dx)νl(dg) = νl(G), and hence the chain cannot be positive recurrent (Hobert, 2001). On

the other hand, the density ofXn+1 given(Xn, Gn) = (x′, g′) is∫
G
p∗

(
(x, g)|(x′, g′)

)
νl(dg) =

∫
G

[ ∫
Y

f(x, gy)j(g, y)
m(y)

fY |X(g′y|x′)j(g′, y)µy(dy)

]
νl(dg)

=
∫

G

[ ∫
Y

f
(
x, gg′−1y

)
j
(
g, g′−1y

)
m

(
g′−1y

) fY |X(y|x′)µy(dy)

]
νl(dg)

=
∫

Y

[ ∫
G

f
(
x, gg′−1y

)
j
(
g, g′−1y

)
m(y)j(g′, y)∆(g′)

fY |X(y|x′)νl(dg)

]
µy(dy)

=
∫

Y

[ ∫
G

f
(
x, gg′−1y

)
j
(
gg′−1, y

)
∆

(
g′−1

)
m(y)

fY |X(y|x′)νl(dg)

]
µy(dy)

=
∫

Y

[ ∫
G

f(x, gy)j(g, y)
m(y)

fY |X(y|x′)νl(dg)

]
µy(dy) = p∗(x|x′) ,

where the second equality follows from (8), the third is due to Fubini and (13), the fourth is a consequence

of the properties ofj and the fifth equality is due to (11). Since
∫
G p

∗((x, g)|(x′, g′))νl(dg) does not depend

ong′, it follows that{Xn}∞n=0 itself is a Markov chain and the previous calculation shows that it is precisely

the Markov chain driven byp∗(x|x′).
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