Chapter 1

The data augmentation algorithm:

Theory and methodology

James P. Hobert

1.1 Basic Ideas and Examples

Assume that the function fy : R? — [0, 00) is a probability density function (pdf). Suppose
that g : R? — R is a function of interest and that we want to know the value of E; g =
Jew 9(2) fx () dz, but this integral cannot be computed analytically. There are many ways of
approximating such intractable integrals and these include numerical integration, analytical
approximations and Monte Carlo methods. In this chapter, we will describe a Markov chain

Monte Carlo (MCMC) method called the data augmentation (DA) algorithm.

Here’s the basic idea. In situations where classical Monte Carlo methods are not applicable

because it is impossible to simulate from fx directly, it is often possible to find a joint pdf
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f:RP x R? — [0, 00) that satisfies two properties: (i) the z-marginal is fx, that is,

fla,y)dy = fx(x)

Ra

and (ii) simulating from the associated conditional pdfs, fx|y(z|y) and fy|x(y|z), is straight-
forward. The DA algorithm is based on this joint pdf. The first property allows for the
construction of a Markov chain that has fx as an invariant pdf, and the second property
provides a means of simulating this Markov chain. As long as the resulting chain is rea-
sonably well behaved, simulations of it can be used to consistently estimate E, g. We now

begin to fill in the details, starting with the construction of the Markov chain.

As usual, let fy(y) = [g, f(z,y)dz. Also, define X = {z € R : fx(z) > 0} and
Y ={y € R?: fy(y) > 0} and assume that f(z,y) = 0 whenever (z,y) ¢ X x Y. Now define

a function k : X x X — [0, 00) as follows

kwmzﬂhwﬂmmwmw. (11.1)

(We will not need to perform the integration in (1.1.1) - remember that we're still in the
construction phase.) Since the integrand in (1.1.1) is a product of conditional densities, k is

never negative. Furthermore,

/Xk:(:z:’]x) d$/:/)( |:/YfXY($,|y)fY|X<y’$) dy} dz’

= [ stolo)| [ petlar]|
=Lﬁwmw@

=1.

Hence, for each fixed x € X, k(z'|z) is nonnegative and integrates to 1. The function k is
therefore a Markov transition density (Mtd) that defines a Markov chain, X = {X,}>°,,
with state space X. The chain evolves as follows. If the current state of the chain is X,, = x,
then the density of the next state, X,,,1, is k(-|x). This Markov chain is the basis of the DA

algorithm and we now describe some of its properties.
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The product k(2'|x) fx () is symmetric in (z,2"). Indeed,

ko'l i (2) = o) [ vl forstle) dy = [ HEDIED

(y) i

Thus, for all x, 2" € X,
k(2'|z) fx(z) = k(z]2) fx(2') | (1.1.2)

which implies that the Markov chain X is reversible with respect to fx (see, e.g., Ross, 1996,
Section 4.7). Equation (1.1.2) is sometimes called the detailed balance condition. Integrating

both sides of (1.1.2) with respect to x yields

/X k(o) fx () di = fx(a) | (1.1.3)

which shows that fx is an invariant density for the Markov chain X. What does it mean
for fx to be invariant for X7 To answer this question, note that the integrand in (1.1.3)
is the joint density of (Xo, X;) when the starting value, Xy, is drawn from fy. Thus,
equation (1.1.3) implies that, when Xy ~ fx, the marginal density of X is also fx. Actually,
since X is a time homogeneous Markov chain, equation (1.1.3) also implies that, if X, ~ fx,
then X, .1 ~ fx. Hence, a simple induction argument leads to the conclusion that, if
Xo ~ fx, then the marginal density of X, is fx for all n. In other words, when Xy ~ fx,
the Markov chain X is a sequence of dependent random vectors with density fx. Of course,
in practice, it will not be possible to start the chain by drawing X, from fx. (If simulating
directly from fx is possible, then one should use classical Monte Carlo methods instead of
the DA algorithm for the reasons laid out in Subsections 1.2.4 and 1.3.1.) Fortunately, as
long as the Markov chain X is well-behaved (see Section 1.2.1), the marginal density of X,
will converge to the invariant density fy no matter how the chain is started. And, more
importantly, the estimator n=! Z?:_Ol g(X;) will be strongly consistent for Ef, g; that is, this

estimator will converge almost surely to Ef, g as n — oo.

In order to keep things simple, we are considering only situations where fx and f(z,y)
are densities with respect to Lebesgue measure. However, all of the results and methodology
that we discuss in this chapter can be easily extended to a much more general setting. See,

for example, Section 2 of Hobert and Marchev (2008).



4 CHAPTER 1. THE DATA AUGMENTATION ALGORITHM

Now consider the practical issue of simulating the Markov chain X. Given that the current
state of the chain is X,, = z, how do we draw X, ,; from the Mtd k(-|x)? The answer is
based on a sequential simulation technique that we now describe. Suppose we would like
to simulate a random vector from some pdf fy(u), but we cannot do this directly. Suppose
further that fi; is the u-marginal of the joint pdf fyy (u,v) and that we have the ability to
make draws from fy(v) and from fyy(u|v) for fixed v. If we draw V ~ fy(-), and then,
conditional on V' = v, we draw U ~ fyjv(-|v), then the observed pair, (u,v), is a draw from
fu,v, which means that u is a draw from f;;. This general technique will be employed many

times throughout this chapter. We now explain how it is used to simulate from k(-|z).

Define
h(@' yle) = fxiy (@'[y) fyix (yle) |
and note that, for fixed x € X, h(2/, y|z) is a joint pdfin (2/,y) with [, h(z,y|z) dy = k(2'|x).
We simply apply the technique described above with k(-|z) and h(-,-|z) playing the roles

of fu(-) and fyy(-,-), respectively. All we need is the y-marginal of h(z’,y|x), which is
fyix(y|z), and the conditional density of X" given Y =y, which is

We now have a procedure for simulating one step of the DA algorithm. Indeed, if the current

state is X,, = x, we simulate X,,; as follows.

One iteration of the DA Algorithm:

1. Draw Y ~ fy|x(-|z), and call the observed value y.

2. Draw X, 41 ~ fX\Y('|y)-

So, as long as we can simulate from the conditional densities, fx|y and fy|x, we can simulate
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the Markov chain X. (Note that, as mentioned above, we do not need k(z'|x) in closed form.)

The genesis of the name data augmentation algorithm appears to be Tanner and Wong
(1987) who used it to describe an iterative algorithm for approximating complex posterior
distributions. On the last page of the paper, Tanner and Wong note that an “extreme”
special case of their algorithm (in which their m is set equal to 1) yields a Markov chain
whose transition density has the form (1.1.1). However, it does not appear to be the case
that Tanner and Wong (1987) “invented” the DA algorithm (as we have defined it here),
since other researchers, such as Swendsen and Wang (1987), were using it at about the same

time. Here is our first example.

EXAMPLE 1. Suppose that fx is the standard normal density, i.e., fx(z) = e‘m2/2/\/§.
Obviously, there is nothing intractable about this density. On the other hand, it is instructive
to begin with a few simple examples in which the basic ideas of the algorithm are not
overshadowed by the complexity of the target density. Take f(z,y) = (v2m) " exp { — (2 —
V2xy + yz)}, which is a bivariate normal density with means equal to zero, variances equal
to one, and correlation equal to 1/4/2. The z-marginal is clearly standard normal and the

two conditionals are also normal. Indeed,

x 1 y 1)
YIX=2~N|—,-] and X|Y =y~N|—2, =
| (723) ¥ =uN( g
Simulating from these conditionals is easy. For example, most statistically oriented pro-
gramming languages, such as R (R Development Core Team, 2006), produce variates from
the normal distribution and many other standard distributions. Hence, we have a viable
DA algorithm that can be run by choosing an arbitrary starting value, Xy = x(, and then

iterating the two-step procedure described above.

We now provide two more toy examples that will be put to good use. Two realistic

examples are given later in this section.

EXAMPLE 2. Suppose that fx(z) = 3221 (z). If we take f(z,y) =32[(0 <y <z < 1),
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then the z-marginal is fx(z) = 32z*I(p1)(z) and the two conditional densities are given by

Frx(ola) = TH0 <y <o) and fuy(aly) = g lly <z < 1)

1—y?

Simulating from these conditionals is straightforward. Indeed, if U ~ Uniform(0, 1), then

2U ~ fy)x(:|z) and, using the probability integral transformation, \/U(1 —y?) +y2 ~
Ixy (ly).

EXAMPLE 3. Suppose that fx(x) is a Student’s ¢ density with 4 degrees of freedom; that is,

2

por- 35y

If we take )

f(z,y) = \/L;—Wyg eXp{ - y(% + 2) }f(o,oo>(y) :

then [, f(2,y)dy = fx(x). Moreover, it’s easy to show that X[V =y ~ N(0,y~ ') and that

2

VI X =z~ Gamma(g, =+ 2). (We say W ~ Gamma(a, (3) if its density is proportional to
w* e I (w > 0).)

The popularity of the DA algorithm is due in part to the fact that, given an intractable
fx, there are general techniques available for constructing a potentially useful joint density
f(z,y). Here is one such technique. Suppose that fx can be factorized as fx(z) = q(z)l(z).
Now define

f(l', y) = Q(-T)[(o,l(m))(y) )

and note that

I(x)
/R fle.y)dy = g(2) / Toae (4) dy = q(x) / dy = q(2)l(x) = fx(z).

A simple calculation shows that Y| X = z ~ Uniform(0, [(x)), which is easy to sample. Thus,
if it is also possible to draw from fx|y (z|y) o< q(x)l(y.)(l(2)), then the DA algorithm can be
applied. In this particular form, the DA algorithm is known as the simple slice sampler (Neal,

2003). The reader may verify that the DA algorithm developed in Example 2 is actually
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a simple slice sampler based on the factorization fx(z) = 322l 1)(z) = [3xlo1)(x)][z] =

la()][i(z)].

Another general technique for identifying an appropriate f(z,y) involves the concept of
missing data that underlies the EM algorithm (Dempster et al., 1977). This technique is
applicable when the target, fx, is a posterior density. Let z denote some observed data,
which is assumed to be a sample from a member of a family of pdfs {p(z|0) : § € ©},
where © C RP. If 7(0) denotes the prior density, then the posterior density is given by
m(0]z) = p(z]0)7(0)/c(z) where c(z) = [ p(z]0)7(0) df is the marginal density of the data.
Assume that expectations with respect to 7(#|z) are intractable; that is, 7(6|z) is now playing

the role of the problematic target fx(x).

Suppose we can identify missing data y € Y C R? such that the joint density of z and vy,
call it p(z,y|0), satisfies

/Y Pz, y16) dy = p(2]6) (1.1.4)

Finding such missing data is often straightforward. Indeed, the joint density p(z,y|f) is
precisely what is required to construct an EM algorithm for finding the maximum likelihood
estimate of ; that is, the maximizer of p(z|6) over 6 € © for fixed z. If such an EM algorithm
already exists, we can simply use the corresponding missing data. Now define the complete

data posterior density as

p(z,y[0)m(0) p(z,y|0)m(0) p(z,y[0)m(0) '

) TGO O dy @ TopGOR@ B c(e)

The key feature of the complete data posterior density is that its #-marginal is the target
density, 7(6|z). Indeed,
m(0) _ p(z]0)m(6)

/Y w(0.912)dy = T / ple9l8) dy = PR — 2ol

When an EM algorithm is constructed, the missing data is chosen to make likelihood calcu-
lations under p(z, y|f) much simpler than they are under the original density, p(z|¢). Such a
choice will usually also result in conditional densities, 7(6|y, z) and 7(y|0, z), that are easy

to sample. Regardless of whether or not our missing data came from a preexisting EM al-
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gorithm, as long as 7(0|y, z) and 7(y|d, z) can be straightforwardly sampled, we will have a
viable DA algorithm with the complete data posterior density playing the role of f(z,y). In
particular, € plays the role of x, and everything is done conditionally on the observed data

z.

EXAMPLE 4. Let 71, ..., Z,, be arandom sample from the location-scale Student’s ¢ density

with known degrees of freedom, v > 0. The common density of the Z;s is given by

. o\ —(v+1)/2
<1+ (z—p) ) '

vo?

r(s)

o WUF(%)

Here (u, 0?) is playing the role of §. The standard diffuse prior density for this location-scale
problem is 7(u, 0?) oc 1/02. Of course, whenever an improper prior is used, it is important
to check that the posterior is proper. In this case, the posterior is proper if and only if m > 2
(Ferndndez and Steel, 1999) and we assume this throughout. The posterior density is an

intractable bivariate density that is characterized by

v+1

w(u,02) x (02) 7% ﬁ (1 + M>_ -

J vo?
=1

where z = (21, ..., zn). Meng and van Dyk (1999) described a DA algorithm for this problem
in which the missing data are based on the standard representation of a Student’s ¢ variate
in terms of normal and x? variates. Conditional on (u,c?), let (Z1,Y1),...,(Zm,Ym) be

independent and identically distributed (iid) pairs such that, for i = 1,...,m,

ZilYi, p, 0% ~ N(p, 0° /)
Yi|u, 0? ~ Gamma(v/2,v/2) .

In this case, Y = R where R, := (0,00). Letting y = (y1, ..., ¥m) we have

p(z,ylp,0®) = [ p(zilyi, 1, 0%)p(wiln, o)

N { Yi 2} (5)7 v { vyz}
= expy — 2z — ~Y: expy —
H Norei Al r(z)” 2
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Now,

/p(z,y!u, %) dy = H/ p(zilyis 11, 0)p(yilp, 0%) dys
Y 5

—(v+1)/2
H DEE) (o, o)
U\/WVF% ’

o (1.1.4) is satisfied. The complete data posterior density is characterized by

~—
NN

(5

m((1,0%), ylz) % H QMQ xp { = o (e — 0

=1

)yi;_1 exp{ — V;ﬁ} . (1.1.5)

~—

(NI

In order to implement the DA algorithm, we must be able to draw from 7 (y|u, o2, z) and
from 7 (p, 02|y, ). Since w(y|p, 02, 2) o< w(w, 0%, y|z), it is clear that the y;s are conditionally

independent given (u, 02, 2) and, in fact,

11/ (2 — p)?
E|M,02,2~Gamma(y+ —<(Z Uzlu) —i—l/)). (1.1.6)

2 72

We can simulate from 7 (p, 02|y, ) sequentially by first drawing from 7(o?|y, ) and then from
m(plo?,y, z). (Remember our sequential method of drawing from fyy?) Let y. = >, y;
and define

A

1 -
= _Z Z5Y; and 6% = — yj('zj_:u)Q'
v = y.
Using the fact that 7(u|o?,y, 2) o< w(p, 02, y|2), it is straightforward to show that
o2
M’UzayaZNNOﬁ; _> : (117>
v.

Finally, w(o?|y, z) is proportional to what remains when p is integrated out of (1.1.5). This

integral can be computed in closed form and it follows that

1 .A2
o?ly, z ~ 1G (& ya) )

1.1.8
. (118)

where IG(a, () is the distribution of 1/W when W ~ Gamma(x, 3). We now know how to

run the DA algorithm for this problem. Given the current state, X,, = (i, 0?), we simulate
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the next state, X, 41 = (fn+1,04,1), by performing the following two steps:

1. Draw Yj, ..., Y}, independently according to (1.1.6), and call the result y = (y1, ..., Ym)

2. Draw o2, according to (1.1.8), and then draw s, according to (1.1.7) with o2, in

place of o2.

The algorithm described above is actually a special case of a more general DA algorithm
developed by Meng and van Dyk (1999) that can handle observations from the multivariate

location-scale Student’s ¢ density.

We end this section by describing Albert and Chib’s (1993) DA algorithm for Bayesian

probit regression, which is one of the most widely used DA algorithms.

EXAMPLE 5. Let 7y, ..., Z,, be independent Bernoulli random variables such that Pr(Z; =
1) = ®(v]'3) where v; is a p x 1 vector of known covariates associated with Z;, Bis a p x 1
vector of unknown regression coefficients and ®(-) denotes the standard normal distribution

function. We have

zl 1—2;
Pr<lezla-"7 _Zm|ﬁ :H Tﬂ _@(U?ﬁ)} )
=1
where each z; is binary; i.e., either 0 or 1. Consider a Bayesian analysis that employs a flat
prior on 3. Letting z = (21,. .., 2,,) denote the observed data, the marginal density is given

by

= [ TLie0io]"[1-olB)' s

Chen and Shao (2000) provide necessary and sufficient conditions on z and {v;}", for pro-
priety of the posterior; that is, for ¢(z) < co. We assume throughout that these conditions
are satisfied. The intractable posterior density of 3 is given by

1

7(312) = -] [T )] *[1 - (7))

c(2) Pl
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We now describe a DA algorithm for this problem that was developed by Albert and Chib
(1993). Let ¢(u; i, £*) denote the N(u, x?) density function evaluated at the point u € R.
Also, let R_ = (—00,0), let y = (y1,...,ym)’ € R™ and consider the function

H{IR+ yi) Iy (zi) + e (yz)f{O}(Zz)}dﬁ(yi;vfﬁ,l) : (1.1.9)

z:l

m(3,y|2)

/‘\"_‘

where I4(+) is the usual indicator function of the set A. Integrating y out of 7(3,y|z), we

have

// / In, (yi) Iy (2) + In_ (yz)I{O}<Zz>}¢<yi;viT671)dym'"dyQ dy

:(Lli i I, (yi) Iy (2) + I (yz)I{O}(Zz)}d)(yz,vz B, 1) dy;
:%ﬁ{[{l} % / d(yi; v B, 1) dyi + Loy (= / Oy vi )d%}
-5 ﬁ1 {1{1} (2097 8) + Ly () |1 — 207 5)] }
_ %ﬁ @0 B)] " [ — o B)]'

m(B]z) .

Hence, m(3,y|2) is a joint density in (3,y) whose S-marginal is 7(5]z). Albert and Chib’s
(1993) DA algorithm is based on this joint density. We now derive the conditional densities,
7(Bly, z) and 7(y|3,2). Let V denote the m x p matrix whose ith row is v]. (A necessary
condition for propriety is that V have rank p.) Standard linear models-type calculations

show that

T ot o5.1) = C2m) %" exp { -

i=1

N)I»—t

(8- Aly ))TVTV<ﬁ—B<y>)}, (1.1.10)

where 3(y) = (VIV)"'WTyand H = V(VTV)~'VT. This implies that 7(5|y, z) is a p-variate

normal density with mean 3(y) and covariance matrix (V7V)~!

Finally, let TN(u, k%, u) denote a normal distribution with mean y and variance k2 that
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is truncated to be positive if u = 1 and negative if u = 0. It is clear from (1.1.9) that, given
(3 and z, the Y;s are independent with ¥; ~ TN(vI 3,1, 2;). We now know exactly how to
implement the DA algorithm. Given the current state, X,, = 3, we simulate the next state,

X,11, by performing the following two steps:

1. Draw Yi,...,Y,, independently such that ¥; ~ TN(v] 3,1, z;), and call the result y =
W15 ym)"

2. Draw Xn+1 ~ N(B(y): (VTV)il)’

See Robert (1995) for an efficient method of simulating truncated normal random variables.

In the next section, we describe the theoretical properties of the Markov chain underlying

the DA algorithm.

1.2 Properties of the DA Markov chain

1.2.1 Basic regularity conditions

In Section 1.1 we described how to construct and simulate a Markov chain, X, that has the
intractable target, fyx, as an invariant density. Unfortunately, without additional assump-
tions, there is no guarantee that this chain will be useful for approximating expectations
with respect to fx. Here is a simple example from Roberts and Smith (1994) that illustrates

one of the potential problems.

EXAMPLE 6. Suppose that fy(z) = 3102 (z). If we take

1
flx,y) = 2 I(o,l)(x)[(o,l)(y) + 1[1,2)(93)1[1,2)(9) )
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then fR flz,y)dy = %I([),Q) (x), and
fX\Y (zly) = fY|X (y|z) = 1(0,1)($)](0,1)(y) + 1[1,2)(90)1[1,2)(?/) .

Since the z-marginal of f(z,y) is fx and simulation from the conditionals is easy, there
is a DA algorithm based on f(z,y). However, this algorithm is useless from a practical
standpoint because the underlying Markov chain is not irreducible. For example, suppose
we start the chain at xop = 1/2, and consider applying the two-step method to simulate
X;. First, we draw Y ~ Uniform(0,1) and then, no matter what the result, we will draw
X; ~ Uniform(0,1). Continuing along these lines shows that the chain will be stuck forever

in the set (0,1). Hence, there is no sense in which the chain converges to fx.

If the Markov chain X is ¢-irreducible, aperiodic and Harris recurrent, then the DA
algorithm can be employed to effectively explore the intractable target density, fx. When
X satisfies these three properties, we call it Harris ergodic. Unfortunately, a good bit
of technical Markov chain theory must be developed before these conditions can even be
formally stated (Meyn and Tweedie, 1993; Roberts and Rosenthal, 2004). To avoid a lengthy
technical discussion, we simply provide one sufficient condition for Harris ergodicity of X
that is easy to check and holds for all of our examples and for many other DA algorithms

that are used in practice.

Define a condition on the Mtd k as follows:
Condition K : k(z'|z) >0 for all 2’2 € X.

Condition K implies that the Markov chain X is Harris ergodic (see, e.g., Tan, 2008). In
fact, condition /C implies that it is possible for the chain to move from any point z € X to
any “big” set in a single step. To make this precise, let A denote Lebesgue measure on X
and let P(-,-) denote the Markov transition function of the chain; that is, for z € X and a

measurable set A,

P(z,A) =Pr (Xp11 € A|X, =x) = / k(a'|x) dx’ .
A
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Under condition I, if A is big in the sense that A(A) > 0, then
P(z,A) = / k(z'|z)dx" >0,
A

which means that there is positive probability of moving from x to A in a single step. Recall

that
ba'|z) = / P (&) fix (wle) dy

Clearly, if f(x,y) is strictly positive on X x Y, then condition I holds and the Markov chain
X is Harris ergodic. We now check that the Markov chains developed in the examples of

Section 1.1 are indeed Harris ergodic.

EXAMPLES 1 AND 3 CONT. In Example 1, we have X =Y = R, while in Example 3, X = R,
Y = R,. In both cases, f(z,y) is strictly positive on X x Y. Hence, the Markov chains
underlying the DA algorithms in Examples 1 and 3 are Harris ergodic.

EXAMPLE 4 CONT. The role of X is played by © = R x R, and Y = R’'. Note that the
complete data posterior density (1.1.5) is strictly positive for all ((u, o?), y) € O x Y. Hence,

the chain X is Harris ergodic.

EXAMPLE 5 CONT. In this case, X = R? and Y is a Cartesian product of m half-lines (R
and R_), where the ith component is R, if z; = 1, and R_ if z; = 0. It is clear that the
joint density (1.1.9) is strictly positive on X x Y, and this implies that the Markov chain
underlying Albert and Chib’s (1993) algorithm is Harris ergodic.

Even when f(x,y) is not strictly positive on X x Y, it is still often the case that condition K
holds.

EXAMPLE 2 CONT. The joint density is given by f(x,y) = 32I(0 < y < z < 1), which is not
strictly positive on X x Y = (0,1) x (0,1). However, we can show directly that condition K
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holds. Indeed, for fixed xz € (0,1) we have

/ 2'2:/ /
k(x|x)=4ml(0<y<x)](y<x <1)dy

2! min{z,z'} 1
:—x[(0<x’<1)/ dy
xr 0

1 —y?
_ zlog (1 + min{x, 2’}
x

1 —min{w,x’})](o <z <1).

Hence, k(2'|x) is strictly positive for all 2/, z € (0,1) and Harris ergodicity follows. Actually,
it is intuitively clear that the Markov chain has a positive probability of moving from any
x € (0,1) to any set A C (0,1) with A(A) > 0 in one step. Indeed, to get from z to the new
state, we first draw Y ~ Uniform(0,z), and then given Y = y, the new state is drawn from
a density with support (y,1). Therefore, as long as the observed y is small enough, there

will be a positive (conditional) probability of the new state being in any open set in (0, 1).

It is not difficult to create examples of well-behaved DA algorithms for which condition K
fails to hold. Fortunately, there are many general results available for establishing that X
is Harris ergodic in such situations. See, for example, Roberts and Smith (1994), Tierney
(1994), Roberts and Rosenthal (2006) and Hobert et al. (2007). In the next subsection, we

describe exactly what Harris ergodicity buys us.

1.2.2 Basic convergence properties

If X is Harris ergodic, then, no matter how the chain is started, the marginal distribution of
X, will converge to (the distribution associated with) fx, and an analogue of the strong law
of large numbers (SLLN) holds. To make this precise, some additional notation is required.

Define the n-step Markov transition function as
P"(z,A) =Pr (X, € A|Xo=1),

so P! = P. Also, let ¢(-) denote the probability measure corresponding to fx; that is, for
measurable A, ¢(A) = [, fx(z)dz. If X is Harris ergodic, then the total variation distance



16 CHAPTER 1. THE DATA AUGMENTATION ALGORITHM

between the probability measures P"(x, ) and ¢(-) decreases to 0 as n gets large. In symbols,
[P"(z,) —¢()| L 0 asn — oo, (1.2.1)

where

|17, -) = ()| := sup [P (2, A) — ¢(A)] .

Harris ergodicity is also sufficient for the ergodic theorem, which is the Markov chain version

of the SLLN. Let L'(fx) denote the set of functions i : X — R such that

/th(l“)lfx(x) dr < oo,

and, for h € L'(fx), define Es h = [, h(x) fx(x) dz. The ergodic theorem implies that, if
g € L'(fx), then, no matter what the distribution of Xy, we have

almost surely as n — oo; i.e., g, is a strongly consistent estimator of Ef, ¢g. The ergodic
theorem justifies estimating E, g with g, where X, is any point (or has any distribution)
from which it is convenient to start the simulation. An important practical question that this
basic theory does not answer is “What is an appropriate value of n?” Tools for answering
this question will be presented in Section 1.3. For now, we simply point out that all rigorous
methods of choosing an appropriate (Markov chain) Monte Carlo sample size are based
on a central limit theorem (CLT) for g,. Assuming that [, ¢°(z) fx(x)dzr < oo, a simple
sufficient condition for the existence of such a CLT is that the Markov chain, X, converge

to its stationary distribution at a geometric rate.

1.2.3 Geometric ergodicity

Assume that X is Harris ergodic. Note that (1.2.1) gives no information about the rate at
which the total variation distance converges to 0. There are important practical benefits to

using a DA algorithm for which this rate is (at least) geometrically fast. Formally, the chain
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X is called geometrically ergodic if there exist a function M : X — [0,00) and a constant

p € [0,1) such that, for all x € X and all n = 1,2,. ..,
[P (z,-) = o()|| < M(z)p" . (1.2.2)

Unfortunately, Harris ergodicity does not imply geometric ergodicity. The most straightfor-
ward method of proving that the Harris ergodic chain X is geometrically Harris ergodic is

by establishing a certain type of drift condition, which we now introduce.

A function V' : X — [0, 00) is said to be unbounded off compact sets if, for each § € R, the
sub-level set {x eX:V(zx) < ﬁ} is compact. We say that a geometric drift condition holds
if there exist a V' : X — [0, 00) that is unbounded off compact sets, and constants A € [0,1)
and L € R such that

E[V(Xpi1) | Xp=2] <AV(z)+ L. (1.2.3)

The function V' is called the drift function. If f(z,y) > 0 for all (x,y) € X x Y, then the
existence of a geometric drift condition implies that X is geometrically ergodic (Tan, 2008).
(See Meyn and Tweedie (1993, Chapter 15) for similar results that hold when f(x,y) is not
strictly positive.) In practice, establishing a geometric drift condition is simply a matter
of trial and error (and a lot of analysis). We now provide some pointers on calculating the

expectation in (1.2.3).

Note that the left-hand side of (1.2.3) can be rewritten as

E[V(Xp1) | Xn=2] = /)(V(x’)k(a:'|a:) dx’
= [ve)| [ el frixtole) ag]
-/ [ [Vt das'] Fox(yle) dy (1.2.4)

Thus, the expectation can be computed (or bounded) in two steps. The first step is to
compute (or bound) the expectation of V(X') with respect to fxy(:]y), call the result
e(y). The second step entails calculating (or bounding) the expectation of e(Y") with respect

to fyix(:|z). The fact that we are able to simulate straightforwardly from fxy(x|y) and
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fyix(y|z) often means that these conditional densities are easy to handle from an analytical
standpoint. Hence, it is usually possible to calculate (or, at least get sharp upper bounds
on) expectations with respect to fx|y(z|y) and fy|x(y|z). We now give two simple examples
illustrating how to prove that a DA algorithm is geometrically ergodic by establishing a

geometric drift condition.

EXAMPLE 3 CONT. Recall that f(z,y) is strictly positive on X x Y, so the drift technique
can be used to establish geometric convergence in this example. Consider the drift function
V(x) = 2. For 3 < 0, the sub-level set {x € X : V(x) < (3} is the empty set, for § = 0,
it’s the set {0}, and for § > 0, it’s a closed interval. Thus, V' is unbounded off compact
sets. Recall that X|Y =y ~ N(0,y~!). Hence, the “inner expectation” in (1.2.4) can be
evaluated as follows '

E[V(X') |y] = E[(X)* | y] = n

2

Now, using the fact that Y| X =z ~ Gamma(%, =+ 2) yields

E[V(Xp11) | X, =z =E[Y ' |2] = %ﬁ + % = %V(m) +=.

We have established that (1.2.3) holds with A = § and L = 3, and this shows that the

Markov chain underlying this DA algorithm is geometrically ergodic.

In the toy example just considered, we were able to compute E[V(XnH) | X, = x}
exactly and, luckily, the final expression involved the function V' (z) in exactly the right way.
Establishing geometric drift conditions in real examples is typically much more difficult, and
often involves what Fill et al. (2000) describe as “difficult theoretical analysis.” Geometric
drift conditions have been established for the Markov chains underlying the DA algorithms in
Examples 4 and 5 (Marchev and Hobert, 2004; Roy and Hobert, 2007), but these calculations
are too involved to present in this chapter. The next example is still a toy example, in the
sense that the intractable target density is univariate, but it does provide a nice illustration

of the type of bounding that is required in real examples.

ExaMPLE 7. Consider a simplification of the Student’s ¢ setup in Example 4 where the



1.2. PROPERTIES OF THE DA MARKOV CHAIN 19

variance is known and equal to 1. In this case, the posterior density is an intractable

univariate density given by

sty [ (1 1)

where z = (21,...,z,). Using the same missing data as before, the complete data posterior,

2 set equal to 1. Note

(i, y|2), is proportional to the right-hand side of (1.1.5) with o
that 7(u,y|z) is strictly positive on X x Y = © x Y = R x R}. Of course, to run the
DA algorithm, we need to be able to draw from 7(y|u, z) and from 7(pu|y, z). Recall that
o= p(y) = yiz;n:l z;y;. (Since the data, z, is fixed, we suppress this dependence in the
notation.) It’s easy to show that uly, z ~ N(i(y), yi) and that the y;s are conditionally

independent given (pu, z) with

1 (2 — p)?
E’M,ZNGamma(y+ (zi = 1) +V>.

2 2
For notational convenience, we will denote the DA Markov chain as {1, }7°, (instead of the

usual {X,,}22,). The Mtd of the DA algorithm is then given by

k(p'|p) = /Yﬂ(u’ly,Z)ﬂ(ylu, z)dy .

We now show that this Markov chain is geometrically ergodic as long as v > 1 and
m > 1/(v —1). The drift function we use is V(u) = > 0" (2 — w)®. It’s easy to see
that V' is unbounded off compact sets. Indeed, fix # € R and consider the sub-level set
{peR:V(u) <pB}. Let z=m 3" 2z If <> (2 — %)% then the sub-level set is
the empty set, and if 5> 37" (2 — Z)?, the sub-level set is a closed interval.

Let z, and z* denote the minimum and the maximum of the z;s, respectively. Since fi(y)

is a convex combination of z1,..., 2y, it follows that i(y) € [z.,2*] for all y € Y. The inner



20 CHAPTER 1. THE DATA AUGMENTATION ALGORITHM

expectation in (1.2.4) can now be bounded as follows

E[V(1) |y,2] = E[Z(z — )| y,Z]

=1

- iE[(zi — i)y, Z}

m

:Z\/ar[(zi )|y, 2] Z{ SRR }}2
:i:Var[u’ly, +§:{ B[ |y, ]}2
_m.y

V.

< n +m(zF — 2.)? .
y.

Now, since the harmonic mean is less than or equal to the arithmetic mean, we have

m 1 1 &
— == T <Y U
Yo X m ;

We conclude that

1 m
BV(H) | y.2] < =3yt +m(" —2)”.

=1

Therefore, as long as v > 1, we have

E[V(Mn—i-l) | M = ,u] <E

(l DY 4 m(z - z*)Q) ‘ 1, 21
m =1

. i —1 L 2
—mZE[Y; |/L,Z}+?TL(Z Z*)
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We have established that, when v > 1, (1.2.3) holds with A = m(l}fl). Thus, the Markov

chain is geometrically ergodic whenever v > 1 and m(v — 1) > 1.

Of course, the fact that our analysis did not lead to a geometric drift condition for the
(extreme) situations where v < 1 and/or m(v — 1) < 1 does not imply that the DA chain
converges at a sub-geometric rate in those cases. Indeed, it may be the case that a more
delicate analysis of E[V(,unﬂ) | i = ,u] would show that these chains are geometric as
well. Or, we might have to resort to changing the drift function. Unfortunately, there are

currently no simple methods of proving that a DA chain is not geometrically ergodic.

The drift method that we have described and illustrated in this subsection provides only
qualitative information about the rate of convergence in the sense that, once (1.2.3) has been
established, all we can say is that there exist M and p satisfying (1.2.2), but we cannot say
what they are. There are other (more complicated) versions of this method that, in addition
to establishing the existence of M and p, provide an upper bound on M (z)p™ that decreases
to zero geometrically in n. These methods were developed and refined in a series of papers
beginning with Meyn and Tweedie (1994) and Rosenthal (1995). For an overview, see Jones
and Hobert (2001). The final subsection of this chapter concerns CLT's for the estimator g,,.

1.2.4 Central limit theorems

Harris ergodicity alone does not imply the existence of CLTs. However, as we now explain, if
the DA Markov chain, X, is geometrically Harris ergodic, then there will be CLT's for square
integrable functions. Let L?*(fy) denote the set of functions i : X — R such that

/XhQ(x) fx(z)dr < oo

Assume that g € L?(fy) and define ¢, = Cov|[g(Xo), 9(Xx)] for k € {1,2,3,...}, where the

covariances are calculated under the assumption that Xy ~ fx. For example,

o= | [ (o)~ Brea) (o) ~ Brea)bia o fx (o) do
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where we have used the fact that Xg ~ fx implies that X; ~ fx, so the expected value of
g(X1) is Ef, g. Liu et al. (1994, Lemma 3.2) noted that this expression can be rearranged

as follows

@ = /X /X (9(2') = Efyg) (9(x) — B 9) k(2 |2) fx (z) da da’
— /X/X (9(2") = Efyg) (9(2) - Efy9) [/Yley(x,|y>fy|X(y|x) dy| fx (x) d do’
N /Y/X/X (9(a") = Er9) (9(x) = Er ) fxpy (@ ly) fxpy (219) fr (y) dada’ dy - (1.2.5)

:/Y {/X(Q(%) —Ese9) fxpy (zly) dm} 2fY(?J> dy
= Var{E[(g(X’) —Ej9) | Y/}} :

where (X', Y’) ~ f(x,y). This shows that ¢, > 0. In fact, this result can be used in
conjunction with the reversibility of X to show that ¢, > 0 for all k£ € {1,2,3,...}.

Assume that X is geometrically Harris ergodic and that g € L?(fx). As before, put
G, = 13" g(Xi). Define 0> = Ey, g% — (Efxg)2 and k* = 0% + 2 77 ¢,. Results in
Roberts and Rosenthal (1997) and Chan and Geyer (1994) imply that x* < co and that, as
n — oo,

Vi (g, — Ereg) 2 N(0,52) . (1.2.6)

This CLT does not require that Xy ~ fx - it holds for all starting distributions, including
degenerate ones. We note that the reversibility of X plays a major role in the existence of
the CLT (1.2.6). In the next section, we explain how to consistently estimate the asymptotic
variance, k%, But first, we briefly compare the estimators of E, g based on DA and classical

Monte Carlo.

Let X7, X5,... be an iid sequence from fx. The classical Monte Carlo estimator of
Efcgis gn o=+ >0, g(X7). If g € L*(fx), then, by the SLLN, g7 is a strongly consistent
estimator of Ey g. If, in addition, g € L*(fx), then standard results from iid theory tell us

that, as n — oo,
V(7 —Breg) = N0, 0%). (12.7)
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If ¢; # 0 (as will typically be the case), then x%/0? > 1, so the asymptotic relative efficiency
(ARE) of g with respect to g,, is larger than one. Therefore, if it is possible to make an iid
draw from fx, and the computational effort of doing so is similar to the effort of simulating
a single iteration of the DA algorithm, then the classical Monte Carlo estimator is to be
preferred over the estimator based on the DA algorithm. In the next section, we explain

how these CLTs can be used in practice to choose an appropriate Monte Carlo sample size.

1.3 Choosing the Monte Carlo Sample Size

1.3.1 Classical Monte Carlo

We begin by describing how the Monte Carlo sample size is chosen in the classical Monte
Carlo context. Assume that g € L?(fx) and recall that the classical Monte Carlo estimator
of Ef,gis g, = % Sor o g(X)), where X{, X5, ... are iid from fy. The main motivation for
using g as an estimator of Ey, ¢ is that g converges to E;, ¢ almost surely as n — oo.
Obviously, in practice we cannot use an infinite sample size, so we must find a finite value
of n such that the error in g} is (likely to be) acceptably small. To make this more precise,
suppose we are willing to live with an error of size A. In other words, we would like to be
able to assert that the interval given by g7 + A is highly likely to contain the true, unknown
value of E¢,g. As we now explain, this can be accomplished through routine use of the CLT

given in (1.2.7).

Let 62 denote the usual sample variance of the g(X})s; that is,

n

o = ﬁz (9(X7) —52)2 :

Basic asymptotic theory tell us that, since 62 is a consistent estimator of o2,

\/ﬁ(gz - Efxg) i)

52
On

N(0,1) .
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Thus, for large n, the interval g + 25,,//n will contain the unknown value of Ef, ¢ with
probability (approximately) equal to 0.95. With this in mind, we can proceed as follows.
Choose an initial sample size, say n/, and make n’ iid draws from fyx. (Hopefully, n’ is
large enough that &2, is a reasonable estimate of ¢2.) If the observed value of 26, /v/n’ is
less than A, then the current estimate of Ey, g is good enough and we stop. Otherwise, if
26,/ Vvn' > A, then additional simulation is required. Moreover, the current estimate of
o? can be used to calculate approximately how much more simulation will be necessary to

achieve the stated precision. Indeed, we require an n such that 26, //n < A, so assuming

that our estimate of o2 has stabilized, n > 462,/ A? should suffice.

There are two major obstacles blocking the use of a similar program for choosing n in the
DA context. First, as we have already seen, even when the Markov chain X is Harris ergodic,
the second moment condition, g € L?*(fx), is not enough to guarantee that the estimator
g,, satisfies a CLT. To be sure that CLTs hold for L?(fx) functions, the practitioner must
either (i) employ a DA algorithm that is known to be geometrically ergodic, or (ii) establish
geometric ergodicity of the DA algorithm in question. The second problem is that, even
when the CLT in (1.2.6) is known to hold, consistent estimation of the asymptotic variance,
k2, is a challenging problem because this variance has a fairly complex form and because
the dependence among the variables in the Markov chain complicates asymptotic analysis.
Consistent estimators of x? have been developed using techniques from time series analysis
and using the method of batch means, but these estimators are much more complicated

than 62 both practically and theoretically. Good entry points into the statistical literature

on methods of estimating x? are Geyer (1992), Jones et al. (2006) and Flegal et al. (2008).

There is no getting around the fact that establishing the existence of CLTs is harder
for Markov chains than it is for iid sequences. However, it is possible to circumvent the
difficulties associated with consistent estimation of x2. Indeed, there is an alternative form
of the CLT in (1.2.6) that is developed by introducing regenerations into the Markov chain.
The advantage of this new CLT is that consistent estimation of its asymptotic variance
is very simple. The price we have to pay for this added simplicity is that the user must
develop a minorization condition for the Mtd k(- |-). Fortunately, the form of & lends itself

to constructing a minorization condition. Before we can fully explain regeneration and
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minorization, we have to introduce three new Markov chains that are all closely related to

X.

1.3.2 Three Markov chains that are closely related to X

Recall from Section 1.1 that, for fixed x € X, the function h(a',y'|z) = fx)v (2'|y) fyix (¥ |x)
is a joint pdf in (z/,4/'). Now, define & : (X x Y) x (X x Y) — [0,00) as

k(@ y' |z, y) = b2,y |2) = fxy (@)y) frix(W]z) .

For each fixed (z,y) € X x Y, k(' 4|z, y) is nonnegative and integrates to 1. Hence, the
function k is an Mtd that defines a Markov chain, (X,Y) = {(X,, Y,)}2,, with state space
X x Y. If the current state of the chain is (X,,,Y,) = (z,y), then the density of the next
state, (Xpi1, Yog1), is k(, |z, y). Furthermore, the chain (X,Y") has invariant density f(z, );

indeed,

/X /Y F N, y) f s y) dy da = Fy (]) /x fyx(y/|x){ /Y Fom) dy} i
ZfX|Y(w’\y’)/Xf(:z:,y’) dx

= fX|Y(x,|y,)fY(y/)
= f('.y) .

We refer to (X,Y) as the “Gibbs chain” because it is, in fact, just the Markov chain that is
induced by the two-variable Gibbs sampler based on the joint density f(z,y). The analogue
of condition K for the Gibbs chain is

Condition K : k(2,9 |z, y) > 0 for all (z,y),(z',y) € X x Y.

Condition K implies that the Gibbs chain is Harris ergodic. A sufficient condition for
condition K is that f(z,y) > 0 for all (z,y) € X x Y.

The reader has probably already noticed that l;;(cc’ ,y'|z,y) does not actually depend on y.
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In terms of the Markov chain, this means that the future state, (X1, Y, +1), depends on the
current state, (X,,Y,) only through X,,. This fact can be used to show that the conditional
distribution of X,,.; given (X, X1, ..., X,) does not depend on (Xy, X1,..., X,,—1). In other

words, the sequence X = {X,,}22 is itself a Markov chain on X. Moreover, its Mtd is

/ F |, y) dyf = / e @) frx (4 )2) dy' = k(|2
Y Y

that is, the marginal sequence X = {X,,}°°, from the Gibbs chain is the original DA Markov
chain. (This is why it made sense to use the symbol X,, to denote the z-coordinate of Gibbs
chain.) Tt follows that we can view our estimator, g,, = n! 2;:01 9(X;), as being an estimator
based on the Gibbs chain. Formally, g, = n~' 31 §(X;,Y;), where g(z,y) = g(x). This
correspondence allows us work with the Gibbs chain instead of X, which turns out to be

easier because, unlike &, k is a known closed form function.

Concerning simulation of the Gibbs chain, recall that our two-step procedure for simu-
lating one iteration of the DA algorithm involves drawing from the joint pdf h(z’,y'|x) and
throwing away the y-coordinate. In other words, the two-step procedure given in Section 1.1

actually simulates the Gibbs chain and just ignores the y-coordinates.

Not surprisingly, the marginal sequence Y = {Y,,}22, from the Gibbs chain is also a

Markov chain. This chain lives on Y and its Mtd is

ky(y'ly) = /XfY|X(y/|JC)fX|y(x|y) dx .

It follows that Y can be viewed as the Markov chain underlying a DA algorithm for the
target density fy(y), and, as such, Y is reversible with respect to fy. There is actually an

alternative estimator of Ef, g based on Y that we now describe. Define

3(y) = / o(x) fxiy (zly) do |

and note that [, §(y) fv(y) dy = [, g(z) fx(x)dx = Ey,g. Thus, if we can write § in closed

form, which is often the case in practice, then we can compute the alternative estimator of
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E¢, g given by
L350 (L3.1)

If Y is Harris ergodic, then, like g, the estimator (1.3.1) is strongly consistent for E;, g. In
fact, Liu et al. (1994) proved that, if Xy ~ fx and Yy ~ fy, then the alternative estimator
has a smaller (small sample) variance than g,. (Comparing variances is appropriate here
since, if Xy ~ fx and Yy ~ fy, then both estimators are unbiased.) We note that the
methods described below for computing a valid asymptotic standard error for g,, can just as

easily be applied to the estimator (1.3.1).

Finally, consider the Mtd given by

l:f(y’,x’\y,x) = fyix(@W'2") fxy (2']y)

and denote the corresponding Markov chain by (Y, X') = {(Y,, X/)}>2,. Of course, (Y, X’)
is just the Markov chain induced by the two-variable Gibbs sampler for f(x,y) with the
variables in the opposite order. The chain (Y’, X’) behaves just like (X,Y"). Indeed, f(x,y)
remains invariant and, by symmetry, the marginal sequences { X/ }2° ; and {Y,/}°° , are equiv-
alent (distributionally) to X = {X,,}22, and Y = {V,,}°2°,. Consequently, we can also view
our estimator, g, = n~" Y7~ g(X;), as being an estimator based on the chain (Y’, X'); i.e.,
G, =n"' S g(YY, X!), where g(y, ) = g(z). In some cases, it is more convenient to work
with k: than with k. An important fact that will be used later is that all four of the Markov
chains discussed in this section (X, Y, (X,Y) and (Y’, X")) converge at exactly the same rate
(Diaconis et al., 2008; Roberts and Rosenthal, 2001). Therefore, either all four chains are
geometrically ergodic, or none of them is. We now describe the minorization condition and

how it is used to induce regenerations, which can in turn be used to derive the alternative
CLT.
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1.3.3 Minorization, regeneration and an alternative CLT

We assume throughout this subsection that the Gibbs chain is Harris ergodic. Suppose we

can find a function s : X — [0,1) with Ef, s > 0 and a joint pdf d : X XY — [0, 00) such that
k(' o |z, y) > s(x)d(x',y) for all (x,y),(z',y) e XX Y. (1.3.2)

Equation (1.3.2) is called a minorization condition (Jones and Hobert, 2001; Meyn and

Tweedie, 1993; Roberts and Rosenthal, 2004). Here is a simple example.

EXAMPLE 2 CONT. Here we have X = Y = (0,1), and we can develop a minorization

condition as follows

k(o v, y) = fay (@) frix (Y |2)

:L[(y’<w’<1)1[(0<y'<x<1)
(1—y") x
> 2—x/](y’<9z:’< 1)lI(O<y'<O5)I(O5<$<1)
~(1-y?) x o
= lI(O.5<a;< 1)2—xll(y’ <z’ <1)I(0 <y <0.5)
x (1—y?)
= [iI(OB <z < 1)] [Ll(y’ <z <1)I0<y <0.5)
2z (1—y")
= s(z)d(z’,y)

where we have used the fact that

/1/1 22 [y <z <1)I(0 <y <05)drdy — -
—Iy<=x Y D)drdy = - .
o Jo (1—19? 2

Note that the density d is not strictly positive on X x Y.

The minorization condition (1.3.2) can be used to represent the Mtd k as a mixture of

two other Mtds. First, define

k(xla y/|fL‘, y) - S(I)d(wl7 y/)
1—s(x) ’

r(',y |z, y) =
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and note that r(2’,y|z,y) is an Mtd. Indeed, (1.3.2) implies that r is nonnegative and it’s

also clear that r(z’,y|z,y) dy’ dr’ = 1. We can now express k as follows
x Jy Yy

k(' o |z, y) = s(z)d(2,y) + (1 — s(x))r(x', vz, y) . (1.3.3)

If we think of s(z) and 1 — s(x) as two fixed numbers in [0, 1] whose sum is 1, then the right-
hand side of (1.3.3) can be viewed as a mixture of two Mtds, d(z’, ') and r(z’, ¢'|z,y). Since
d(«',y") does not depend on (z,y), the Markov chain defined by d is actually an iid sequence
and this is the key to introducing regenerations. Technically speaking, the regenerations do

not occur in the Gibbs chain itself, but in an augmented Markov chain that we now describe.

For (z,y) € X x Y, let f1(6|(z,y)) denote a Bernoulli(s(z)) probability mass function;
that is, f1(1](z,y)) = s(z) and f1(0|(z,y)) =1 — s(z). Also, for (z',y'), (z,y) € X x Y and
d € {0,1} define

fg((x/,y/)}é, (x,y)) =d(2',y) (6 =1)+r(2,y|z,y) I(6 =0) . (1.3.4)
Note that f, is a pdf in (2/,%/). Finally, define
ks ((24), 0| (2,y),0) = f1(6|(z,y)) fo (2, 4|0, (z,y)) . (1.3.5)

Now, ks is non-negative and

Z// (@), 8| (x,9),8) da’ dy = S fi(5'|(w,)) =

8'e{0,1} 8’€{0,1}

Therefore, kg is an Mtd and the corresponding Markov chain, which we denote by ((X Y), 6 )
{(Xn,Yn), 0,122, lives on (X x Y) x {0,1}. This is called the split chain (Nummelin, 1984,
Section 4.4).

Before we elucidate the regeneration properties of the split chain, we describe the rela-
tionship between the split chain and the Gibbs chain. Note that ks does not actually depend

on ¢. Thus, arguments similar to those used in Subsection 1.3.2 show that the marginal
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sequence {(X,,Y,)} 22, from the split chain is itself a Markov chain with Mtd given by

ks (2, 4),1|(2, ), 0) + ks ((2',4/), 0| (z,5), )
= fi(1](z, ) (' )| L, (2, 9) + (0| (z, ) f (2, 4)]0, (2, 9))
= s(x)d(z',y) + (1 = s(x))r(2’,y'|z, )

= l;’(xla y/‘xa y) :

We conclude that the marginal sequence {(X,,,Y,)}22,, from the split chain is (distribution-
ally) equivalent to the Gibbs chain. Moreover, the split chain inherits Harris ergodicity from
the Gibbs chain (Nummelin, 1984, Section 4.4). As before, we can view the estimator g, as

being based on the split chain.

The split chain experiences a regeneration every time the binary component visits the set
{1}. To see this, suppose we start the split chain with o = 1 and (X, Yy) ~ d(-,-). It is clear
from (1.3.5) and (1.3.4) that, no matter what the value of the current state, ((X,,Yx),dy),
if 8,41 = 1 then (X, 41, Yn41) ~ d(+,-) and the process stochastically restarts itself; that is,
the Markov chain regenerates. We now use the regenerative structure of the split chain to
recast our estimator of Ef, g in such a way that iid theory can be used to analyze it. This

leads to an alternative CLT whose asymptotic variance is very easy to estimate.

Let 79, 7,79, ... denote the regeneration times; that is, the random times at which the

split chain regenerates. Then 7y = 0 and, for t =1,2,3,..., we have
T :mln{z > Tyt 52 = 1} .

This notation allows us to identify the “tours” that the split chain takes in between regen-

erations:

V)0 ) oo (K Vo) 6 t=12.3, )

These tours are independent stochastic copies of each other, and hence standard techniques
from iid theory (such as the SLLN and the CLT) can be used in the asymptotic analysis of the

resulting ergodic averages. In other words, the regenerative structure that we have introduced
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allows us to circumvent (to some extent) the complications caused by the dependence among

the random vectors in the Markov chain.

Consider running the split chain for R tours; that is, the chain is started with Jy = 1
and (X, Yy) ~ d(-,-) and is run until the Rth time that a §,, = 1. (Some practical advice
concerning simulation of the split chain will be given later.) For ¢ = 1,2,..., R, define
N; = 1y — 1,1, which is the length of the tth tour, and S; = Z:’;tlil g(X;). Because the
tours are independent stochastic copies of each other, the pairs (Ny,51),...,(Ng, Sg) are
iid. The total length of the simulation is Zf: 1 N} = T, which is, of course, random. Our
estimator of E;, g will be
L& S S

Z 9(Xi) = ;z— :
i=0 Zt:l Ny
Clearly, the only difference between g, and the usual ergodic average, g, is that here, the
sample size is random. However, 7 — oo almost surely as R — oo and it follows that
gr is also strongly consistent for Ef, g as R — oo. The advantage of gy over the usual
ergodic average is that it can be expressed in terms of the iid pairs {(N;, S;)}2,. Results in

Hobert et al. (2002) show that, if the Gibbs chain (or, equivalently, the DA Markov chain)

is geometrically ergodic and Ey, |g]*™® < oo for some a > 0, then as R — oo
_ d
VR(gr — Efcg) = N(0,7°) (1.3.6)

where

2 _ E[(Sl - NlEfXg)ﬂ
! BN

Note that this asymptotic variance is written in terms of a single tour, (/Nq,S7). Results in
Hobert et al. (2002) show that the geometric ergodicity of the Gibbs chain together with
the “2 + o” moment condition on ¢ imply that EN? and ES? are both finite. Once these

moments are known to be finite, routine asymptotics can be used to show that

is a strongly consistent estimator of 42 as R — 0o. Note the simple form of this estimator.
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A couple of comments are in order concerning the two different CLTs, (1.3.6) and (1.2.6).
First, both CLTs are based on the assumption that the DA Markov chain, X, is geometrically
ergodic. However, while (1.2.6) requires only the usual second moment condition, E, ¢* <
o0, (1.3.6) requires the slightly stronger condition that E|g[*"* < oo for some a > 0.
Second, the two asymptotic variances are related via the formula x? = v?/E;, s (Hobert et al.,
2002). This makes sense intuitively because E, s is the average probability of regeneration
(under stationarity) and hence 1/E;, s seems like a reasonable guess at the average tour

length.

We conclude that, if X is geometrically ergodic and the “2 + o” moment condition on
g is satisfied, then we can employ the DA algorithm in the same way that classical Monte
Carlo is used. Indeed, we can simulate R’ tours of the split chain, where R’ is some initial
sample size. (Hopefully, R’ is large enough that 4%, is a reasonable estimate of 42.) If
242,/ VR’ < A, then the current estimate of E #x g 1s good enough and we stop. Otherwise,
if 242,/v/R' > A, then additional tours must be simulated.

1.3.4 Simulating the split chain

Exploiting the techniques described in the previous subsection in practice requires the ability
to simulate the split chain. The form of k, actually lends itself to the sequential simulation
technique described in Section 1.1. If the current state is ((X,,Y;),6,) = ((z,y),d), then
the future state, ((Xn+1,Yn+1),5n+1), can be simulated as follows. First, draw §,,; ~

Bernoulli(s(z)) and then, conditional on 6,1 = ¢, draw (X, 41, Y,+1) from

f?(('7 ')‘5,7 (x,y)) )
e, if &' =1, draw (X, 41, Yoy1) ~ d(-, ), and if &' = 0, draw (X141, Yni1) ~ (-, |z, y). Here

is an example where this method is viable.

EXAMPLE 2 CONT. Recall that we developed a minorization condition of the form (1.3.2)

for this example earlier in this subsection. We now verify that it is straightforward to
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simulate from d(-,-) and from r(-,-|z,y). First, it is easy to show that if (U, V) ~ d(-,),
then marginally, V' is Uniform(0,0.5), and the conditional density of U given V = v is
Fxpy(ulv) = $2%51(v < u < 1). Hence, simulating from d is easy. Now consider r. Since,

s(x) = 0 when z € (0,0.5), we must have r(z',y/|z,y) = k(z’,y/|z,y) when = € (0,0.5). On

the other hand, when x € (0.5,1), then routine calculations show that

21!
1 —y?)(z—0.5)

r(x, Y|z, y) = ( Iy <2 <1)I05<y <),

and, in this case, it’s easy to show that if (U,V) ~ r(-,-|z,y), then marginally, V is
Uniform(0.5, z), and the conditional density of U given V' = v is fx)y(ulv), so it is also
easy to draw from r. Note that the supports of d(-,-) and r(-, |z, y) are mutually exclusive.
We conclude that the sequential method outlined above can be used to simulate the split

chain in this example.

In the toy example just considered, it is straightforward to simulate from r(-, |z, y). How-
ever, this will typically not be the case in real examples where k(2,1 |z, y) is a high dimen-
sional, complex Mtd. Fortunately, Mykland et al. (1995) noticed a clever way of circumvent-
ing the need to draw from r. Their idea amounts to using the sequential simulation technique,
but in the opposite order. Indeed, one way to draw from (X1, Yn41), 0ns1|(Xn, Yn) is to
first draw from (X, 11, Yn41)|[(Xn, Ys) and then from 0,11|(Xng1, Yos1), (Xn, Vo). A little
thought reveals that these two steps are simple and do not involve drawing from r. First,
we established above that (X1, Yyi1)|(X,,Ys) = (2,y) ~ k(-, |z, y), so this step can be
accomplished by simulating a single iteration of the Gibbs chain (by drawing from fyx
and then from fyy). Furthermore, given (X,,Y,) and (X,11,Yn41), 0nt1 has a Bernoulli

distribution with success probability given by

s(z) d(z',y')

Pr ((5n+1 =1 | Xp=u,Y, =y, Xpy1 = x,7Yn+1 = y/) = 7 ’

(1.3.7)

Here is a summary of how Mykland et al.’s (1995) method is used to simulate the split
chain. If the current state is (X,,Y,) = (z,y), then we simply draw (X, 1, Y1) in the

usual way, and then we go back and “fill in” the value of d,,;1 by simulating a Bernoulli with
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success probability (1.3.7). Even though we only draw from d once (at the start) and we
never actually draw from r at all, there is a regeneration in the chain each time 6,, = 1. In
fact, we can even avoid the single draw from d (although, even in real problems, it is usually
pretty easy to draw from d). Starting the chain from an arbitrary point, but then throwing
away everything from the beginning up to and including the first Bernoulli that equals 1,
is equivalent to drawing (Xo,Yy) ~ d(-,-). Finally, note the rather striking fact that the
only difference between simulating the split chain and the Gibbs chain is a single Bernoulli
draw per iteration! In fact, if computer code is available that runs the DA algorithm, then
a few minor modifications will yield a program that runs the split chain instead. Here is an

example illustrating the use of (1.3.7).

EXAMPLE 2 CONT. If the nth and (n+1)st states of the Gibbs chain are (X,,,Y,) = (z,y) and
(Xnt1, Yot1) = (2/,y), then it must be the case that z,2’ € (0,1) and y' € (0, min{z, 2'}).
Now, applying (1.3.7), the probability that a regeneration occurred is

Pr(6pp1=1|X,=2Y, =y, Xop =Y =vy)=105<z<1)[(0<y <05).

In hindsight, this formula is actually “obvious.” First, if x ¢ (0.5,1), then s(z) = 0, and
regeneration could not have occurred. Likewise, if ¢’ ¢ (0,0.5), then d could not have been
used to draw (X,11,Y,41) so, again, regeneration could not have occurred. On the other
hand, if x € (0.5,1) and ¥ € (0,0.5), then there must have been a regeneration because

(-, |z, y) could not have been used to draw (X, 41, Yni1)-

In the next subsection, we give a general method of developing the minorization condition

(1.3.2).

1.3.5 A general method for constructing the minorization condition

The minorization condition for Example 1 was derived in a somewhat ad-hoc manner. We
now describe a general recipe, due to Mykland et al. (1995), for constructing a minorization

condition. This technique is most effective when f(x,y) is strictly positive on X x Y. Fix a
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“distinguished point” z, € X and a set D C Y. Then we can write

k(@ o |2,y) = Foy (@)Y) frix (Y |2)

_ x@le) o /
= ol @ e )

> | ing LU o W ) o)

- ] pg L)

1 ot ’ ,
yeD fy|x(y|x*)} Ly (@) rix (W2 ) In(y)

where

c= / / Fxiy (@ly) fyix (ylz)Ip(y) do dy = / frix(yle.) dy .
Y JX D
Thus, we have a minorization condition k(z',y/|x,y) > s(z)d(z’,y) with

s(z) = c inf Srix(ylr)

yeD fY\X(y|SU*> and d(x/ay/) = %fxw(m’\y’)fyX(y’\x*)[D(y’) .

Fortunately, the value of ¢ is not required in practice. The success probability in (1.3.7)
involves s(x) and d(2’,y’) only through their product, so ¢ cancels out. Furthermore, it is
possible to make draws from d(z’,y") without knowing the value of ¢. We first draw Y from
its marginal density, ¢~ fy|x(¥'|z.)Ip(y’), by repeatedly drawing from fy|x(-|z.) until the
result is in the set D. Then, given Y’ =/, we draw X’ from fxy(-|/).

Since the asymptotics described in Subsection 1.3.3 are for large R, the more frequently
the split chain regenerates, the better. Thus, in practice, one should choose the point x, and
the set D so that regenerations occur frequently. This can be done by trial and error. In
applications, we have found it useful fix z, (at a preliminary estimate of the mean of fy) and
then vary the set D. Note that, according to (1.3.7), a regeneration could only have occurred
if 4/ € D, so it is temping to make D large. However, as D gets larger, s(x) becomes smaller,
which means that the probability of regeneration becomes smaller. Hence, a balance must be
struck. For examples, see Mykland et al. (1995), Jones and Hobert (2001), Roy and Hobert
(2007) and Tan and Hobert (2008). We now provide two examples illustrating Mykland
et al.’s (1995) method.
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2

EXAMPLE 3 CONT. Recall that X|Y =y ~ N(0,y7!) and Y|X = 2 ~ Gamma(% 2+ 2),
Thus,

frix(ylz) [F(g)}_l( -

Pz ™ [(g)] (2

So if we take D = [dy, ds] where 0 < d; < dy < oo, we have

2 3
inf Frix(ylz) _ (x + 4) exp{ - @(:132 —a?)I(2® > 2?) — %(1‘2 —z2)I(2” < xf)} .

veD fyix (ylz.) 22+ 4

Thus,

Pr (0,1 =11X,=2,Y, =y, Xop1 =2, Y11 =)

k(2 y'|z, y)
= inf frix (y]z) fY|X(y/|:I:*)] W)
veldvda) fyix (ylas) | frix(y']x) [d.d2]
— exp{(x2 _ mf) [%/ - %](ﬁ > xi) — %](xz < xz)} }][dhdﬂ(y/) .

A draw from d(2’,y") can be made by drawing a truncated gamma and then a normal.
Here is a more realistic example.

EXAMPLE 4 CONT. The variable of interest is (i, 0?), which lives in X = R x R, , and the
augmented data, y, live in Y = R’ In order to keep the notation under control, we use the
symbol 7 in place of ¢2. In this example, it turns out to be more convenient to use k, which

is given by

=0

(W (s )y, (om) =7/ |0, 2)m (!, ly, 2)

where the conditional densities on the right-hand side are defined in (1.1.6)-(1.1.8). Fix a
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distinguished point y, € Y and let D = [dy,ds] X [d3,dy] where —co < d; < dy < oo and

0 <ds <dy < 0. Now, letting ys; denote the sum of the components of y,, we have

(s 1y, 2)
(1, 1| Ys, 2)

: 7 2 62 ? _m4l 52
L exp { = & (1 —ily) }(yT(y)) P (g )y e { - 250

= \/é <i§§8)})2 exp{ - %Q(u;y,y*)} :

where Q(u;y,y.) is a quadratic function of p whose coefficients are determined by y and
y«. Now consider minimizing the exponential over (u,n) € [dy,ds] X [ds,ds]. Let fi denote
the maximizer of Q(u;y,y«) over u € [dy,ds], which is easy to compute once y and y. are
specified. Clearly, if Q(f;y,y.) > 0, then the exponential is minimized at (u,n) = (f, d3).
On the other hand, if Q(fi;y,y.) < 0, then the minimizer is (u,n) = (fi,ds). Let n = d3 if
Q(f;y,y«) > 0 and dy if Q(f1;y,y.) < 0. Then we can write

n+1

s(y) =c inf mlin il 2) _ VO ( y,&z(y))> N exp { - iQ(/l; y,y*)} :

() €ldrda)x[ds.da] T(fos MY 2)  A/Ys \YsOT2(Ys 2n

and
1
d(y's (') = —m /|’ 2w (' 'y, 2) o (') -
Putting all of this together, if the nth and (n + 1)st states of the Gibbs chain are (X,,,Y,) =
((1,m),y) and (Xpp1, Yor1) = ((&,77'),9/), then the probability that a regeneration occurred;
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i.e., that d,,1 = 1, is given by

s d(y', (W) { e

(s )y, (o)) Lmeldndalxlds il 7 (p, mly., 2)

1 1
= eXP{ — %Q(u; Y, ) + 2—77,62(;/; Ys, y)}fD(u’,n’) :

m(p,nly, 2) } (1, 1 |ys, 2)

Ip(',n'
(W, 'y, z) ()

T

In the final section of this chapter, we describe a simple method of improving the DA

algorithm.

1.4 Improving the DA Algorithm

Suppose the current state of the DA algorithm is X,, = z. As we know, the move to X, 1
involves two steps: draw Y ~ fyx(-|z) and then, conditional on Y = y, draw X, ~
fxpy(-|y). Consider adding an extra step in between these two. Suppose that, after having
drawn Y = y, but before drawing X,,.1, a random move is made from y to a new point in
Y, call it Y'. Then, conditional on Y’ = ¢/, draw X, 1 ~ fx)v(:|¢'). Graphically, we are
changing the algorithm from X — Y — X' to X - Y — Y’ — X', Of course, this must all
be done subject to the restriction that fx remains invariant. Intuitively, this extra random
move within Y should reduce the correlation between X,, and X, .1, thereby improving the
mixing properties of the DA Markov chain. On the other hand, the new algorithm requires
more computational effort per iteration and this must be weighed against any improvement in
mixing. In this section, we describe techniques for constructing relatively inexpensive extra
moves that often result in dramatic improvements in mixing. Here is a brief description of

one of these techniques.

Suppose that G C R? and that we have a class of functions ¢, : Y — Y indexed by g € G.
In Section 1.4.4 we show that, if this class possesses a certain group structure, then there
exists a parametric family of densities on G, indexed by y € Y, call it £(g; y), that can be used
to make the extra move Y — Y. It proceeds as follows. Given Y =y, draw G ~ &(-;y),
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call the result g, and set Y’ = ¢,(y). In other words, the extra move takes y to the random
point Y’ = t¢(y) where G is drawn from a distribution that is constructed to ensure that fx
remains invariant. Typically, d is small, say 1 or 2, so drawing from &(-;y) is inexpensive. A
potential downside of small d is that, for fixed y, the set {t,(y) : ¢ € G} is a low dimensional
subset of Y (that includes the point y). Thus, the potential “shake-up” resulting from the
move to Y’ = t¢(y) may not be significant. However, it turns out that, even when d = 1,
this shake-up often results in huge improvements. We now begin a careful development of

these ideas.

1.4.1 The PX-DA and marginal augmentation algorithms

Recall that our DA algorithm is based on the pdf f(z,y) whose z-marginal is fx. As above,
let G C R? and suppose that we have a class of functions ¢, : Y — Y indexed by g € G.
Assume that for each fixed g, t,(y) is one-to-one and differentiable in y. Let .J,(z) denote the
Jacobian of the transformation z = t,'(y), so, e.g., in the univariate case, Jy(z) = Zt4(2).

Note that
/f:vt |J |dy—/fxzdz-fx() (1.4.1)

Now suppose that w : G — [0, 00) is a pdf and define f™) : X x Y x G — [0, 00) as follows

FO a,y, 9) = fx,ty(y)) |g(y)| wlg) - (1.4.2)

It is clear from (1.4.1) that f™)(z,y,g) is a pdf whose z-marginal is fx (), and hence the
pdf defined by

F z,y) Z/Gf(“’)(x,y,g) dg

also has fx as its z-marginal. Thus, if straightforward sampling from fX|Y(:c]y) and f. (y\:c)
is possible, then we have a new DA algorithm that can be compared with the one based on
f(z,y). (For the remainder of this chapter, we assume that all Markov chains on X are Harris
ergodic.) As we will see, it is often possible to choose t, and w in such a way that there is little
difference between these two DA algorithms in terms of computational effort per iteration.

However, under mild regularity conditions that are described below, the new algorithm
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beats the original in terms of both convergence rate and ARE. The idea of introducing the
extra parameter, g, to form a new DA algorithm was developed independently by Meng
and van Dyk (1999), who called it marginal augmentation, and Liu and Wu (1999), who
called it parameter expanded-data augmentation (or PX-DA). We find Liu and Wu'’s (1999)
terminology a bit more convenient, so we call the new DA algorithm based on f*)(x,7) a

PX-DA algorithm. Here’s a simple example.

EXAMPLE 3 CONT. Set G = R} and let t,(y) = gy. If we take w(g) to be a Gamma(a, 5)
pdf, then we have

@y, 9) = f(2.ty(y) 1T4(y)| w(g)

= [\/%(gy) exp { - gy(%2 + 2) }IR+ (y)] (9) {F’EZ)Q“* exp{—gf} e, (g)] :

Nl

It follows that

2

[y(m +1) + 5} o

46°T(3 5
PO eg) = [ 50 y.g)dg = Ll L) 1

L2 s
R, T(a)vor
According to the theory above, every (a, ) € R, x R, yields a different version of f(*)(x, )

and every one of them has the Student’s ¢ density with 4 degrees of freedom as its x-marginal.

Now consider the conditional densities under f(*)(x,%). It’s easy to show that f)((“g,(\y)
is a scaled Student’s ¢ density and that f&&“x) is a scaled F' density. In fact, if the current
state of the PX-DA Markov chain is X,, = z, then the next state, X, 1, can be simulated

by performing the following two steps:

1. Draw U from the F-distribution with 5 numerator degrees of freedom and 2a denomi-

108
a(z?+4

nator degrees of freedom, and call the realized value u. Then set y = } U

2. Draw V from the Student’s ¢ distribution with 2(a 4 2) degrees of freedom, and set

_ 2D
Xps1 = /220 v,

(Note that Step 2 is as difficult as drawing directly from the target pdf, fx, which is a
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Student’s ¢ density, but keep in mind that this is just a toy example that we are using for
illustration.) We now have infinitely many viable PX-DA algorithms - one for each («, 3)
pair. This brings up an obvious question. Are any of these PX-DA algorithms better than
the original DA algorithm, and if so, is there a best one? These questions are answered

below.

In the toy example just considered, the conditional densities f )(;‘”2, and f}(ff))( have standard
forms. Unfortunately, in real examples, it will typically be impossible to sample directly
from (or even compute) these conditionals. However, by exploiting the relationship between
f@(z,y) and ) (z,y,g), it is possible to develop indirect methods of drawing from f)((“‘)}),
and fi(ff))( that use only draws from fxy, fy|x, w(g) and one other density. (Recall that
we have been operating under the assumption that it is easy to sample from fx|y and fy|x

since Section 1.1.) We begin with f}(ff))((y]a:) Note that

Jo F™N (@, y,9)dg
()

/f 79| w(g) dg

/ Frix (to (@) [2) | Ty ()] w(g) dg (143)

(ylx)

Now suppose that Y’ ~ fy|x(-|z), G ~ w(:), and Y’ and G are independent. Then the
integrand in (1.4.3) is the joint density of (G,Y) where Y = t;'(Y”). Consequently, ¥ =
t5'(Y") has density fff&“x) This provides a simple method of drawing from fl(}f))((]:c)
Indeed, we draw Y’ and G independently from fyx(-|z) and w(-), respectively, and then
take Y =t ' (Y”).

Sampling from f)(;T}), is a little trickier. Clearly,

fx|y x|y /fXG|y z g|y /fX|YG xly g) fG\Y(gky)

Thus, we can use the sequential simulation technique from Section 1.1 to draw from f )((“‘J}),(m\y)

as follows. First, draw G ~ fg‘”)),(\y) and then, conditional on G = ¢, draw X ~ f)((u&g(-]y, g).
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But now the question is: Can we draw from fG|Y and f |YG7 It’s actually simple to draw

from fX|YG because

f(“’( 9) Tl ty®) 1) wlg)
S £ @y, 9)de fy (te(y) | 4(y) wig)

fX|YG(x‘?/ 9) = fX\Y(m‘tg(y)) .

In other words, drawing from f)(;TX),G(-\y, g) is equivalent to drawing from fxy ( \tg(y)). Now,

Jx S _
. 6l0) = e [ 1e0)ds = ) 1) )

There is no simple trick for drawing from fg‘ui)/ Moreover, at first glance, sampling from
the normalized version of fy (t4(y)) |J,;(y)|w(g) appears challenging because this function
involves fy, from which it is impossible to sample. (Indeed, if we could draw directly from
fy, then we could use the sequential simulation technique to get exact draws from the target,
fx, and we wouldn’t need MCMC!) Fortunately, g typically has much lower dimension than
y and in such cases it is often possible to draw from fgf)),(g]y) despite the intractability of
fy. Hence, our method of drawing from f)((%)/(\y) is as follows. Draw G ~ fgﬁ)/(\y), and
then conditional on G' = g, draw X ~ fx)y ( | tg(y)).

As we know from previous sections, performing one iteration of the PX-DA algorithm
entails drawing from f}%)(ﬂx) and then from f;ﬁ,ﬂy) Liu and Wu (1999) noticed that
making these two draws using the indirect techniques described above can be represented
as a three-step procedure in which the first and third steps are the same as the original DA
algorithm. Indeed, if the current state of the PX-DA Markov chain is X,, = x, then we can

simulate X, as follows.
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One iteration of the PX-DA Algorithm:

1. Draw Y ~ fy|x(-|z), and call the observed value y.

2. Draw G ~ w(-), call the result g, then draw G’ ~ fgﬁ)/( \t_;l(y)), call the result ¢/, and
finally set y' =ty (t;'(y))-

3. Draw X, 41 ~ fX\Y('|yl>-

Here is a recapitulation of what has been done so far in this subsection. We started with a
DA algorithm for fx based on a joint density f(z,y). The density f(z,y) was used to create
an entire family of joint densities, f)(x,y), one for each density w(-). Each member of this
family has fyx as its z-marginal and can therefore be used to create a new DA algorithm.
We call these PX-DA algorithms. Running a PX-DA algorithm requires drawing from f)(;l‘)))/
and fx%)(, and simple, indirect methods of making these draws were developed. Finally, we
provided a representation of the PX-DA algorithm as a three-step algorithm in which the
first and third steps are the same as the two steps of the original DA algorithm.

From a computational standpoint, the only difference between the original DA algorithm
and the PX-DA algorithm is that one extra step (Step 2) must be performed at each iteration
of the PX-DA algorithm. However, when g has relatively low dimension, as is usually the
case in practice, the computational cost of the extra step is inconsequential compared to
the cost of Steps 1 and 3. In such cases, the DA and PX-DA algorithms are (essentially)
equivalent in terms of cost per iteration. What is amazing is the extent to which the mixing
properties of the DA algorithm can be improved without really altering the computational
complexity of the algorithm (see; e.g., Liu and Wu, 1999; Meng and van Dyk, 1999; van
Dyk and Meng, 2001). Moreover, there is empirical evidence that the relative improvement
of PX-DA over DA actually increases as the dimension of X increases (Meng and van Dyk,
1999). Subsection 1.4.3 contains a rigorous theoretical comparison of the DA and PX-DA

algorithms. We end this subsection with a real example that was developed and studied in
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Liu and Wu (1999), van Dyk and Meng (2001) and Roy and Hobert (2007).

EXAMPLE 5 CONT. In this example, (3, y|z) plays the role of f(z,y). Take G = R, and
ty(y) = gy = (9v1, - - ., 9ym) and take w as follows

2505 20—1 _—g2%6
—qg® T 1.44
F(Oz)g e R4 (g) > ( )

where a,0 € R,. This is just the density of the square root of a gamma variate; that is, if

U ~ Gamma(a, §), then G = +/U has density (1.4.4). Substituting (1.1.10) into (1.1.9) and

w(g; a, 0) =

integrating with respect to 3 shows that

exp{ _ yT(I;H)y} m

m(ylz) = VIV e(0)(2m) 5 E {IR+(yi)I{1}(Zi> + IR_<yi)I{O}(zi)} :

Thus,

FS (aly) o< w(ty(y)]2) [T, ()| w(g)

o [exo{ = a1 = M@ }] () [ exp(-*0) . (0

:wp{—fﬁﬂiggﬁ+ﬂ}¢HM1hﬂw-

Note that fgr})/(g\y) has the same form as w(g; a, §), which means that a draw from fc%)/(g\y)
can be made be simulating a gamma and taking its square root. Putting all of this together,
if the current state of the PX-DA algorithm is X,, = 3, then we simulate the next state,
X,11, by performing the following three steps:

1. Draw Y, ...,Y,, independently such that ¥; ~ TN(v!' 3,1, z;), and call the result y =
(y17 S 7y’m)T‘
2. Draw U ~ Gamma(q, ¢), call the result u, and set § = y//u. Draw

g — H)y

m
V~G (— ,
amma 5 + « 5

+®,

call the result v, and set ' = \/vy.
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3. Draw X,41 ~ N(B(y), (VTV)™1).

Sampling from the truncated normal distribution is typically done using an accept-reject
algorithm, and Step 1 of the above procedure involves the simulation of m truncated normals.
Obviously, the computational burden of Step 2, which requires only two univariate draws
from the gamma distribution, is relatively minor. On the other hand, as the examples in Liu
and Wu (1999) and van Dyk and Meng (2001) demonstrate, the PX-DA algorithm mixes
much faster than the DA algorithm.

As a prelude to our theoretical comparison of DA and PX-DA, we introduce a bit of

operator theory.

1.4.2 The operator associated with a reversible Markov chain

It is well known that techniques from spectral theory (see, e.g., Rudin, 1991, Part III) can be
used to analyze reversible Markov chains. The reason for this is that every reversible Markov
chain defines a self-adjoint operator on the space of functions that are square integrable with
respect to the invariant density. Examples of the use of spectral theory in the analysis of
reversible Markov chains can be found in Diaconis and Stroock (1991), Chan and Geyer
(1994), Liu et al. (1994, 1995), Roberts and Rosenthal (1997) and Mira and Geyer (1999).

Our theoretical comparison of PX-DA and DA involves ideas from this theory.

Define
B0 = {ne 20x) [ o) fule) o =0},

and, for g,h € L§(fx), define the inner product as (g,h) = [, g(z)h(z) fx(x)dz. The
corresponding norm is given by ||g|| = v/{g,9). Let a : X x X — [0, 0c) denote a generic Mtd
that is reversible with respect to fx; that is, a(2'|z) fx(z) = a(z|2’) fx(2') for all z,2" € X.
Let ¥ = {W,}°, denote the corresponding Markov chain and assume that ¥ is Harris

ergodic. The Mtd a defines an operator, A, that maps g € Li(fx) to a new function in



46 CHAPTER 1. THE DATA AUGMENTATION ALGORITHM

L(fx) given by
(Ag)(z) = / o(e) ale'|z) de’

Note that (Ag)(z) = E[g(V,11)|¥,, = z]. To verify that Ag is square integrable with respect

to fx, use Jensen’s inequality, Fubini, the invariance of fx, and the fact that g € L3(fx) as
g*(x) {/ a(2'|z) fx () dx} dx’
X

g (') fx(z') da' < < .

follows

/x [(Ag)(x)] 2fX (x)dx = g(z") a(2|x) dx'} fx(x)dz

IN

Il
N X X
T

g (2" a(2'|x) dm’} fx(z)dx

That Ag has mean zero follows from Fubini, the invariance of fx, and the fact that g has

[p@rcwar= [ [ [ sta)atwe) czx'} fx(e) da

_ /X g(x/)[ /X a(2']2) Fx(2) dm} A’

- / g(@!) fx (@) da’ = 0.

We now demonstrate that the operator A is indeed self-adjoint (Rudin, 1991, Section 12).
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Using Fubini and the fact that a(z’|z) fx () is symmetric in (z, '), we have for g, h € L3(fx)

(49.1) = [ (Ag)(o) h(o) fx(o) do
_ /X { /X o(z) a(e'|z) dx’}h(x) Fr(@) do
:/X/Xg(x') h(z)a(z'|z) fx(x)dzdx’
= [at)] [ ) atale) o (o) a0
= [ ) a) s a

= (g, Ah) .

The norm of the operator A is defined as

[All = sup  [[Ag] .

9eLF(fx), llgll=1

Obviously, ||A|| > 0. In fact, ||A]| € [0,1]. Indeed, ||Ag|* = [, [(Ag)(x)ffx(x) dz and the
calculations above imply that ||Ag||* < ||g||>. The quantity [|A]| is closely related to the
convergence properties of the Markov chain W. For example, ¥ is geometrically ergodic if
and only if ||A]] < 1 (Roberts and Rosenthal, 1997; Roberts and Tweedie, 2001). Loosely
speaking, the closer ||A|| is to 0, the faster ¥ converges to its stationary distribution (see,
e.g., Liu et al., 1995). Because of this, Monte Carlo Markov chains are sometimes ordered
according to their operator norms. In particular, if there are two different chains available
that are both reversible with respect to fx, we prefer the one with the smaller operator
norm (see, e.g., Liu et al., 1994; Liu and Wu, 1999; Meng and van Dyk, 1999). In the next
subsection, we compare DA and PX-DA in terms of operator norms as well as performance

in the CLT.
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1.4.3 A theoretical comparison of the DA and PX-DA algorithms

The Mtd of the PX-DA algorithm is given by

fmzﬂﬁﬁwmmymwy

However, there is an alternative representation of k,, that is based on the general three-step
procedure for simulating the PX-DA algorithm that was given in Subsection 1.4.1. This
representation turns out to be much more useful for comparing DA and PX-DA. Recall that
Step 2 of the three-step procedure entails making the transition y — ' by drawing Y from
a distribution that depends on y. Hence, this step can be viewed as performing a single
iteration of a Markov chain whose state space is Y. If we denote the corresponding Mtd as

Lw(¥'|y), then we can re-express the Mtd of the PX-DA algorithm as

Fule|z) = //myw>thmmww (145)

Liu and Wu’s (1999) Theorem 1 implies that fy is an invariant density for [,; that is,

Luwmn@@:n@»

This invariance implies that fx is an invariant density for k, (z'|z):

Amwmh@mzéLAAMWMMMMhmwwwﬂmmm

= / Fxpe (1Y) [/ Lo(y'ly) fr (y) dy} dy'
/ fxw @'y) fr(y') dy
= fx(z
Of course, we did not need (1.4.5) to conclude that fx is invariant for k,(z'|z). Indeed, the
fact that k,(2'|x) is the Mtd of a DA algorithm implies that &, is reversible with respect to

fx, and hence that fx is invariant for k,. Note, however, that the previous calculation still

goes through if [, is replaced by any Mtd having fy as an invariant density. This suggests
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a generalization of (1.4.5).

Let [ : Y xY — [0,00) be any Mtd that has fy(y) as an invariant density. Define the

function k; : X x X — [0, 00) as follows

(a|2) = //ﬁw|w@Mﬁﬂwwwy (1.46)

The reader can easily verify that, for each fixed x € X, [; ki(2'|z) da’ = 1. Hence, k; is
an Mtd that defines a Markov chain on X, and the arguments above show that fx is an
invariant density for k;. This is a generalization of (1.4.5) in the sense that the set of Mtds
having fy as an invariant density is much larger than the set of Mtds of the form [,,. Hobert
and Marchev (2008) studied k; and established that (under weak regularity conditions) the
MCMC algorithm based on k; is better (in terms of convergence rate and ARE) than the DA
algorithm. This leads to the conclusion that every PX-DA algorithm is better than the DA
algorithm upon which it is based. In order to state the results precisely, we need a couple of

definitions.

If there exists a joint pdf f*(x,y) with [, f*(z,y)dy = fx(x) such that

MWMZLﬁMMwﬁAWM%

then we say that k; is representable. Clearly, if k; is representable, then it is also reversible
with respect to fx(z). (Note that, by definition, k,, is representable with f)(z,y) playing
the role of f*(x,y).) The second definition involves the CLT discussed in Subsection 1.2.4.
Let X = {X,,}22, denote the Markov chain underlying the original DA algorithm based on
f(x,y). Suppose g € L*(fx) and, as before, let g, = Zn 09( ;). If g,, satisfies a CLT,
then let /<;§ denote the corresponding asymptotic variance. If there is no CLT for g,,, then
set ﬁg equal to co. (Since we have not assumed that X is geometrically ergodic, a CLT for
g, may or may not exist.) Now let X* = {X*}>°  denote the Markov chain associated with
ki(2'|x), and define £*? analogously using g5, = + > """ ' g(X7) in place of g,. If Kyt < k7 for
every g € L?(fx), then we say that k; is more efficient than k.

Hobert and Marchev (2008) established two general results that facilitate comparison
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of the DA algorithm and the MCMC algorithm based on k;: (i) if k; is reversible with
respect to fx, then k; is more efficient than k, and (ii) if k; is representable, then ||K|| <
|K||, where K; and K are the operators on L3(fx) associated with k; and k, respectively.
(Hobert and Rosenthal (2007) show that, in (ii), representability can be replaced by a weaker
condition at no expense.) Now, consider the implications of these results with regard to
the PX-DA algorithm. Since k,, is representable, both of Hobert and Marchev’s (2008)
results are applicable and we may conclude that every PX-DA algorithm is better than
the corresponding DA algorithm in terms of both convergence rate and ARE. (The norm
comparison result was actually established in Liu and Wu (1999) and Meng and van Dyk
(1999) using different techniques.)

In addition to providing information about the relative convergence rates of X and X*,
the inequality ||K;|| < ||K|| also has a nice practical application. We know from Subsec-
tion 1.4.2 that a reversible Markov chain is geometrically ergodic if and only if the norm of
the corresponding operator is strictly less than 1. Therefore, if we can prove that the DA
Markov chain, X, is geometrically ergodic (by, say, establishing a geometric drift condition),
then it follows that | K;|| < ||K|| < 1, which implies that X* is also geometrically ergodic.
This allows one to prove that X* is geometric without having to work directly with k;, which,

from an analytical standpoint, is much more cumbersome than k.

It is important to keep in mind that the comparison results described above are really
only useful in situations where at least one of the two chains being compared is known to
be geometrically ergodic. For example, if all we know is that ||K|| < ||K||, then it may be
the case that X and X* are both bad chains with norm 1 and neither should be used in
practice. Similarly, if there are no CLTs, then the fact that k; is more efficient than £ isn’t

very useful.

Finally, there is one very simple sufficient condition for k; to be reversible with respect

to fx and that is the reversibility of I(y'|y) with respect to fy(y). Indeed, suppose that
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L(y'|y) fy(y) is symmetric in (y,y"). Then

b(a'fo) fx0) = fx(o) | [ @) 16/ 10) Frelulo) dya
= [ [ £er@l)16/10) 5oy dyay
= [ [ 2w @) 1610550 )
= [ [ 2w @ 1) ) v el dy
= [ [ 1@ 106 ttaln) dvdy
= 5(@) [ [ P el W) el ') dy
~ ki(ala!) fx (o)

There is also a simple sufficient condition on [(y'|y) for representability of k; (see Hobert and

Marchev, 2008).

We know that each pdf w(g) yields its own PX-DA algorithm. In the next subsection,
we show that, under certain conditions, there is a limiting version of the PX-DA algorithm

that beats all the others.

1.4.4 Is there a best PX-DA algorithm?

The results in the previous subsection show that every PX-DA algorithm is better than the
original DA algorithm based on f(z,y). The question then becomes, is there a particular
PX-DA algorithm that beats all the others? There are actually theoretical arguments as
well as empirical evidence suggesting that the PX-DA algorithm will perform better as the
pdf w(-) becomes more “diffuse” (Liu and Wu, 1999; Meng and van Dyk, 1999; van Dyk and
Meng, 2001). On the other hand, it is clear that our development of the PX-DA algorithm
breaks down if w is improper. In particular, if w is improper, then (1.4.2) is no longer a pdf.
Moreover, Step 2 of the PX-DA algorithm requires a draw from w, which is obviously not

possible when w is improper. However, Liu and Wu (1999) showed that, if there is a certain
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group structure present in the problem, then it is possible to construct a valid PX-DA-like
algorithm using an improper Haar density in place of w. Moreover, the results from the
previous subsection can be used to show that this Haar PX-DA algorithm is better than any
PX-DA algorithm based on a proper w.

Suppose that the set G is a topological group; that is, a group such that the functions
(g1, 92) — g1g92 and g — g~ ! are continuous. (An example of such a group is the multiplicative
group, R, where the binary operation defining the group is multiplication, the identity
element is 1, and g=' = 1/g.) Let e denote the group’s identity element and assume that
te(y) = y for all y € Y and that ty,4,(y) = 4, (t4,(y)) for all g1,g» € Gand all y € Y. In
other words, we are assuming that ¢,(y) represents G acting topologically on the left of Y

(Eaton, 1989, Chapter 2).

A function y : G — R, is called a multiplier if y is continuous and x(g192) = x(91)x(92)
for all g1,92 € G. Assume that Lebesgue measure on Y is relatively (left) invariant with
multiplier x; that is, assume that for any g € G and any integrable function h : Y — R, we

have
() / Bty () dy = / hy)dy

Here is a simple example.

EXAMPLE 5 CONT. Again, take G = R, and t,(y) = gy = (9v1,--.,9Ym). Now think of
G = R, as the multiplicative group and note that, for any y € R and any g1, 9, € G, we
have t.(y) = y and

tores(y) = 9192y = 91(921) = tg, (g (y)) -

Hence, the compatibility conditions are satisfied. Now, for any g € G, we have

/Yh(tg(y)) dy:/R

which shows that Lebesgue measure on Y = R'" is relatively invariant with multiplier x(g) =

h(gy)dy =g~ ™ /R h(y) dy ,

m m
+ +

m

qg.
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Suppose the group G has a left-Haar measure of the form 1(g) dg where dg denotes

Lebesgue measure on G. Left-Haar measure satisfies

[ @) nto)dg = [ o) nio)do 147
G

G

for all g € G and all integrable functions h : G — R. In most applications, this measure
will be improper; that is, [.v(g)dg = co. (When the left-Haar measure is the same as
the right-Haar measure, which satisfies the obvious analogue of (1.4.7), the group is called

unimodular.) Finally, assume that

ﬂwFAh@@n@mw@

is strictly positive for all y € Y and finite for (almost) all y € Y.

We now state (a generalized version of) Liu and Wu’s (1999) Haar PX-DA algorithm. If

the current state is X} = x, we simulate X, as follows.

One iteration of the Haar PX-DA Algorithm:

1. Draw Y ~ fy|x(-|z), and call the observed value y.

2. Draw G from the density proportional to fy (t4(y)) x(g) v(g), call the result g, and set
Y =t4(y).

3. Draw X, q ~ fxy (ly).

This algorithm is not a PX-DA algorithm, but its Mtd does take the form (1.4.6). Indeed,
if we let [g(y'|y) denote the Mtd of the Markov chain on Y that is simulated at Step 2, then
we can write the Mtd of the Haar PX-DA algorithm as follows

%WW=L£MWMMMMhﬂWMw¢
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Hobert and Marchev (2008) show that Iy (y'|y) is reversible with respect to fy, which, of
course, implies that fy is an invariant density for Iy (y'|y). Moreover, these authors also
prove that ky is representable. Hence, the comparison results from the previous subsection
are applicable and imply that the Haar PX-DA algorithm is better than the DA algorithm
in terms of both convergence rate and ARE. However, what we really want to compare is

Haar PX-DA and PX-DA, and this is the subject of the remainder of this section.

Hobert and Marchev (2008) show that, for any fixed proper pdf w(:), kg can be re-

expressed as

// @) y) [ le) dy dy’ (1.4.8)

where f)((uf)y and f}(ff))( are as defined in Subsection 1.4.1, and 1®”)(y/|y) is an Mtd on Y that
is reversible with respect to fY = fY (z,y)dx. Now consider the significance of
equation (1.4.8) in the context of the results of Subsection 1.4.3. In particular, we know
that the PX-DA algorithm driven by f®)(z,y) is itself a DA algorithm, and (1.4.8) shows
that ky is related to k, in exactly the same way that k; is related to k. Therefore, since ky
is representable, we may appeal to the comparison results once more to conclude that Haar

PX-DA is better than every PX-DA algorithm in terms of both convergence rate and ARE.

Finally, note that Step 2 of the Haar PX-DA algorithm involves only one draw from a
density on G, whereas the regular PX-DA algorithm calls for two such draws in its Step 2.
Thus, from a computational standpoint, the Haar PX-DA algorithm is actually simpler than
the PX-DA algorithm. We conclude with an application to the probit example.

EXAMPLE 5 CONT. Recall that G is the multiplicative group, Ry, and ¢,(y) = gy =

(9y1, - -, 9ym). Note that, for any g € G, we have

o0 1 o 1
hig) ~dg= | h(g)=dg,
/0 (gg)g g /O (g)g g

which shows that % is a left-Haar measure for the multiplicative group. (This group is
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actually abelian and hence unimodular.) Thus,
T
1) o)) g e { = 2| V).

and it follows that

q(y) 0</Ooogm1 eXp{ —ngw”dg: [ ??F(%) s

which is clearly positive for all ¥ € Y and finite for (almost) all y € Y. We can now write
down the Haar PX-DA algorithm. Given the current state, X = 3, we simulate the next
state, X, |, by performing the following three steps:

1. Draw Yj,...,Y,, independently such that ¥; ~ TN(v] 3,1, z;), and call the result y =
(yh s 7ym)T-

2. Draw

Tr _
V ~ Gamma(%,—y u H)y) )

2

call the result v, and set ' = \/vy.

3. Draw X7, ~ N(B(y), (VTV)™1).

In Subsection 1.4.1, we developed a family of PX-DA algorithms for this problem, one for
each («,0) € Ry x R;. The results in Subsection 1.4.3 imply that every member of that
family is better than the original DA algorithm based on f(z,y). Moreover, the results
described in this subsection show that the Haar PX-DA algorithm above is better than
every member of that family of PX-DA algorithms.

Roy and Hobert (2007) proved that this Haar PX-DA algorithm is geometrically ergodic
by establishing that the much simpler DA algorithm of Albert and Chib (1993) is geometri-
cally ergodic, and then appealing to the fact that ||Ky|| < ||K||. These authors also provided
substantial empirical evidence suggesting that the ARE of the Haar PX-DA estimator with

respect to the DA estimator is often much larger than 1.
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