
Chapter 1

The data augmentation algorithm:

Theory and methodology

James P. Hobert

1.1 Basic Ideas and Examples

Assume that the function fX : Rp → [0,∞) is a probability density function (pdf). Suppose

that g : Rp → R is a function of interest and that we want to know the value of EfXg =∫
Rp g(x)fX(x) dx, but this integral cannot be computed analytically. There are many ways of

approximating such intractable integrals and these include numerical integration, analytical

approximations and Monte Carlo methods. In this chapter, we will describe a Markov chain

Monte Carlo (MCMC) method called the data augmentation (DA) algorithm.

Here’s the basic idea. In situations where classical Monte Carlo methods are not applicable

because it is impossible to simulate from fX directly, it is often possible to find a joint pdf

1
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f : Rp × Rq → [0,∞) that satisfies two properties: (i) the x-marginal is fX , that is,∫
Rq
f(x, y) dy = fX(x) ,

and (ii) simulating from the associated conditional pdfs, fX|Y (x|y) and fY |X(y|x), is straight-

forward. The DA algorithm is based on this joint pdf. The first property allows for the

construction of a Markov chain that has fX as an invariant pdf, and the second property

provides a means of simulating this Markov chain. As long as the resulting chain is rea-

sonably well behaved, simulations of it can be used to consistently estimate EfXg. We now

begin to fill in the details, starting with the construction of the Markov chain.

As usual, let fY (y) =
∫

Rp f(x, y) dx. Also, define X = {x ∈ Rp : fX(x) > 0} and

Y = {y ∈ Rq : fY (y) > 0} and assume that f(x, y) = 0 whenever (x, y) /∈ X×Y. Now define

a function k : X× X→ [0,∞) as follows

k(x′|x) =

∫
Y

fX|Y (x′|y)fY |X(y|x) dy . (1.1.1)

(We will not need to perform the integration in (1.1.1) - remember that we’re still in the

construction phase.) Since the integrand in (1.1.1) is a product of conditional densities, k is

never negative. Furthermore,∫
X

k(x′|x) dx′ =

∫
X

[ ∫
Y

fX|Y (x′|y)fY |X(y|x) dy

]
dx′

=

∫
Y

fY |X(y|x)

[ ∫
X

fX|Y (x′|y) dx′
]
dy

=

∫
Y

fY |X(y|x) dy

= 1 .

Hence, for each fixed x ∈ X, k(x′|x) is nonnegative and integrates to 1. The function k is

therefore a Markov transition density (Mtd) that defines a Markov chain, X = {Xn}∞n=0,

with state space X. The chain evolves as follows. If the current state of the chain is Xn = x,

then the density of the next state, Xn+1, is k(·|x). This Markov chain is the basis of the DA

algorithm and we now describe some of its properties.



1.1. BASIC IDEAS AND EXAMPLES 3

The product k(x′|x)fX(x) is symmetric in (x, x′). Indeed,

k(x′|x)fX(x) = fX(x)

∫
Y

fX|Y (x′|y)fY |X(y|x) dy =

∫
Y

f(x′, y)f(x, y)

fY (y)
dy .

Thus, for all x, x′ ∈ X,

k(x′|x)fX(x) = k(x|x′)fX(x′) , (1.1.2)

which implies that the Markov chain X is reversible with respect to fX (see, e.g., Ross, 1996,

Section 4.7). Equation (1.1.2) is sometimes called the detailed balance condition. Integrating

both sides of (1.1.2) with respect to x yields∫
X

k(x′|x)fX(x) dx = fX(x′) , (1.1.3)

which shows that fX is an invariant density for the Markov chain X. What does it mean

for fX to be invariant for X? To answer this question, note that the integrand in (1.1.3)

is the joint density of (X0, X1) when the starting value, X0, is drawn from fX . Thus,

equation (1.1.3) implies that, when X0 ∼ fX , the marginal density of X1 is also fX . Actually,

since X is a time homogeneous Markov chain, equation (1.1.3) also implies that, if Xn ∼ fX ,

then Xn+1 ∼ fX . Hence, a simple induction argument leads to the conclusion that, if

X0 ∼ fX , then the marginal density of Xn is fX for all n. In other words, when X0 ∼ fX ,

the Markov chain X is a sequence of dependent random vectors with density fX . Of course,

in practice, it will not be possible to start the chain by drawing X0 from fX . (If simulating

directly from fX is possible, then one should use classical Monte Carlo methods instead of

the DA algorithm for the reasons laid out in Subsections 1.2.4 and 1.3.1.) Fortunately, as

long as the Markov chain X is well-behaved (see Section 1.2.1), the marginal density of Xn

will converge to the invariant density fX no matter how the chain is started. And, more

importantly, the estimator n−1
∑n−1

i=0 g(Xi) will be strongly consistent for EfXg; that is, this

estimator will converge almost surely to EfXg as n→∞.

In order to keep things simple, we are considering only situations where fX and f(x, y)

are densities with respect to Lebesgue measure. However, all of the results and methodology

that we discuss in this chapter can be easily extended to a much more general setting. See,

for example, Section 2 of Hobert and Marchev (2008).
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Now consider the practical issue of simulating the Markov chain X. Given that the current

state of the chain is Xn = x, how do we draw Xn+1 from the Mtd k(·|x)? The answer is

based on a sequential simulation technique that we now describe. Suppose we would like

to simulate a random vector from some pdf fU(u), but we cannot do this directly. Suppose

further that fU is the u-marginal of the joint pdf fU,V (u, v) and that we have the ability to

make draws from fV (v) and from fU |V (u|v) for fixed v. If we draw V ∼ fV (·), and then,

conditional on V = v, we draw U ∼ fU |V (·|v), then the observed pair, (u, v), is a draw from

fU,V , which means that u is a draw from fU . This general technique will be employed many

times throughout this chapter. We now explain how it is used to simulate from k(·|x).

Define

h(x′, y|x) = fX|Y (x′|y)fY |X(y|x) ,

and note that, for fixed x ∈ X, h(x′, y|x) is a joint pdf in (x′, y) with
∫

Y
h(x′, y|x) dy = k(x′|x).

We simply apply the technique described above with k(·|x) and h(·, ·|x) playing the roles

of fU(·) and fU,V (·, ·), respectively. All we need is the y-marginal of h(x′, y|x), which is

fY |X(y|x), and the conditional density of X ′ given Y = y, which is

h(x′, y|x)

fY |X(y|x)
= fX|Y (x′|y) .

We now have a procedure for simulating one step of the DA algorithm. Indeed, if the current

state is Xn = x, we simulate Xn+1 as follows.

One iteration of the DA Algorithm:

1. Draw Y ∼ fY |X(·|x), and call the observed value y.

2. Draw Xn+1 ∼ fX|Y (·|y).

So, as long as we can simulate from the conditional densities, fX|Y and fY |X , we can simulate
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the Markov chain X. (Note that, as mentioned above, we do not need k(x′|x) in closed form.)

The genesis of the name data augmentation algorithm appears to be Tanner and Wong

(1987) who used it to describe an iterative algorithm for approximating complex posterior

distributions. On the last page of the paper, Tanner and Wong note that an “extreme”

special case of their algorithm (in which their m is set equal to 1) yields a Markov chain

whose transition density has the form (1.1.1). However, it does not appear to be the case

that Tanner and Wong (1987) “invented” the DA algorithm (as we have defined it here),

since other researchers, such as Swendsen and Wang (1987), were using it at about the same

time. Here is our first example.

Example 1. Suppose that fX is the standard normal density, i.e., fX(x) = e−x
2/2/
√

2π.

Obviously, there is nothing intractable about this density. On the other hand, it is instructive

to begin with a few simple examples in which the basic ideas of the algorithm are not

overshadowed by the complexity of the target density. Take f(x, y) = (
√

2π)−1 exp
{
− (x2−

√
2xy + y2

)
}, which is a bivariate normal density with means equal to zero, variances equal

to one, and correlation equal to 1/
√

2. The x-marginal is clearly standard normal and the

two conditionals are also normal. Indeed,

Y |X = x ∼ N

(
x√
2
,
1

2

)
and X|Y = y ∼ N

(
y√
2
,
1

2

)
Simulating from these conditionals is easy. For example, most statistically oriented pro-

gramming languages, such as R (R Development Core Team, 2006), produce variates from

the normal distribution and many other standard distributions. Hence, we have a viable

DA algorithm that can be run by choosing an arbitrary starting value, X0 = x0, and then

iterating the two-step procedure described above.

We now provide two more toy examples that will be put to good use. Two realistic

examples are given later in this section.

Example 2. Suppose that fX(x) = 3x2I(0,1)(x). If we take f(x, y) = 3xI(0 < y < x < 1),
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then the x-marginal is fX(x) = 3x2I(0,1)(x) and the two conditional densities are given by

fY |X(y|x) =
1

x
I(0 < y < x) and fX|Y (x|y) =

2x

1− y2
I(y < x < 1) .

Simulating from these conditionals is straightforward. Indeed, if U ∼ Uniform(0, 1), then

xU ∼ fY |X(·|x) and, using the probability integral transformation,
√
U(1− y2) + y2 ∼

fX|Y (·|y).

Example 3. Suppose that fX(x) is a Student’s t density with 4 degrees of freedom; that is,

fX(x) =
3

8

(
1 +

x2

4

)− 5
2
.

If we take

f(x, y) =
4√
2π
y

3
2 exp

{
− y
(x2

2
+ 2
)}
I(0,∞)(y) ,

then
∫

R f(x, y) dy = fX(x). Moreover, it’s easy to show that X|Y = y ∼ N(0, y−1) and that

Y |X = x ∼ Gamma
(

5
2
, x

2

2
+ 2
)
. (We say W ∼ Gamma(α, β) if its density is proportional to

wα−1e−wβI(w > 0).)

The popularity of the DA algorithm is due in part to the fact that, given an intractable

fX , there are general techniques available for constructing a potentially useful joint density

f(x, y). Here is one such technique. Suppose that fX can be factorized as fX(x) = q(x)l(x).

Now define

f(x, y) = q(x)I(0,l(x))(y) ,

and note that∫
R
f(x, y) dy = q(x)

∫
R
I(0,l(x))(y) dy = q(x)

∫ l(x)

0

dy = q(x)l(x) = fX(x) .

A simple calculation shows that Y |X = x ∼ Uniform(0, l(x)), which is easy to sample. Thus,

if it is also possible to draw from fX|Y (x|y) ∝ q(x)I(y,∞)(l(x)), then the DA algorithm can be

applied. In this particular form, the DA algorithm is known as the simple slice sampler (Neal,

2003). The reader may verify that the DA algorithm developed in Example 2 is actually
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a simple slice sampler based on the factorization fX(x) = 3x2I(0,1)(x) =
[
3xI(0,1)(x)

]
[x] =

[q(x)][l(x)].

Another general technique for identifying an appropriate f(x, y) involves the concept of

missing data that underlies the EM algorithm (Dempster et al., 1977). This technique is

applicable when the target, fX , is a posterior density. Let z denote some observed data,

which is assumed to be a sample from a member of a family of pdfs {p(z|θ) : θ ∈ Θ},
where Θ ⊂ Rp. If π(θ) denotes the prior density, then the posterior density is given by

π(θ|z) = p(z|θ)π(θ)/c(z) where c(z) =
∫

Θ
p(z|θ)π(θ) dθ is the marginal density of the data.

Assume that expectations with respect to π(θ|z) are intractable; that is, π(θ|z) is now playing

the role of the problematic target fX(x).

Suppose we can identify missing data y ∈ Y ⊂ Rq such that the joint density of z and y,

call it p(z, y|θ), satisfies ∫
Y

p(z, y|θ) dy = p(z|θ) . (1.1.4)

Finding such missing data is often straightforward. Indeed, the joint density p(z, y|θ) is

precisely what is required to construct an EM algorithm for finding the maximum likelihood

estimate of θ; that is, the maximizer of p(z|θ) over θ ∈ Θ for fixed z. If such an EM algorithm

already exists, we can simply use the corresponding missing data. Now define the complete

data posterior density as

π(θ, y|z) =
p(z, y|θ)π(θ)∫

Θ

∫
Y
p(z, y|θ)π(θ) dy dθ

=
p(z, y|θ)π(θ)∫

Θ
p(z|θ)π(θ) dθ

=
p(z, y|θ)π(θ)

c(z)
.

The key feature of the complete data posterior density is that its θ-marginal is the target

density, π(θ|z). Indeed,∫
Y

π(θ, y|z) dy =
π(θ)

c(z)

∫
Y

p(z, y|θ) dy =
p(z|θ)π(θ)

c(z)
= π(θ|z) .

When an EM algorithm is constructed, the missing data is chosen to make likelihood calcu-

lations under p(z, y|θ) much simpler than they are under the original density, p(z|θ). Such a

choice will usually also result in conditional densities, π(θ|y, z) and π(y|θ, z), that are easy

to sample. Regardless of whether or not our missing data came from a preexisting EM al-
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gorithm, as long as π(θ|y, z) and π(y|θ, z) can be straightforwardly sampled, we will have a

viable DA algorithm with the complete data posterior density playing the role of f(x, y). In

particular, θ plays the role of x, and everything is done conditionally on the observed data

z.

Example 4. Let Z1, . . . , Zm be a random sample from the location-scale Student’s t density

with known degrees of freedom, ν > 0. The common density of the Zis is given by

Γ
(
ν+1

2

)
σ
√
πν Γ

(
ν
2

)(1 +
(z − µ)2

νσ2

)−(ν+1)/2

.

Here (µ, σ2) is playing the role of θ. The standard diffuse prior density for this location-scale

problem is π(µ, σ2) ∝ 1/σ2. Of course, whenever an improper prior is used, it is important

to check that the posterior is proper. In this case, the posterior is proper if and only if m ≥ 2

(Fernández and Steel, 1999) and we assume this throughout. The posterior density is an

intractable bivariate density that is characterized by

π(µ, σ2|z) ∝
(
σ2
)−m+2

2

m∏
i=1

(
1 +

(zi − µ)2

νσ2

)− ν+1
2

,

where z = (z1, . . . , zm). Meng and van Dyk (1999) described a DA algorithm for this problem

in which the missing data are based on the standard representation of a Student’s t variate

in terms of normal and χ2 variates. Conditional on (µ, σ2), let (Z1, Y1), . . . , (Zm, Ym) be

independent and identically distributed (iid) pairs such that, for i = 1, . . . ,m,

Zi|Yi, µ, σ2 ∼ N(µ, σ2/yi)

Yi|µ, σ2 ∼ Gamma(ν/2, ν/2) .

In this case, Y = Rm
+ where R+ := (0,∞). Letting y = (y1, . . . , ym) we have

p(z, y|µ, σ2) =
m∏
i=1

p(zi|yi, µ, σ2)p(yi|µ, σ2)

=
m∏
i=1

√
yi√

2πσ2
exp

{
− yi

2σ2
(zi − µ)2

} (ν
2
)
ν
2

Γ
(
ν
2

)y ν2−1

i exp
{
− νyi

2

}
.



1.1. BASIC IDEAS AND EXAMPLES 9

Now,

∫
Y

p(z, y|µ, σ2) dy =
m∏
i=1

∫
R+

p(zi|yi, µ, σ2)p(yi|µ, σ2) dyi

=
m∏
i=1

Γ
(
ν+1

2

)
σ
√
πν Γ

(
ν
2

)(1 +
(zi − µ)2

νσ2

)−(ν+1)/2

,

so (1.1.4) is satisfied. The complete data posterior density is characterized by

π
(
(µ, σ2), y|z

)
∝ 1

σ2

m∏
i=1

√
yi√

2πσ2
exp

{
− yi

2σ2
(zi − µ)2

} (ν
2
)
ν
2

Γ
(
ν
2

)y ν2−1

i exp
{
− νyi

2

}
. (1.1.5)

In order to implement the DA algorithm, we must be able to draw from π(y|µ, σ2, z) and

from π(µ, σ2|y, z). Since π(y|µ, σ2, z) ∝ π(µ, σ2, y|z), it is clear that the yis are conditionally

independent given (µ, σ2, z) and, in fact,

Yi|µ, σ2, z ∼ Gamma

(
ν + 1

2
,
1

2

(
(zi − µ)2

σ2
+ ν

))
. (1.1.6)

We can simulate from π(µ, σ2|y, z) sequentially by first drawing from π(σ2|y, z) and then from

π(µ|σ2, y, z). (Remember our sequential method of drawing from fU,V ?) Let y· =
∑m

i=1 yi

and define

µ̂ =
1

y·

m∑
j=1

zjyj and σ̂2 =
1

y·

m∑
j=1

yj(zj − µ̂)2 .

Using the fact that π(µ|σ2, y, z) ∝ π(µ, σ2, y|z), it is straightforward to show that

µ|σ2, y, z ∼ N
(
µ̂,
σ2

y·

)
. (1.1.7)

Finally, π(σ2|y, z) is proportional to what remains when µ is integrated out of (1.1.5). This

integral can be computed in closed form and it follows that

σ2|y, z ∼ IG

(
m+ 1

2
,
y· σ̂

2

2

)
, (1.1.8)

where IG(α, β) is the distribution of 1/W when W ∼ Gamma(α, β). We now know how to

run the DA algorithm for this problem. Given the current state, Xn = (µ, σ2), we simulate
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the next state, Xn+1 = (µn+1, σ
2
n+1), by performing the following two steps:

1. Draw Y1, . . . , Ym independently according to (1.1.6), and call the result y = (y1, . . . , ym).

2. Draw σ2
n+1 according to (1.1.8), and then draw µn+1 according to (1.1.7) with σ2

n+1 in

place of σ2.

The algorithm described above is actually a special case of a more general DA algorithm

developed by Meng and van Dyk (1999) that can handle observations from the multivariate

location-scale Student’s t density.

We end this section by describing Albert and Chib’s (1993) DA algorithm for Bayesian

probit regression, which is one of the most widely used DA algorithms.

Example 5. Let Z1, . . . , Zm be independent Bernoulli random variables such that Pr(Zi =

1) = Φ(vTi β) where vi is a p× 1 vector of known covariates associated with Zi, β is a p× 1

vector of unknown regression coefficients and Φ(·) denotes the standard normal distribution

function. We have

Pr(Z1 = z1, . . . , Zm = zm | β) =
m∏
i=1

[
Φ(vTi β)

]zi[1− Φ(vTi β)
]1−zi ,

where each zi is binary; i.e., either 0 or 1. Consider a Bayesian analysis that employs a flat

prior on β. Letting z = (z1, . . . , zm) denote the observed data, the marginal density is given

by

c(z) =

∫
Rp

m∏
i=1

[
Φ(vTi β)

]zi[1− Φ(vTi β)
]1−zidβ .

Chen and Shao (2000) provide necessary and sufficient conditions on z and {vi}mi=1 for pro-

priety of the posterior; that is, for c(z) < ∞. We assume throughout that these conditions

are satisfied. The intractable posterior density of β is given by

π(β | z) =
1

c(z)

m∏
i=1

[
Φ(vTi β)

]zi[1− Φ(vTi β)
]1−zi .
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We now describe a DA algorithm for this problem that was developed by Albert and Chib

(1993). Let φ(u;µ, κ2) denote the N(µ, κ2) density function evaluated at the point u ∈ R.

Also, let R− = (−∞, 0), let y = (y1, . . . , ym)T ∈ Rm and consider the function

π(β, y | z) =
1

c(z)

m∏
i=1

{
IR+(yi)I{1}(zi) + IR−(yi)I{0}(zi)

}
φ(yi; v

T
i β, 1) , (1.1.9)

where IA(·) is the usual indicator function of the set A. Integrating y out of π(β, y | z), we

have

1

c(z)

∫
R

∫
R
· · ·
∫

R

m∏
i=1

{
IR+(yi)I{1}(zi) + IR−(yi)I{0}(zi)

}
φ(yi; v

T
i β, 1) dym · · · dy2 dy1

=
1

c(z)

m∏
i=1

∫
R

{
IR+(yi)I{1}(zi) + IR−(yi)I{0}(zi)

}
φ(yi; v

T
i β, 1) dyi

=
1

c(z)

m∏
i=1

{
I{1}(zi)

∫ ∞
0

φ(yi; v
T
i β, 1) dyi + I{0}(zi)

∫ 0

−∞
φ(yi; v

T
i β, 1) dyi

}
=

1

c(z)

m∏
i=1

{
I{1}(zi)Φ(vTi β) + I{0}(zi)

[
1− Φ(vTi β)

]}
=

1

c(z)

m∏
i=1

[
Φ(vTi β)

]zi[1− Φ(vTi β)
]1−zi

= π(β | z) .

Hence, π(β, y|z) is a joint density in (β, y) whose β-marginal is π(β | z). Albert and Chib’s

(1993) DA algorithm is based on this joint density. We now derive the conditional densities,

π(β|y, z) and π(y|β, z). Let V denote the m × p matrix whose ith row is vTi . (A necessary

condition for propriety is that V have rank p.) Standard linear models-type calculations

show that

m∏
i=1

φ(yi; v
T
i β, 1) = (2π)−

m
2 e−

yT (I−H)y
2 exp

{
− 1

2

(
β − β̂(y))TV TV (β − β̂(y)

)}
, (1.1.10)

where β̂(y) = (V TV )−1V Ty and H = V (V TV )−1V T . This implies that π(β|y, z) is a p-variate

normal density with mean β̂(y) and covariance matrix (V TV )−1.

Finally, let TN(µ, κ2, u) denote a normal distribution with mean µ and variance κ2 that
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is truncated to be positive if u = 1 and negative if u = 0. It is clear from (1.1.9) that, given

β and z, the Yis are independent with Yi ∼ TN(vTi β, 1, zi). We now know exactly how to

implement the DA algorithm. Given the current state, Xn = β, we simulate the next state,

Xn+1, by performing the following two steps:

1. Draw Y1, . . . , Ym independently such that Yi ∼ TN(vTi β, 1, zi), and call the result y =

(y1, . . . , ym)T .

2. Draw Xn+1 ∼ N
(
β̂(y), (V TV )−1

)
.

See Robert (1995) for an efficient method of simulating truncated normal random variables.

In the next section, we describe the theoretical properties of the Markov chain underlying

the DA algorithm.

1.2 Properties of the DA Markov chain

1.2.1 Basic regularity conditions

In Section 1.1 we described how to construct and simulate a Markov chain, X, that has the

intractable target, fX , as an invariant density. Unfortunately, without additional assump-

tions, there is no guarantee that this chain will be useful for approximating expectations

with respect to fX . Here is a simple example from Roberts and Smith (1994) that illustrates

one of the potential problems.

Example 6. Suppose that fX(x) = 1
2
I(0,2)(x). If we take

f(x, y) =
1

2

[
I(0,1)(x)I(0,1)(y) + I[1,2)(x)I[1,2)(y)

]
,
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then
∫

R f(x, y) dy = 1
2
I(0,2)(x), and

fX|Y (x|y) = fY |X (y|x) = I(0,1)(x)I(0,1)(y) + I[1,2)(x)I[1,2)(y) .

Since the x-marginal of f(x, y) is fX and simulation from the conditionals is easy, there

is a DA algorithm based on f(x, y). However, this algorithm is useless from a practical

standpoint because the underlying Markov chain is not irreducible. For example, suppose

we start the chain at x0 = 1/2, and consider applying the two-step method to simulate

X1. First, we draw Y ∼ Uniform(0, 1) and then, no matter what the result, we will draw

X1 ∼ Uniform(0, 1). Continuing along these lines shows that the chain will be stuck forever

in the set (0, 1). Hence, there is no sense in which the chain converges to fX .

If the Markov chain X is ψ-irreducible, aperiodic and Harris recurrent, then the DA

algorithm can be employed to effectively explore the intractable target density, fX . When

X satisfies these three properties, we call it Harris ergodic. Unfortunately, a good bit

of technical Markov chain theory must be developed before these conditions can even be

formally stated (Meyn and Tweedie, 1993; Roberts and Rosenthal, 2004). To avoid a lengthy

technical discussion, we simply provide one sufficient condition for Harris ergodicity of X

that is easy to check and holds for all of our examples and for many other DA algorithms

that are used in practice.

Define a condition on the Mtd k as follows:

Condition K : k(x′|x) > 0 for all x′, x ∈ X .

Condition K implies that the Markov chain X is Harris ergodic (see, e.g., Tan, 2008). In

fact, condition K implies that it is possible for the chain to move from any point x ∈ X to

any “big” set in a single step. To make this precise, let λ denote Lebesgue measure on X

and let P (·, ·) denote the Markov transition function of the chain; that is, for x ∈ X and a

measurable set A,

P (x,A) = Pr
(
Xn+1 ∈ A|Xn = x

)
=

∫
A

k(x′|x) dx′ .
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Under condition K, if A is big in the sense that λ(A) > 0, then

P (x,A) =

∫
A

k(x′|x) dx′ > 0 ,

which means that there is positive probability of moving from x to A in a single step. Recall

that

k(x′|x) =

∫
Y

fX|Y (x′|y)fY |X(y|x) dy .

Clearly, if f(x, y) is strictly positive on X×Y, then condition K holds and the Markov chain

X is Harris ergodic. We now check that the Markov chains developed in the examples of

Section 1.1 are indeed Harris ergodic.

Examples 1 and 3 cont. In Example 1, we have X = Y = R, while in Example 3, X = R,

Y = R+. In both cases, f(x, y) is strictly positive on X × Y. Hence, the Markov chains

underlying the DA algorithms in Examples 1 and 3 are Harris ergodic.

Example 4 cont. The role of X is played by Θ = R × R+ and Y = Rm
+ . Note that the

complete data posterior density (1.1.5) is strictly positive for all
(
(µ, σ2), y

)
∈ Θ×Y. Hence,

the chain X is Harris ergodic.

Example 5 cont. In this case, X = Rp and Y is a Cartesian product of m half-lines (R+

and R−), where the ith component is R+ if zi = 1, and R− if zi = 0. It is clear that the

joint density (1.1.9) is strictly positive on X × Y, and this implies that the Markov chain

underlying Albert and Chib’s (1993) algorithm is Harris ergodic.

Even when f(x, y) is not strictly positive on X×Y, it is still often the case that condition K
holds.

Example 2 cont. The joint density is given by f(x, y) = 3xI(0 < y < x < 1), which is not

strictly positive on X× Y = (0, 1)× (0, 1). However, we can show directly that condition K
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holds. Indeed, for fixed x ∈ (0, 1) we have

k(x′|x) =

∫
R

2x′

x(1− y2)
I(0 < y < x)I(y < x′ < 1) dy

=
2x′

x
I(0 < x′ < 1)

∫ min{x,x′}

0

1

1− y2
dy

=
x′

x
log

(
1 + min{x, x′}
1−min{x, x′}

)
I(0 < x′ < 1) .

Hence, k(x′|x) is strictly positive for all x′, x ∈ (0, 1) and Harris ergodicity follows. Actually,

it is intuitively clear that the Markov chain has a positive probability of moving from any

x ∈ (0, 1) to any set A ⊂ (0, 1) with λ(A) > 0 in one step. Indeed, to get from x to the new

state, we first draw Y ∼ Uniform(0, x), and then given Y = y, the new state is drawn from

a density with support (y, 1). Therefore, as long as the observed y is small enough, there

will be a positive (conditional) probability of the new state being in any open set in (0, 1).

It is not difficult to create examples of well-behaved DA algorithms for which condition K
fails to hold. Fortunately, there are many general results available for establishing that X

is Harris ergodic in such situations. See, for example, Roberts and Smith (1994), Tierney

(1994), Roberts and Rosenthal (2006) and Hobert et al. (2007). In the next subsection, we

describe exactly what Harris ergodicity buys us.

1.2.2 Basic convergence properties

If X is Harris ergodic, then, no matter how the chain is started, the marginal distribution of

Xn will converge to (the distribution associated with) fX , and an analogue of the strong law

of large numbers (SLLN) holds. To make this precise, some additional notation is required.

Define the n-step Markov transition function as

P n(x,A) = Pr
(
Xn ∈ A|X0 = x

)
,

so P 1 ≡ P . Also, let φ(·) denote the probability measure corresponding to fX ; that is, for

measurable A, φ(A) =
∫
A
fX(x) dx. If X is Harris ergodic, then the total variation distance
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between the probability measures P n(x, ·) and φ(·) decreases to 0 as n gets large. In symbols,

‖P n(x, ·)− φ(·)‖ ↓ 0 as n→∞ , (1.2.1)

where

‖P n(x, ·)− φ(·)‖ := sup
A

∣∣P n(x,A)− φ(A)
∣∣ .

Harris ergodicity is also sufficient for the ergodic theorem, which is the Markov chain version

of the SLLN. Let L1(fX) denote the set of functions h : X→ R such that∫
X

|h(x)| fX(x) dx <∞ ,

and, for h ∈ L1(fX), define EfXh =
∫

X
h(x) fX(x) dx. The ergodic theorem implies that, if

g ∈ L1(fX), then, no matter what the distribution of X0, we have

gn :=
1

n

n−1∑
i=0

g(Xi)→ EfXg

almost surely as n → ∞; i.e., gn is a strongly consistent estimator of EfXg. The ergodic

theorem justifies estimating EfXg with gn where X0 is any point (or has any distribution)

from which it is convenient to start the simulation. An important practical question that this

basic theory does not answer is “What is an appropriate value of n?” Tools for answering

this question will be presented in Section 1.3. For now, we simply point out that all rigorous

methods of choosing an appropriate (Markov chain) Monte Carlo sample size are based

on a central limit theorem (CLT) for gn. Assuming that
∫

X
g2(x) fX(x) dx < ∞, a simple

sufficient condition for the existence of such a CLT is that the Markov chain, X, converge

to its stationary distribution at a geometric rate.

1.2.3 Geometric ergodicity

Assume that X is Harris ergodic. Note that (1.2.1) gives no information about the rate at

which the total variation distance converges to 0. There are important practical benefits to

using a DA algorithm for which this rate is (at least) geometrically fast. Formally, the chain
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X is called geometrically ergodic if there exist a function M : X → [0,∞) and a constant

ρ ∈ [0, 1) such that, for all x ∈ X and all n = 1, 2, . . . ,

‖P n(x, ·)− φ(·)‖ ≤M(x) ρn . (1.2.2)

Unfortunately, Harris ergodicity does not imply geometric ergodicity. The most straightfor-

ward method of proving that the Harris ergodic chain X is geometrically Harris ergodic is

by establishing a certain type of drift condition, which we now introduce.

A function V : X→ [0,∞) is said to be unbounded off compact sets if, for each β ∈ R, the

sub-level set
{
x ∈ X : V (x) ≤ β

}
is compact. We say that a geometric drift condition holds

if there exist a V : X→ [0,∞) that is unbounded off compact sets, and constants λ ∈ [0, 1)

and L ∈ R such that

E
[
V (Xn+1) | Xn = x

]
≤ λV (x) + L . (1.2.3)

The function V is called the drift function. If f(x, y) > 0 for all (x, y) ∈ X × Y, then the

existence of a geometric drift condition implies that X is geometrically ergodic (Tan, 2008).

(See Meyn and Tweedie (1993, Chapter 15) for similar results that hold when f(x, y) is not

strictly positive.) In practice, establishing a geometric drift condition is simply a matter

of trial and error (and a lot of analysis). We now provide some pointers on calculating the

expectation in (1.2.3).

Note that the left-hand side of (1.2.3) can be rewritten as

E
[
V (Xn+1) | Xn = x

]
=

∫
X

V (x′) k(x′|x) dx′

=

∫
X

V (x′)

[ ∫
Y

fX|Y (x′|y)fY |X(y|x) dy

]
dx′

=

∫
Y

[ ∫
X

V (x′)fX|Y (x′|y) dx′
]
fY |X(y|x) dy . (1.2.4)

Thus, the expectation can be computed (or bounded) in two steps. The first step is to

compute (or bound) the expectation of V (X ′) with respect to fX|Y (·|y), call the result

e(y). The second step entails calculating (or bounding) the expectation of e(Y ) with respect

to fY |X(·|x). The fact that we are able to simulate straightforwardly from fX|Y (x|y) and
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fY |X(y|x) often means that these conditional densities are easy to handle from an analytical

standpoint. Hence, it is usually possible to calculate (or, at least get sharp upper bounds

on) expectations with respect to fX|Y (x|y) and fY |X(y|x). We now give two simple examples

illustrating how to prove that a DA algorithm is geometrically ergodic by establishing a

geometric drift condition.

Example 3 cont. Recall that f(x, y) is strictly positive on X × Y, so the drift technique

can be used to establish geometric convergence in this example. Consider the drift function

V (x) = x2. For β < 0, the sub-level set {x ∈ X : V (x) ≤ β} is the empty set, for β = 0,

it’s the set {0}, and for β > 0, it’s a closed interval. Thus, V is unbounded off compact

sets. Recall that X|Y = y ∼ N(0, y−1). Hence, the “inner expectation” in (1.2.4) can be

evaluated as follows

E
[
V (X ′) | y

]
= E

[
(X ′)2 | y

]
=

1

y
.

Now, using the fact that Y |X = x ∼ Gamma
(

5
2
, x

2

2
+ 2
)

yields

E
[
V (Xn+1) | Xn = x

]
= E

[
Y −1 | x

]
=

1

3
x2 +

4

3
=

1

3
V (x) +

4

3
.

We have established that (1.2.3) holds with λ = 1
3

and L = 4
3
, and this shows that the

Markov chain underlying this DA algorithm is geometrically ergodic.

In the toy example just considered, we were able to compute E
[
V (Xn+1) | Xn = x

]
exactly and, luckily, the final expression involved the function V (x) in exactly the right way.

Establishing geometric drift conditions in real examples is typically much more difficult, and

often involves what Fill et al. (2000) describe as “difficult theoretical analysis.” Geometric

drift conditions have been established for the Markov chains underlying the DA algorithms in

Examples 4 and 5 (Marchev and Hobert, 2004; Roy and Hobert, 2007), but these calculations

are too involved to present in this chapter. The next example is still a toy example, in the

sense that the intractable target density is univariate, but it does provide a nice illustration

of the type of bounding that is required in real examples.

Example 7. Consider a simplification of the Student’s t setup in Example 4 where the
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variance is known and equal to 1. In this case, the posterior density is an intractable

univariate density given by

π(µ|z) ∝
m∏
i=1

(
1 +

(zi − µ)2

ν

)− ν+1
2

,

where z = (z1, . . . , zm). Using the same missing data as before, the complete data posterior,

π(µ, y|z), is proportional to the right-hand side of (1.1.5) with σ2 set equal to 1. Note

that π(µ, y|z) is strictly positive on X × Y = Θ × Y = R × Rm
+ . Of course, to run the

DA algorithm, we need to be able to draw from π(y|µ, z) and from π(µ|y, z). Recall that

µ̂ = µ̂(y) = 1
y·

∑m
j=1 zjyj. (Since the data, z, is fixed, we suppress this dependence in the

notation.) It’s easy to show that µ|y, z ∼ N
(
µ̂(y), 1

y·

)
and that the yis are conditionally

independent given (µ, z) with

Yi|µ, z ∼ Gamma

(
ν + 1

2
,
(zi − µ)2 + ν

2

)
.

For notational convenience, we will denote the DA Markov chain as {µn}∞n=0 (instead of the

usual {Xn}∞n=0). The Mtd of the DA algorithm is then given by

k(µ′|µ) =

∫
Y

π(µ′|y, z) π(y|µ, z) dy .

We now show that this Markov chain is geometrically ergodic as long as ν > 1 and

m > 1/(ν − 1). The drift function we use is V (µ) =
∑m

i=1(zi − µ)2. It’s easy to see

that V is unbounded off compact sets. Indeed, fix β ∈ R and consider the sub-level set

{µ ∈ R : V (µ) ≤ β}. Let z = m−1
∑m

i=1 zi. If β <
∑m

i=1(zi − z)2, then the sub-level set is

the empty set, and if β ≥
∑m

i=1(zi − z)2, the sub-level set is a closed interval.

Let z∗ and z∗ denote the minimum and the maximum of the zis, respectively. Since µ̂(y)

is a convex combination of z1, . . . , zm, it follows that µ̂(y) ∈ [z∗, z
∗] for all y ∈ Y. The inner
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expectation in (1.2.4) can now be bounded as follows

E
[
V (µ′) | y, z

]
= E

[
m∑
i=1

(zi − µ′)2
∣∣ y, z]

=
m∑
i=1

E
[
(zi − µ′)2

∣∣ y, z]
=

m∑
i=1

Var
[
(zi − µ′) | y, z

]
+

m∑
i=1

{
E
[
(zi − µ′) | y, z

]}2

=
m∑
i=1

Var
[
µ′ | y, z

]
+

m∑
i=1

{
zi − E

[
µ′ | y, z

]}2

=
m

y·
+

m∑
i=1

(zi − µ̂(y))2

≤ m

y·
+m(z∗ − z∗)2 .

Now, since the harmonic mean is less than or equal to the arithmetic mean, we have

m

y·
=

1
1
m

∑m
i=1

1
y−1
i

≤ 1

m

m∑
i=1

y−1
i .

We conclude that

E
[
V (µ′) | y, z

]
≤ 1

m

m∑
i=1

y−1
i +m(z∗ − z∗)2 .

Therefore, as long as ν > 1, we have

E
[
V (µn+1) | µn = µ

]
≤ E

[(
1

m

m∑
i=1

Y −1
i +m(z∗ − z∗)2

) ∣∣∣ µ, z]

=
1

m

m∑
i=1

E
[
Y −1
i | µ, z

]
+m(z∗ − z∗)2

=
1

m(ν − 1)

m∑
i=1

[
(zi − µ)2 + ν

]
+m(z∗ − z∗)2

=
1

m(ν − 1)

m∑
i=1

(zi − µ)2 +
ν

(ν − 1)
+m(z∗ − z∗)2

=
1

m(ν − 1)
V (µ) +

ν

(ν − 1)
+m(z∗ − z∗)2 .
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We have established that, when ν > 1, (1.2.3) holds with λ = 1
m(ν−1)

. Thus, the Markov

chain is geometrically ergodic whenever ν > 1 and m(ν − 1) > 1.

Of course, the fact that our analysis did not lead to a geometric drift condition for the

(extreme) situations where ν ≤ 1 and/or m(ν − 1) ≤ 1 does not imply that the DA chain

converges at a sub-geometric rate in those cases. Indeed, it may be the case that a more

delicate analysis of E
[
V (µn+1) | µn = µ

]
would show that these chains are geometric as

well. Or, we might have to resort to changing the drift function. Unfortunately, there are

currently no simple methods of proving that a DA chain is not geometrically ergodic.

The drift method that we have described and illustrated in this subsection provides only

qualitative information about the rate of convergence in the sense that, once (1.2.3) has been

established, all we can say is that there exist M and ρ satisfying (1.2.2), but we cannot say

what they are. There are other (more complicated) versions of this method that, in addition

to establishing the existence of M and ρ, provide an upper bound on M(x)ρn that decreases

to zero geometrically in n. These methods were developed and refined in a series of papers

beginning with Meyn and Tweedie (1994) and Rosenthal (1995). For an overview, see Jones

and Hobert (2001). The final subsection of this chapter concerns CLTs for the estimator gn.

1.2.4 Central limit theorems

Harris ergodicity alone does not imply the existence of CLTs. However, as we now explain, if

the DA Markov chain, X, is geometrically Harris ergodic, then there will be CLTs for square

integrable functions. Let L2(fX) denote the set of functions h : X→ R such that∫
X

h2(x) fX(x) dx <∞ .

Assume that g ∈ L2(fX) and define ck = Cov
[
g(X0), g(Xk)

]
for k ∈ {1, 2, 3, . . . }, where the

covariances are calculated under the assumption that X0 ∼ fX . For example,

c1 =

∫
X

∫
X

(
g(x′)− EfXg

)(
g(x)− EfXg

)
k(x′|x)fX(x) dx dx′ ,
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where we have used the fact that X0 ∼ fX implies that X1 ∼ fX , so the expected value of

g(X1) is EfXg. Liu et al. (1994, Lemma 3.2) noted that this expression can be rearranged

as follows

c1 =

∫
X

∫
X

(
g(x′)− EfXg

)(
g(x)− EfXg

)
k(x′|x)fX(x) dx dx′

=

∫
X

∫
X

(
g(x′)− EfXg

)(
g(x)− EfXg

)[ ∫
Y

fX|Y (x′|y)fY |X(y|x) dy

]
fX(x) dx dx′

=

∫
Y

∫
X

∫
X

(
g(x′)− EfXg

)(
g(x)− EfXg

)
fX|Y (x′|y)fX|Y (x|y)fY (y) dx dx′ dy

=

∫
Y

[ ∫
X

(
g(x)− EfXg

)
fX|Y (x|y) dx

]2

fY (y) dy

= Var
{

E
[(
g(X ′)− EfXg

)
| Y ′
]}

,

(1.2.5)

where (X ′, Y ′) ∼ f(x, y). This shows that c1 > 0. In fact, this result can be used in

conjunction with the reversibility of X to show that ck > 0 for all k ∈ {1, 2, 3, . . . }.

Assume that X is geometrically Harris ergodic and that g ∈ L2(fX). As before, put

gn = 1
n

∑n−1
i=0 g(Xi). Define σ2 = EfXg

2 −
(
EfXg

)2
and κ2 = σ2 + 2

∑∞
k=1 ck. Results in

Roberts and Rosenthal (1997) and Chan and Geyer (1994) imply that κ2 <∞ and that, as

n→∞,
√
n
(
gn − EfXg

) d→ N(0, κ2) . (1.2.6)

This CLT does not require that X0 ∼ fX - it holds for all starting distributions, including

degenerate ones. We note that the reversibility of X plays a major role in the existence of

the CLT (1.2.6). In the next section, we explain how to consistently estimate the asymptotic

variance, κ2. But first, we briefly compare the estimators of EfXg based on DA and classical

Monte Carlo.

Let X∗1 , X
∗
2 , . . . be an iid sequence from fX . The classical Monte Carlo estimator of

EfXg is g∗n := 1
n

∑n
i=1 g(X∗i ). If g ∈ L1(fX), then, by the SLLN, g∗n is a strongly consistent

estimator of EfXg. If, in addition, g ∈ L2(fX), then standard results from iid theory tell us

that, as n→∞,
√
n
(
g∗n − EfXg

) d→ N(0, σ2) . (1.2.7)
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If c1 6= 0 (as will typically be the case), then κ2/σ2 > 1, so the asymptotic relative efficiency

(ARE) of g∗n with respect to gn is larger than one. Therefore, if it is possible to make an iid

draw from fX , and the computational effort of doing so is similar to the effort of simulating

a single iteration of the DA algorithm, then the classical Monte Carlo estimator is to be

preferred over the estimator based on the DA algorithm. In the next section, we explain

how these CLTs can be used in practice to choose an appropriate Monte Carlo sample size.

1.3 Choosing the Monte Carlo Sample Size

1.3.1 Classical Monte Carlo

We begin by describing how the Monte Carlo sample size is chosen in the classical Monte

Carlo context. Assume that g ∈ L2(fX) and recall that the classical Monte Carlo estimator

of EfXg is g∗n = 1
n

∑n
i=1 g(X∗i ), where X∗1 , X

∗
2 , . . . are iid from fX . The main motivation for

using g∗n as an estimator of EfXg is that g∗n converges to EfXg almost surely as n → ∞.

Obviously, in practice we cannot use an infinite sample size, so we must find a finite value

of n such that the error in g∗n is (likely to be) acceptably small. To make this more precise,

suppose we are willing to live with an error of size ∆. In other words, we would like to be

able to assert that the interval given by g∗n±∆ is highly likely to contain the true, unknown

value of EfXg. As we now explain, this can be accomplished through routine use of the CLT

given in (1.2.7).

Let σ̂2
n denote the usual sample variance of the g(X∗i )s; that is,

σ̂2
n =

1

(n− 1)

n∑
i=1

(
g(X∗i )− g∗n

)2
.

Basic asymptotic theory tell us that, since σ̂2
n is a consistent estimator of σ2,

√
n
(
g∗n − EfXg

)√
σ̂2
n

d→ N(0, 1) .
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Thus, for large n, the interval g∗n ± 2σ̂n/
√
n will contain the unknown value of EfXg with

probability (approximately) equal to 0.95. With this in mind, we can proceed as follows.

Choose an initial sample size, say n′, and make n′ iid draws from fX . (Hopefully, n′ is

large enough that σ̂2
n′ is a reasonable estimate of σ2.) If the observed value of 2σ̂n′/

√
n′ is

less than ∆, then the current estimate of EfXg is good enough and we stop. Otherwise, if

2σ̂n′/
√
n′ > ∆, then additional simulation is required. Moreover, the current estimate of

σ2 can be used to calculate approximately how much more simulation will be necessary to

achieve the stated precision. Indeed, we require an n such that 2σ̂n/
√
n < ∆, so assuming

that our estimate of σ2 has stabilized, n > 4σ̂2
n′/∆

2 should suffice.

There are two major obstacles blocking the use of a similar program for choosing n in the

DA context. First, as we have already seen, even when the Markov chain X is Harris ergodic,

the second moment condition, g ∈ L2(fX), is not enough to guarantee that the estimator

gn satisfies a CLT. To be sure that CLTs hold for L2(fX) functions, the practitioner must

either (i) employ a DA algorithm that is known to be geometrically ergodic, or (ii) establish

geometric ergodicity of the DA algorithm in question. The second problem is that, even

when the CLT in (1.2.6) is known to hold, consistent estimation of the asymptotic variance,

κ2, is a challenging problem because this variance has a fairly complex form and because

the dependence among the variables in the Markov chain complicates asymptotic analysis.

Consistent estimators of κ2 have been developed using techniques from time series analysis

and using the method of batch means, but these estimators are much more complicated

than σ̂2
n both practically and theoretically. Good entry points into the statistical literature

on methods of estimating κ2 are Geyer (1992), Jones et al. (2006) and Flegal et al. (2008).

There is no getting around the fact that establishing the existence of CLTs is harder

for Markov chains than it is for iid sequences. However, it is possible to circumvent the

difficulties associated with consistent estimation of κ2. Indeed, there is an alternative form

of the CLT in (1.2.6) that is developed by introducing regenerations into the Markov chain.

The advantage of this new CLT is that consistent estimation of its asymptotic variance

is very simple. The price we have to pay for this added simplicity is that the user must

develop a minorization condition for the Mtd k(· | ·). Fortunately, the form of k lends itself

to constructing a minorization condition. Before we can fully explain regeneration and
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minorization, we have to introduce three new Markov chains that are all closely related to

X.

1.3.2 Three Markov chains that are closely related to X

Recall from Section 1.1 that, for fixed x ∈ X, the function h(x′, y′|x) = fX|Y (x′|y′)fY |X(y′|x)

is a joint pdf in (x′, y′). Now, define k̃ : (X× Y)× (X× Y)→ [0,∞) as

k̃(x′, y′|x, y) = h(x′, y′|x) = fX|Y (x′|y′)fY |X(y′|x) .

For each fixed (x, y) ∈ X × Y, k̃(x′, y′|x, y) is nonnegative and integrates to 1. Hence, the

function k̃ is an Mtd that defines a Markov chain, (X, Y ) = {(Xn, Yn)}∞n=0, with state space

X × Y. If the current state of the chain is (Xn, Yn) = (x, y), then the density of the next

state, (Xn+1, Yn+1), is k̃(·, ·|x, y). Furthermore, the chain (X, Y ) has invariant density f(x, y);

indeed, ∫
X

∫
Y

k̃(x′, y′|x, y)f(x, y) dy dx = fX|Y (x′|y′)
∫

X

fY |X(y′|x)

[ ∫
Y

f(x, y) dy

]
dx

= fX|Y (x′|y′)
∫

X

f(x, y′) dx

= fX|Y (x′|y′)fY (y′)

= f(x′, y′) .

We refer to (X, Y ) as the “Gibbs chain” because it is, in fact, just the Markov chain that is

induced by the two-variable Gibbs sampler based on the joint density f(x, y). The analogue

of condition K for the Gibbs chain is

Condition K̃ : k̃(x′, y′|x, y) > 0 for all (x, y), (x′, y′) ∈ X× Y .

Condition K̃ implies that the Gibbs chain is Harris ergodic. A sufficient condition for

condition K̃ is that f(x, y) > 0 for all (x, y) ∈ X× Y.

The reader has probably already noticed that k̃(x′, y′|x, y) does not actually depend on y.
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In terms of the Markov chain, this means that the future state, (Xn+1, Yn+1), depends on the

current state, (Xn, Yn) only through Xn. This fact can be used to show that the conditional

distribution of Xn+1 given (X0, X1, . . . , Xn) does not depend on (X0, X1, . . . , Xn−1). In other

words, the sequence X = {Xn}∞n=0 is itself a Markov chain on X. Moreover, its Mtd is∫
Y

k̃(x′, y′|x, y) dy′ =

∫
Y

fX|Y (x′|y′)fY |X(y′|x) dy′ = k(x′|x) ;

that is, the marginal sequence X = {Xn}∞n=0 from the Gibbs chain is the original DA Markov

chain. (This is why it made sense to use the symbol Xn to denote the x-coordinate of Gibbs

chain.) It follows that we can view our estimator, gn = n−1
∑n−1

i=0 g(Xi), as being an estimator

based on the Gibbs chain. Formally, gn = n−1
∑n−1

i=0 g̃(Xi, Yi), where g̃(x, y) = g(x). This

correspondence allows us work with the Gibbs chain instead of X, which turns out to be

easier because, unlike k, k̃ is a known closed form function.

Concerning simulation of the Gibbs chain, recall that our two-step procedure for simu-

lating one iteration of the DA algorithm involves drawing from the joint pdf h(x′, y′|x) and

throwing away the y-coordinate. In other words, the two-step procedure given in Section 1.1

actually simulates the Gibbs chain and just ignores the y-coordinates.

Not surprisingly, the marginal sequence Y = {Yn}∞n=0 from the Gibbs chain is also a

Markov chain. This chain lives on Y and its Mtd is

ky(y
′|y) =

∫
X

fY |X(y′|x)fX|Y (x|y) dx .

It follows that Y can be viewed as the Markov chain underlying a DA algorithm for the

target density fY (y), and, as such, Y is reversible with respect to fY . There is actually an

alternative estimator of EfXg based on Y that we now describe. Define

ĝ(y) =

∫
X

g(x) fX|Y (x|y) dx ,

and note that
∫

Y
ĝ(y) fY (y) dy =

∫
X
g(x) fX(x) dx = EfXg. Thus, if we can write ĝ in closed

form, which is often the case in practice, then we can compute the alternative estimator of
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EfXg given by

1

n

n−1∑
i=0

ĝ(Yi) . (1.3.1)

If Y is Harris ergodic, then, like gn, the estimator (1.3.1) is strongly consistent for EfXg. In

fact, Liu et al. (1994) proved that, if X0 ∼ fX and Y0 ∼ fY , then the alternative estimator

has a smaller (small sample) variance than gn. (Comparing variances is appropriate here

since, if X0 ∼ fX and Y0 ∼ fY , then both estimators are unbiased.) We note that the

methods described below for computing a valid asymptotic standard error for gn can just as

easily be applied to the estimator (1.3.1).

Finally, consider the Mtd given by

˜̃k(y′, x′|y, x) = fY |X(y′|x′)fX|Y (x′|y) ,

and denote the corresponding Markov chain by (Y ′, X ′) = {(Y ′n, X ′n)}∞n=0. Of course, (Y ′, X ′)

is just the Markov chain induced by the two-variable Gibbs sampler for f(x, y) with the

variables in the opposite order. The chain (Y ′, X ′) behaves just like (X, Y ). Indeed, f(x, y)

remains invariant and, by symmetry, the marginal sequences {X ′n}∞n=0 and {Y ′n}∞n=0 are equiv-

alent (distributionally) to X = {Xn}∞n=0 and Y = {Yn}∞n=0. Consequently, we can also view

our estimator, gn = n−1
∑n−1

i=0 g(Xi), as being an estimator based on the chain (Y ′, X ′); i.e.,

gn = n−1
∑n−1

i=0
˜̃g(Y ′i , X

′
i), where ˜̃g(y, x) = g(x). In some cases, it is more convenient to work

with ˜̃k than with k̃. An important fact that will be used later is that all four of the Markov

chains discussed in this section (X, Y , (X, Y ) and (Y ′, X ′)) converge at exactly the same rate

(Diaconis et al., 2008; Roberts and Rosenthal, 2001). Therefore, either all four chains are

geometrically ergodic, or none of them is. We now describe the minorization condition and

how it is used to induce regenerations, which can in turn be used to derive the alternative

CLT.



28 CHAPTER 1. THE DATA AUGMENTATION ALGORITHM

1.3.3 Minorization, regeneration and an alternative CLT

We assume throughout this subsection that the Gibbs chain is Harris ergodic. Suppose we

can find a function s : X→ [0, 1) with EfXs > 0 and a joint pdf d : X×Y → [0,∞) such that

k̃(x′, y′|x, y) ≥ s(x) d(x′, y′) for all (x, y), (x′, y′) ∈ X× Y . (1.3.2)

Equation (1.3.2) is called a minorization condition (Jones and Hobert, 2001; Meyn and

Tweedie, 1993; Roberts and Rosenthal, 2004). Here is a simple example.

Example 2 cont. Here we have X = Y = (0, 1), and we can develop a minorization

condition as follows

k̃(x′, y′|x, y) = fX|Y (x′|y′)fY |X(y′|x)

=
2x′

(1− y′2)
I(y′ < x′ < 1)

1

x
I(0 < y′ < x < 1)

≥ 2x′

(1− y′2)
I(y′ < x′ < 1)

1

x
I(0 < y′ < 0.5) I(0.5 < x < 1)

=
1

x
I(0.5 < x < 1)

2x′

(1− y′2)
I(y′ < x′ < 1) I(0 < y′ < 0.5)

=

[
1

2x
I(0.5 < x < 1)

][
4x′

(1− y′2)
I(y′ < x′ < 1) I(0 < y′ < 0.5)

]
= s(x) d(x′, y′) ,

where we have used the fact that∫ 1

0

∫ 1

0

2x

(1− y2)
I(y < x < 1) I(0 < y < 0.5) dx dy =

1

2
.

Note that the density d is not strictly positive on X× Y.

The minorization condition (1.3.2) can be used to represent the Mtd k̃ as a mixture of

two other Mtds. First, define

r(x′, y′|x, y) =
k̃(x′, y′|x, y)− s(x)d(x′, y′)

1− s(x)
,
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and note that r(x′, y′|x, y) is an Mtd. Indeed, (1.3.2) implies that r is nonnegative and it’s

also clear that
∫

X

∫
Y
r(x′, y′|x, y) dy′ dx′ = 1. We can now express k̃ as follows

k̃(x′, y′|x, y) = s(x)d(x′, y′) +
(
1− s(x)

)
r(x′, y′|x, y) . (1.3.3)

If we think of s(x) and 1− s(x) as two fixed numbers in [0, 1] whose sum is 1, then the right-

hand side of (1.3.3) can be viewed as a mixture of two Mtds, d(x′, y′) and r(x′, y′|x, y). Since

d(x′, y′) does not depend on (x, y), the Markov chain defined by d is actually an iid sequence

and this is the key to introducing regenerations. Technically speaking, the regenerations do

not occur in the Gibbs chain itself, but in an augmented Markov chain that we now describe.

For (x, y) ∈ X × Y, let f1

(
δ
∣∣(x, y)

)
denote a Bernoulli(s(x)) probability mass function;

that is, f1

(
1
∣∣(x, y)

)
= s(x) and f1

(
0
∣∣(x, y)

)
= 1− s(x). Also, for (x′, y′), (x, y) ∈ X× Y and

δ ∈ {0, 1} define

f2

(
(x′, y′)

∣∣δ, (x, y)
)

= d(x′, y′) I(δ = 1) + r(x′, y′|x, y) I(δ = 0) . (1.3.4)

Note that f2 is a pdf in (x′, y′). Finally, define

ks
(
(x′, y′), δ′

∣∣(x, y), δ
)

= f1

(
δ′
∣∣(x, y)

)
f2

(
(x′, y′)

∣∣δ′, (x, y)
)
. (1.3.5)

Now, ks is non-negative and

∑
δ′∈{0,1}

∫
Y

∫
X

ks
(
(x′, y′), δ′

∣∣(x, y), δ
)
dx′ dy′ =

∑
δ′∈{0,1}

f1

(
δ′
∣∣(x, y)

)
= 1 .

Therefore, ks is an Mtd and the corresponding Markov chain, which we denote by
(
(X, Y ), δ

)
=

{(Xn, Yn), δn}∞n=0, lives on (X× Y)× {0, 1}. This is called the split chain (Nummelin, 1984,

Section 4.4).

Before we elucidate the regeneration properties of the split chain, we describe the rela-

tionship between the split chain and the Gibbs chain. Note that ks does not actually depend

on δ. Thus, arguments similar to those used in Subsection 1.3.2 show that the marginal
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sequence {(Xn, Yn)}∞n=0 from the split chain is itself a Markov chain with Mtd given by

ks
(
(x′, y′), 1

∣∣(x, y), δ
)

+ ks
(
(x′, y′), 0

∣∣(x, y), δ
)

= f1

(
1
∣∣(x, y)

)
f2

(
(x′, y′)

∣∣1, (x, y)
)

+ f1

(
0
∣∣(x, y)

)
f2

(
(x′, y′)

∣∣0, (x, y)
)

= s(x)d(x′, y′) +
(
1− s(x)

)
r(x′, y′|x, y)

= k̃(x′, y′|x, y) .

We conclude that the marginal sequence {(Xn, Yn)}∞n=0 from the split chain is (distribution-

ally) equivalent to the Gibbs chain. Moreover, the split chain inherits Harris ergodicity from

the Gibbs chain (Nummelin, 1984, Section 4.4). As before, we can view the estimator gn as

being based on the split chain.

The split chain experiences a regeneration every time the binary component visits the set

{1}. To see this, suppose we start the split chain with δ0 = 1 and (X0, Y0) ∼ d(·, ·). It is clear

from (1.3.5) and (1.3.4) that, no matter what the value of the current state,
(
(Xn, Yn), δn

)
,

if δn+1 = 1 then (Xn+1, Yn+1) ∼ d(·, ·) and the process stochastically restarts itself; that is,

the Markov chain regenerates. We now use the regenerative structure of the split chain to

recast our estimator of EfXg in such a way that iid theory can be used to analyze it. This

leads to an alternative CLT whose asymptotic variance is very easy to estimate.

Let τ0, τ1, τ2, . . . denote the regeneration times ; that is, the random times at which the

split chain regenerates. Then τ0 = 0 and, for t = 1, 2, 3, . . . , we have

τt = min
{
i > τt−1 : δi = 1

}
.

This notation allows us to identify the “tours” that the split chain takes in between regen-

erations:

{((
Xτt−1 , Yτt−1

)
, δτt−1

)
, . . . ,

((
Xτt−1, Yτt−1

)
, δτt−1

)
: t = 1, 2, 3, . . .

}
.

These tours are independent stochastic copies of each other, and hence standard techniques

from iid theory (such as the SLLN and the CLT) can be used in the asymptotic analysis of the

resulting ergodic averages. In other words, the regenerative structure that we have introduced
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allows us to circumvent (to some extent) the complications caused by the dependence among

the random vectors in the Markov chain.

Consider running the split chain for R tours; that is, the chain is started with δ0 = 1

and (X0, Y0) ∼ d(·, ·) and is run until the Rth time that a δn = 1. (Some practical advice

concerning simulation of the split chain will be given later.) For t = 1, 2, . . . , R, define

Nt = τt − τt−1, which is the length of the tth tour, and St =
∑τt−1

i=τt−1
g(Xi). Because the

tours are independent stochastic copies of each other, the pairs (N1, S1), . . . , (NR, SR) are

iid. The total length of the simulation is
∑R

t=1Nt = τR, which is, of course, random. Our

estimator of EfXg will be

gR =
1

τR

τR−1∑
i=0

g(Xi) =

∑R
t=1 St∑R
t=1 Nt

.

Clearly, the only difference between gR and the usual ergodic average, gn, is that here, the

sample size is random. However, τR → ∞ almost surely as R → ∞ and it follows that

gR is also strongly consistent for EfXg as R → ∞. The advantage of gR over the usual

ergodic average is that it can be expressed in terms of the iid pairs {(Nt, St)}Rt=1. Results in

Hobert et al. (2002) show that, if the Gibbs chain (or, equivalently, the DA Markov chain)

is geometrically ergodic and EfX |g|2+α <∞ for some α > 0, then as R→∞

√
R
(
gR − EfXg

) d→ N
(
0, γ2

)
, (1.3.6)

where

γ2 =
E
[
(S1 −N1EfXg)2

][
EN1

]2 .

Note that this asymptotic variance is written in terms of a single tour, (N1, S1). Results in

Hobert et al. (2002) show that the geometric ergodicity of the Gibbs chain together with

the “2 + α” moment condition on g imply that EN2
1 and ES2

1 are both finite. Once these

moments are known to be finite, routine asymptotics can be used to show that

γ̂2
R =

R
∑R

t=1

(
St − gRNt

)2

τ 2
R

is a strongly consistent estimator of γ2 as R→∞. Note the simple form of this estimator.
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A couple of comments are in order concerning the two different CLTs, (1.3.6) and (1.2.6).

First, both CLTs are based on the assumption that the DA Markov chain, X, is geometrically

ergodic. However, while (1.2.6) requires only the usual second moment condition, EfXg
2 <

∞, (1.3.6) requires the slightly stronger condition that EfX |g|2+α < ∞ for some α > 0.

Second, the two asymptotic variances are related via the formula κ2 = γ2/EfXs (Hobert et al.,

2002). This makes sense intuitively because EfXs is the average probability of regeneration

(under stationarity) and hence 1/EfXs seems like a reasonable guess at the average tour

length.

We conclude that, if X is geometrically ergodic and the “2 + α” moment condition on

g is satisfied, then we can employ the DA algorithm in the same way that classical Monte

Carlo is used. Indeed, we can simulate R′ tours of the split chain, where R′ is some initial

sample size. (Hopefully, R′ is large enough that γ̂2
R′ is a reasonable estimate of γ2.) If

2γ̂2
R′/
√
R′ ≤ ∆, then the current estimate of EfXg is good enough and we stop. Otherwise,

if 2γ̂2
R′/
√
R′ > ∆, then additional tours must be simulated.

1.3.4 Simulating the split chain

Exploiting the techniques described in the previous subsection in practice requires the ability

to simulate the split chain. The form of ks actually lends itself to the sequential simulation

technique described in Section 1.1. If the current state is
(
(Xn, Yn), δn

)
= ((x, y), δ), then

the future state,
(
(Xn+1, Yn+1), δn+1

)
, can be simulated as follows. First, draw δn+1 ∼

Bernoulli(s(x)) and then, conditional on δn+1 = δ′, draw (Xn+1, Yn+1) from

f2

(
(·, ·)

∣∣δ′, (x, y)
)

;

i.e., if δ′ = 1, draw (Xn+1, Yn+1) ∼ d(·, ·), and if δ′ = 0, draw (Xn+1, Yn+1) ∼ r(·, ·|x, y). Here

is an example where this method is viable.

Example 2 cont. Recall that we developed a minorization condition of the form (1.3.2)

for this example earlier in this subsection. We now verify that it is straightforward to
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simulate from d(·, ·) and from r(·, ·|x, y). First, it is easy to show that if (U, V ) ∼ d(·, ·),
then marginally, V is Uniform(0, 0.5), and the conditional density of U given V = v is

fX|Y (u|v) = 2u
1−v2 I(v < u < 1). Hence, simulating from d is easy. Now consider r. Since,

s(x) = 0 when x ∈ (0, 0.5), we must have r(x′, y′|x, y) = k̃(x′, y′|x, y) when x ∈ (0, 0.5). On

the other hand, when x ∈ (0.5, 1), then routine calculations show that

r(x′, y′|x, y) =
2x′

(1− y′2)(x− 0.5)
I(y′ < x′ < 1) I(0.5 < y′ < x) ,

and, in this case, it’s easy to show that if (U, V ) ∼ r(·, ·|x, y), then marginally, V is

Uniform(0.5, x), and the conditional density of U given V = v is fX|Y (u|v), so it is also

easy to draw from r. Note that the supports of d(·, ·) and r(·, ·|x, y) are mutually exclusive.

We conclude that the sequential method outlined above can be used to simulate the split

chain in this example.

In the toy example just considered, it is straightforward to simulate from r(·, ·|x, y). How-

ever, this will typically not be the case in real examples where k̃(x′, y′|x, y) is a high dimen-

sional, complex Mtd. Fortunately, Mykland et al. (1995) noticed a clever way of circumvent-

ing the need to draw from r. Their idea amounts to using the sequential simulation technique,

but in the opposite order. Indeed, one way to draw from (Xn+1, Yn+1), δn+1|(Xn, Yn) is to

first draw from (Xn+1, Yn+1)|(Xn, Yn) and then from δn+1|(Xn+1, Yn+1), (Xn, Yn). A little

thought reveals that these two steps are simple and do not involve drawing from r. First,

we established above that (Xn+1, Yn+1)|(Xn, Yn) = (x, y) ∼ k̃(·, ·|x, y), so this step can be

accomplished by simulating a single iteration of the Gibbs chain (by drawing from fY |X

and then from fX|Y ). Furthermore, given (Xn, Yn) and (Xn+1, Yn+1), δn+1 has a Bernoulli

distribution with success probability given by

Pr
(
δn+1 = 1 | Xn = x, Yn = y,Xn+1 = x′, Yn+1 = y′

)
=
s(x) d(x′, y′)

k̃(x′, y′|x, y)
. (1.3.7)

Here is a summary of how Mykland et al.’s (1995) method is used to simulate the split

chain. If the current state is (Xn, Yn) = (x, y), then we simply draw (Xn+1, Yn+1) in the

usual way, and then we go back and “fill in” the value of δn+1 by simulating a Bernoulli with
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success probability (1.3.7). Even though we only draw from d once (at the start) and we

never actually draw from r at all, there is a regeneration in the chain each time δn = 1. In

fact, we can even avoid the single draw from d (although, even in real problems, it is usually

pretty easy to draw from d). Starting the chain from an arbitrary point, but then throwing

away everything from the beginning up to and including the first Bernoulli that equals 1,

is equivalent to drawing (X0, Y0) ∼ d(·, ·). Finally, note the rather striking fact that the

only difference between simulating the split chain and the Gibbs chain is a single Bernoulli

draw per iteration! In fact, if computer code is available that runs the DA algorithm, then

a few minor modifications will yield a program that runs the split chain instead. Here is an

example illustrating the use of (1.3.7).

Example 2 cont. If the nth and (n+1)st states of the Gibbs chain are (Xn, Yn) = (x, y) and

(Xn+1, Yn+1) = (x′, y′), then it must be the case that x, x′ ∈ (0, 1) and y′ ∈
(
0,min{x, x′}

)
.

Now, applying (1.3.7), the probability that a regeneration occurred is

Pr
(
δn+1 = 1 | Xn = x, Yn = y,Xn+1 = x′, Yn+1 = y′

)
= I(0.5 < x < 1) I(0 < y′ < 0.5) .

In hindsight, this formula is actually “obvious.” First, if x /∈ (0.5, 1), then s(x) = 0, and

regeneration could not have occurred. Likewise, if y′ /∈ (0, 0.5), then d could not have been

used to draw (Xn+1, Yn+1) so, again, regeneration could not have occurred. On the other

hand, if x ∈ (0.5, 1) and y′ ∈ (0, 0.5), then there must have been a regeneration because

r(·, ·|x, y) could not have been used to draw (Xn+1, Yn+1).

In the next subsection, we give a general method of developing the minorization condition

(1.3.2).

1.3.5 A general method for constructing the minorization condition

The minorization condition for Example 1 was derived in a somewhat ad-hoc manner. We

now describe a general recipe, due to Mykland et al. (1995), for constructing a minorization

condition. This technique is most effective when f(x, y) is strictly positive on X× Y. Fix a
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“distinguished point” x∗ ∈ X and a set D ⊂ Y. Then we can write

k̃(x′, y′|x, y) = fX|Y (x′|y′)fY |X(y′|x)

=
fY |X(y′|x)

fY |X(y′|x∗)
fX|Y (x′|y′)fY |X(y′|x∗)

≥
[

inf
y∈D

fY |X(y|x)

fY |X(y|x∗)

]
fX|Y (x′|y′)fY |X(y′|x∗)ID(y′)

= c

[
inf
y∈D

fY |X(y|x)

fY |X(y|x∗)

]
1

c
fX|Y (x′|y′)fY |X(y′|x∗)ID(y′) ,

where

c =

∫
Y

∫
X

fX|Y (x|y)fY |X(y|x∗)ID(y) dx dy =

∫
D

fY |X(y|x∗) dy .

Thus, we have a minorization condition k̃(x′, y′|x, y) ≥ s(x)d(x′, y′) with

s(x) = c inf
y∈D

fY |X(y|x)

fY |X(y|x∗)
and d(x′, y′) =

1

c
fX|Y (x′|y′)fY |X(y′|x∗)ID(y′) .

Fortunately, the value of c is not required in practice. The success probability in (1.3.7)

involves s(x) and d(x′, y′) only through their product, so c cancels out. Furthermore, it is

possible to make draws from d(x′, y′) without knowing the value of c. We first draw Y ′ from

its marginal density, c−1fY |X(y′|x∗)ID(y′), by repeatedly drawing from fY |X(·|x∗) until the

result is in the set D. Then, given Y ′ = y′, we draw X ′ from fX|Y (·|y′).

Since the asymptotics described in Subsection 1.3.3 are for large R, the more frequently

the split chain regenerates, the better. Thus, in practice, one should choose the point x∗ and

the set D so that regenerations occur frequently. This can be done by trial and error. In

applications, we have found it useful fix x∗ (at a preliminary estimate of the mean of fX) and

then vary the set D. Note that, according to (1.3.7), a regeneration could only have occurred

if y′ ∈ D, so it is temping to make D large. However, as D gets larger, s(x) becomes smaller,

which means that the probability of regeneration becomes smaller. Hence, a balance must be

struck. For examples, see Mykland et al. (1995), Jones and Hobert (2001), Roy and Hobert

(2007) and Tan and Hobert (2008). We now provide two examples illustrating Mykland

et al.’s (1995) method.
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Example 3 cont. Recall that X|Y = y ∼ N(0, y−1) and Y |X = x ∼ Gamma
(

5
2
, x

2

2
+ 2
)
.

Thus,

fY |X(y|x)

fY |X(y|x∗)
=

[
Γ
(

5
2

)]−1(x2

2
+ 2
) 5

2y
3
2 exp

{
− y
(
x2

2
+ 2
)}

[
Γ
(

5
2

)]−1(x2
∗
2

+ 2
) 5

2y
3
2 exp

{
− y
(
x2
∗
2

+ 2
)}

=

(
x2 + 4

x2
∗ + 4

) 5
2

exp

{
− y

2

(
x2 − x2

∗
)}

.

So if we take D = [d1, d2] where 0 < d1 < d2 <∞, we have

inf
y∈D

fY |X(y|x)

fY |X(y|x∗)
=

(
x2 + 4

x2
∗ + 4

) 5
2

exp

{
− d2

2

(
x2 − x2

∗
)
I
(
x2 > x2

∗
)
− d1

2

(
x2 − x2

∗
)
I
(
x2 ≤ x2

∗
)}

.

Thus,

Pr
(
δn+1 = 1 |Xn = x, Yn = y,Xn+1 = x′, Yn+1 = y′

)
=
s(x) d(x′, y′)

k̃(x′, y′|x, y)

=

[
inf

y∈[d1,d2]

fY |X(y|x)

fY |X(y|x∗)

]
fY |X(y′|x∗)
fY |X(y′|x)

I[d1,d2](y
′)

= exp

{(
x2 − x2

∗
)[y′

2
− d2

2
I
(
x2 > x2

∗
)
− d1

2
I
(
x2 ≤ x2

∗
)]}

I[d1,d2](y
′) .

A draw from d(x′, y′) can be made by drawing a truncated gamma and then a normal.

Here is a more realistic example.

Example 4 cont. The variable of interest is (µ, σ2), which lives in X = R × R+, and the

augmented data, y, live in Y = Rm
+ . In order to keep the notation under control, we use the

symbol η in place of σ2. In this example, it turns out to be more convenient to use ˜̃k, which

is given by
˜̃k
(
y′, (µ′, η′)|y, (µ, η)

)
= π(y′|µ′, η′, z)π(µ′, η′|y, z) ,

where the conditional densities on the right-hand side are defined in (1.1.6)-(1.1.8). Fix a
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distinguished point y∗ ∈ Y and let D = [d1, d2] × [d3, d4] where −∞ < d1 < d2 < ∞ and

0 < d3 < d4 <∞. Now, letting ys denote the sum of the components of y∗, we have

π(µ, η|y, z)
π(µ, η|y∗, z)

=

√
y·√
η2π

exp
{
− y·

2η

(
µ− µ̂(y)

)2
}(

y·σ̂2(y)
2

)m+1
2

Γ−1
(
m+1

2

)
η−

m+1
2
−1 exp

{
− y·σ̂2(y)

2η

}
√
ys√
η2π

exp
{
− ys

2η

(
µ− µ̂(y∗)

)2
}(

ysσ̂2(y∗)
2

)m+1
2

Γ−1
(
m+1

2

)
η−

m+1
2
−1 exp

{
− ysσ̂2(y∗)

2η

}
=

√
y·√
ys

(
y·σ̂

2(y)

ysσ̂2(y∗)

)m+1
2

exp

{
− 1

2η

[
y·
(
µ− µ̂(y)

)2
+ y·σ̂

2(y)− ys
(
µ− µ̂(y∗)

)2 − ysσ̂2(y∗)
]}

=

√
y·√
ys

(
y·σ̂

2(y)

ysσ̂2(y∗)

)m+1
2

exp

{
− 1

2η
Q(µ; y, y∗)

}
,

where Q(µ; y, y∗) is a quadratic function of µ whose coefficients are determined by y and

y∗. Now consider minimizing the exponential over (µ, η) ∈ [d1, d2] × [d3, d4]. Let µ̃ denote

the maximizer of Q(µ; y, y∗) over µ ∈ [d1, d2], which is easy to compute once y and y∗ are

specified. Clearly, if Q(µ̃; y, y∗) ≥ 0, then the exponential is minimized at (µ, η) = (µ̃, d3).

On the other hand, if Q(µ̃; y, y∗) < 0, then the minimizer is (µ, η) = (µ̃, d4). Let η = d3 if

Q(µ̃; y, y∗) ≥ 0 and d4 if Q(µ̃; y, y∗) < 0. Then we can write

s(y) = c inf
(µ,η)∈[d1,d2]×[d3,d4]

π(µ, η|y, z)
π(µ, η|y∗, z)

= c

√
y·√
ys

(
y·σ̂

2(y)

ysσ̂2(y∗)

)n+1
2

exp

{
− 1

2η
Q(µ̃; y, y∗)

}
,

and

d
(
y′, (µ′, η′)

)
=

1

c
π(y′|µ′, η′, z)π(µ′, η′|y∗, z)ID(µ′, η′) .

Putting all of this together, if the nth and (n+ 1)st states of the Gibbs chain are (Xn, Yn) =(
(µ, η), y

)
and (Xn+1, Yn+1) =

(
(µ′, η′), y′

)
, then the probability that a regeneration occurred;
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i.e., that δn+1 = 1, is given by

s(y) d
(
y′, (µ′, η′)

)
˜̃k
(
y′, (µ′, η′)|y, (µ, η)

) =

[
inf

(µ,η)∈[d1,d2]×[d3,d4]

π(µ, η|y, z)
π(µ, η|y∗, z)

]
π(µ′, η′|y∗, z)
π(µ′, η′|y, z)

ID(µ′, η′)

= exp

{
− 1

2η
Q(µ̃; y, y∗) +

1

2η′
Q(µ′; y∗, y)

}
ID(µ′, η′) .

In the final section of this chapter, we describe a simple method of improving the DA

algorithm.

1.4 Improving the DA Algorithm

Suppose the current state of the DA algorithm is Xn = x. As we know, the move to Xn+1

involves two steps: draw Y ∼ fY |X(·|x) and then, conditional on Y = y, draw Xn+1 ∼
fX|Y (·|y). Consider adding an extra step in between these two. Suppose that, after having

drawn Y = y, but before drawing Xn+1, a random move is made from y to a new point in

Y, call it Y ′. Then, conditional on Y ′ = y′, draw Xn+1 ∼ fX|Y (·|y′). Graphically, we are

changing the algorithm from X → Y → X ′ to X → Y → Y ′ → X ′. Of course, this must all

be done subject to the restriction that fX remains invariant. Intuitively, this extra random

move within Y should reduce the correlation between Xn and Xn+1, thereby improving the

mixing properties of the DA Markov chain. On the other hand, the new algorithm requires

more computational effort per iteration and this must be weighed against any improvement in

mixing. In this section, we describe techniques for constructing relatively inexpensive extra

moves that often result in dramatic improvements in mixing. Here is a brief description of

one of these techniques.

Suppose that G ⊂ Rd and that we have a class of functions tg : Y → Y indexed by g ∈ G.

In Section 1.4.4 we show that, if this class possesses a certain group structure, then there

exists a parametric family of densities on G, indexed by y ∈ Y, call it ξ(g; y), that can be used

to make the extra move Y → Y ′. It proceeds as follows. Given Y = y, draw G ∼ ξ(· ; y),
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call the result g, and set Y ′ = tg(y). In other words, the extra move takes y to the random

point Y ′ = tG(y) where G is drawn from a distribution that is constructed to ensure that fX

remains invariant. Typically, d is small, say 1 or 2, so drawing from ξ(· ; y) is inexpensive. A

potential downside of small d is that, for fixed y, the set {tg(y) : g ∈ G} is a low dimensional

subset of Y (that includes the point y). Thus, the potential “shake-up” resulting from the

move to Y ′ = tG(y) may not be significant. However, it turns out that, even when d = 1,

this shake-up often results in huge improvements. We now begin a careful development of

these ideas.

1.4.1 The PX-DA and marginal augmentation algorithms

Recall that our DA algorithm is based on the pdf f(x, y) whose x-marginal is fX . As above,

let G ⊂ Rd and suppose that we have a class of functions tg : Y → Y indexed by g ∈ G.

Assume that for each fixed g, tg(y) is one-to-one and differentiable in y. Let Jg(z) denote the

Jacobian of the transformation z = t−1
g (y), so, e.g., in the univariate case, Jg(z) = ∂

∂z
tg(z).

Note that ∫
Y

f
(
x, tg(y)

)
|Jg(y)| dy =

∫
Y

f(x, z) dz = fX(x) . (1.4.1)

Now suppose that w : G→ [0,∞) is a pdf and define f (w) : X× Y × G→ [0,∞) as follows

f (w)(x, y, g) = f
(
x, tg(y)

)
|Jg(y)|w(g) . (1.4.2)

It is clear from (1.4.1) that f (w)(x, y, g) is a pdf whose x-marginal is fX(x), and hence the

pdf defined by

f (w)(x, y) =

∫
G

f (w)(x, y, g) dg

also has fX as its x-marginal. Thus, if straightforward sampling from f
(w)
X|Y (x|y) and f

(w)
Y |X(y|x)

is possible, then we have a new DA algorithm that can be compared with the one based on

f(x, y). (For the remainder of this chapter, we assume that all Markov chains on X are Harris

ergodic.) As we will see, it is often possible to choose tg and w in such a way that there is little

difference between these two DA algorithms in terms of computational effort per iteration.

However, under mild regularity conditions that are described below, the new algorithm
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beats the original in terms of both convergence rate and ARE. The idea of introducing the

extra parameter, g, to form a new DA algorithm was developed independently by Meng

and van Dyk (1999), who called it marginal augmentation, and Liu and Wu (1999), who

called it parameter expanded-data augmentation (or PX-DA). We find Liu and Wu’s (1999)

terminology a bit more convenient, so we call the new DA algorithm based on f (w)(x, y) a

PX-DA algorithm. Here’s a simple example.

Example 3 cont. Set G = R+ and let tg(y) = gy. If we take w(g) to be a Gamma(α, β)

pdf, then we have

f (w)(x, y, g) = f
(
x, tg(y)

)
|Jg(y)|w(g)

=

[
4√
2π

(gy)
3
2 exp

{
− gy

(x2

2
+ 2
)}
IR+(y)

](
g
)[ βα

Γ(α)
gα−1 exp{−gβ}IR+(g)

]
.

It follows that

f (w)(x, y) =

∫
R+

f (w)(x, y, g) dg =
4βα Γ

(
5
2

+ α
)

Γ(α)
√

2π
y

3
2

[
y
(x2

4
+ 1
)

+ β

]−( 5
2

+α)

.

According to the theory above, every (α, β) ∈ R+×R+ yields a different version of f (w)(x, y)

and every one of them has the Student’s t density with 4 degrees of freedom as its x-marginal.

Now consider the conditional densities under f (w)(x, y). It’s easy to show that f
(w)
X|Y (·|y)

is a scaled Student’s t density and that f
(w)
Y |X(·|x) is a scaled F density. In fact, if the current

state of the PX-DA Markov chain is Xn = x, then the next state, Xn+1, can be simulated

by performing the following two steps:

1. Draw U from the F -distribution with 5 numerator degrees of freedom and 2α denomi-

nator degrees of freedom, and call the realized value u. Then set y = 10β
α(x2+4)

u.

2. Draw V from the Student’s t distribution with 2(α + 2) degrees of freedom, and set

Xn+1 =
√

2(y+β)
y(α+2)

V .

(Note that Step 2 is as difficult as drawing directly from the target pdf, fX , which is a
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Student’s t density, but keep in mind that this is just a toy example that we are using for

illustration.) We now have infinitely many viable PX-DA algorithms - one for each (α, β)

pair. This brings up an obvious question. Are any of these PX-DA algorithms better than

the original DA algorithm, and if so, is there a best one? These questions are answered

below.

In the toy example just considered, the conditional densities f
(w)
X|Y and f

(w)
Y |X have standard

forms. Unfortunately, in real examples, it will typically be impossible to sample directly

from (or even compute) these conditionals. However, by exploiting the relationship between

f (w)(x, y) and f (w)(x, y, g), it is possible to develop indirect methods of drawing from f
(w)
X|Y

and f
(w)
Y |X that use only draws from fX|Y , fY |X , w(g) and one other density. (Recall that

we have been operating under the assumption that it is easy to sample from fX|Y and fY |X

since Section 1.1.) We begin with f
(w)
Y |X(y|x). Note that

f
(w)
Y |X(y|x) =

∫
G
f (w)(x, y, g) dg

fX(x)

=

∫
G

f
(
x, tg(y)

)
fX(x)

|Jg(y)|w(g) dg

=

∫
G

fY |X
(
tg(y)|x

)
|Jg(y)|w(g) dg . (1.4.3)

Now suppose that Y ′ ∼ fY |X(·|x), G ∼ w(·), and Y ′ and G are independent. Then the

integrand in (1.4.3) is the joint density of (G, Y ) where Y = t−1
G (Y ′). Consequently, Y =

t−1
G (Y ′) has density f

(w)
Y |X(·|x). This provides a simple method of drawing from f

(w)
Y |X(·|x).

Indeed, we draw Y ′ and G independently from fY |X(·|x) and w(·), respectively, and then

take Y = t−1
G (Y ′).

Sampling from f
(w)
X|Y is a little trickier. Clearly,

f
(w)
X|Y (x|y) =

∫
G

f
(w)
X,G|Y (x, g|y) dg =

∫
G

f
(w)
X|Y,G(x|y, g) f

(w)
G|Y (g|y) dg .

Thus, we can use the sequential simulation technique from Section 1.1 to draw from f
(w)
X|Y (x|y)

as follows. First, drawG ∼ f
(w)
G|Y (·|y) and then, conditional onG = g, drawX ∼ f

(w)
X|Y,G(·|y, g).
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But now the question is: Can we draw from f
(w)
G|Y and f

(w)
X|Y,G? It’s actually simple to draw

from f
(w)
X|Y,G because

f
(w)
X|Y,G(x|y, g) =

f (w)(x, y, g)∫
X
f (w)(x, y, g) dx

=
f
(
x, tg(y)

)
|Jg(y)|w(g)

fY
(
tg(y)

)
|Jg(y)|w(g)

= fX|Y
(
x|tg(y)

)
.

In other words, drawing from f
(w)
X|Y,G(·|y, g) is equivalent to drawing from fX|Y

(
·|tg(y)

)
. Now,

f
(w)
G|Y (g|y) =

∫
X
f (w)(x, y, g) dx∫

G

∫
X
f (w)(x, y, g) dx dg

∝
∫

X

f (w)(x, y, g) dx = fY
(
tg(y)

)
|Jg(y)|w(g) .

There is no simple trick for drawing from f
(w)
G|Y . Moreover, at first glance, sampling from

the normalized version of fY
(
tg(y)

)
|Jg(y)|w(g) appears challenging because this function

involves fY , from which it is impossible to sample. (Indeed, if we could draw directly from

fY , then we could use the sequential simulation technique to get exact draws from the target,

fX , and we wouldn’t need MCMC!) Fortunately, g typically has much lower dimension than

y and in such cases it is often possible to draw from f
(w)
G|Y (g|y) despite the intractability of

fY . Hence, our method of drawing from f
(w)
X|Y (·|y) is as follows. Draw G ∼ f

(w)
G|Y (·|y), and

then conditional on G = g, draw X ∼ fX|Y
(
· | tg(y)

)
.

As we know from previous sections, performing one iteration of the PX-DA algorithm

entails drawing from f
(w)
Y |X(·|x) and then from f

(w)
X|Y (·|y). Liu and Wu (1999) noticed that

making these two draws using the indirect techniques described above can be represented

as a three-step procedure in which the first and third steps are the same as the original DA

algorithm. Indeed, if the current state of the PX-DA Markov chain is Xn = x, then we can

simulate Xn+1 as follows.
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One iteration of the PX-DA Algorithm:

1. Draw Y ∼ fY |X(·|x), and call the observed value y.

2. Draw G ∼ w(·), call the result g, then draw G′ ∼ f
(w)
G|Y
(
· |t−1

g (y)
)
, call the result g′, and

finally set y′ = tg′
(
t−1
g (y)

)
.

3. Draw Xn+1 ∼ fX|Y (·|y′).

Here is a recapitulation of what has been done so far in this subsection. We started with a

DA algorithm for fX based on a joint density f(x, y). The density f(x, y) was used to create

an entire family of joint densities, f (w)(x, y), one for each density w(·). Each member of this

family has fX as its x-marginal and can therefore be used to create a new DA algorithm.

We call these PX-DA algorithms. Running a PX-DA algorithm requires drawing from f
(w)
X|Y

and f
(w)
Y |X , and simple, indirect methods of making these draws were developed. Finally, we

provided a representation of the PX-DA algorithm as a three-step algorithm in which the

first and third steps are the same as the two steps of the original DA algorithm.

From a computational standpoint, the only difference between the original DA algorithm

and the PX-DA algorithm is that one extra step (Step 2) must be performed at each iteration

of the PX-DA algorithm. However, when g has relatively low dimension, as is usually the

case in practice, the computational cost of the extra step is inconsequential compared to

the cost of Steps 1 and 3. In such cases, the DA and PX-DA algorithms are (essentially)

equivalent in terms of cost per iteration. What is amazing is the extent to which the mixing

properties of the DA algorithm can be improved without really altering the computational

complexity of the algorithm (see; e.g., Liu and Wu, 1999; Meng and van Dyk, 1999; van

Dyk and Meng, 2001). Moreover, there is empirical evidence that the relative improvement

of PX-DA over DA actually increases as the dimension of X increases (Meng and van Dyk,

1999). Subsection 1.4.3 contains a rigorous theoretical comparison of the DA and PX-DA

algorithms. We end this subsection with a real example that was developed and studied in
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Liu and Wu (1999), van Dyk and Meng (2001) and Roy and Hobert (2007).

Example 5 cont. In this example, π(β, y|z) plays the role of f(x, y). Take G = R+ and

tg(y) = gy = (gy1, . . . , gym) and take w as follows

w(g;α, δ) =
2δα

Γ(α)
g2α−1e−g

2δIR+(g) , (1.4.4)

where α, δ ∈ R+. This is just the density of the square root of a gamma variate; that is, if

U ∼ Gamma(α, δ), then G =
√
U has density (1.4.4). Substituting (1.1.10) into (1.1.9) and

integrating with respect to β shows that

π(y|z) =
exp

{
− yT (I−H)y

2

}
|V TV | 12 c(z)(2π)

m−p
2

m∏
i=1

{
IR+(yi)I{1}(zi) + IR−(yi)I{0}(zi)

}
.

Thus,

f
(w)
G|Y (g|y) ∝ π(tg(y)|z) |Jg(y)|w(g)

∝
[

exp
{
− 1

2
(gy)T (I −H)(gy)

}](
gm
)[
g2α−1 exp{−g2δ}IR+(g)

]
= exp

{
− g2

[
yT (I −H)y

2
+ δ

]}
gm+2α−1 IR+(g) .

Note that f
(w)
G|Y (g|y) has the same form as w(g;α, δ), which means that a draw from f

(w)
G|Y (g|y)

can be made be simulating a gamma and taking its square root. Putting all of this together,

if the current state of the PX-DA algorithm is Xn = β, then we simulate the next state,

Xn+1, by performing the following three steps:

1. Draw Y1, . . . , Ym independently such that Yi ∼ TN(vTi β, 1, zi), and call the result y =

(y1, . . . , ym)T .

2. Draw U ∼ Gamma(α, δ), call the result u, and set ỹ = y/
√
u. Draw

V ∼ Gamma
(m

2
+ α,

ỹT (I −H)ỹ

2
+ δ
)
,

call the result v, and set y′ =
√
vỹ.
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3. Draw Xn+1 ∼ N
(
β̂(y′), (V TV )−1

)
.

Sampling from the truncated normal distribution is typically done using an accept-reject

algorithm, and Step 1 of the above procedure involves the simulation of m truncated normals.

Obviously, the computational burden of Step 2, which requires only two univariate draws

from the gamma distribution, is relatively minor. On the other hand, as the examples in Liu

and Wu (1999) and van Dyk and Meng (2001) demonstrate, the PX-DA algorithm mixes

much faster than the DA algorithm.

As a prelude to our theoretical comparison of DA and PX-DA, we introduce a bit of

operator theory.

1.4.2 The operator associated with a reversible Markov chain

It is well known that techniques from spectral theory (see, e.g., Rudin, 1991, Part III) can be

used to analyze reversible Markov chains. The reason for this is that every reversible Markov

chain defines a self-adjoint operator on the space of functions that are square integrable with

respect to the invariant density. Examples of the use of spectral theory in the analysis of

reversible Markov chains can be found in Diaconis and Stroock (1991), Chan and Geyer

(1994), Liu et al. (1994, 1995), Roberts and Rosenthal (1997) and Mira and Geyer (1999).

Our theoretical comparison of PX-DA and DA involves ideas from this theory.

Define

L2
0(fX) =

{
h ∈ L2(fX) :

∫
X

h(x) fX(x) dx = 0

}
,

and, for g, h ∈ L2
0(fX), define the inner product as 〈g, h〉 =

∫
X
g(x)h(x) fX(x) dx. The

corresponding norm is given by ‖g‖ =
√
〈g, g〉. Let a : X×X→ [0,∞) denote a generic Mtd

that is reversible with respect to fX ; that is, a(x′|x)fX(x) = a(x|x′)fX(x′) for all x, x′ ∈ X.

Let Ψ = {Ψn}∞n=0 denote the corresponding Markov chain and assume that Ψ is Harris

ergodic. The Mtd a defines an operator, A, that maps g ∈ L2
0(fX) to a new function in
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L2
0(fX) given by

(Ag)(x) =

∫
X

g(x′) a(x′|x) dx′ .

Note that (Ag)(x) = E
[
g(Ψn+1)|Ψn = x

]
. To verify that Ag is square integrable with respect

to fX , use Jensen’s inequality, Fubini, the invariance of fX , and the fact that g ∈ L2
0(fX) as

follows ∫
X

[
(Ag)(x)

]2
fX(x) dx =

∫
X

[ ∫
X

g(x′) a(x′|x) dx′
]2

fX(x) dx

≤
∫

X

[ ∫
X

g2(x′) a(x′|x) dx′
]
fX(x) dx

=

∫
X

g2(x′)

[ ∫
X

a(x′|x) fX(x) dx

]
dx′

=

∫
X

g2(x′) fX(x′) dx′ <∞ .

That Ag has mean zero follows from Fubini, the invariance of fX , and the fact that g has

mean zero: ∫
X

(Ag)(x)fX(x) dx =

∫
X

[ ∫
X

g(x′) a(x′|x) dx′
]
fX(x) dx

=

∫
X

g(x′)

[ ∫
X

a(x′|x) fX(x) dx

]
dx′

=

∫
X

g(x′) fX(x′) dx′ = 0 .

We now demonstrate that the operator A is indeed self-adjoint (Rudin, 1991, Section 12).
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Using Fubini and the fact that a(x′|x)fX(x) is symmetric in (x, x′), we have for g, h ∈ L2
0(fX)

〈Ag, h〉 =

∫
X

(Ag)(x)h(x) fX(x) dx

=

∫
X

[ ∫
X

g(x′) a(x′|x) dx′
]
h(x) fX(x) dx

=

∫
X

∫
X

g(x′)h(x) a(x′|x) fX(x) dx dx′

=

∫
X

g(x′)

[ ∫
X

h(x) a(x|x′) dx
]
fX(x′) dx′

=

∫
X

g(x′)(Ah)(x′) fX(x′) dx′

= 〈g, Ah〉 .

The norm of the operator A is defined as

‖A‖ = sup
g∈L2

0(fX), ‖g‖=1

‖Ag‖ .

Obviously, ‖A‖ ≥ 0. In fact, ‖A‖ ∈ [0, 1]. Indeed, ‖Ag‖2 =
∫

X

[
(Ag)(x)

]2
fX(x) dx and the

calculations above imply that ‖Ag‖2 ≤ ‖g‖2. The quantity ‖A‖ is closely related to the

convergence properties of the Markov chain Ψ. For example, Ψ is geometrically ergodic if

and only if ‖A‖ < 1 (Roberts and Rosenthal, 1997; Roberts and Tweedie, 2001). Loosely

speaking, the closer ‖A‖ is to 0, the faster Ψ converges to its stationary distribution (see,

e.g., Liu et al., 1995). Because of this, Monte Carlo Markov chains are sometimes ordered

according to their operator norms. In particular, if there are two different chains available

that are both reversible with respect to fX , we prefer the one with the smaller operator

norm (see, e.g., Liu et al., 1994; Liu and Wu, 1999; Meng and van Dyk, 1999). In the next

subsection, we compare DA and PX-DA in terms of operator norms as well as performance

in the CLT.
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1.4.3 A theoretical comparison of the DA and PX-DA algorithms

The Mtd of the PX-DA algorithm is given by

kw(x′|x) =

∫
Y

f
(w)
X|Y (x′|y)f

(w)
Y |X(y|x) dy .

However, there is an alternative representation of kw that is based on the general three-step

procedure for simulating the PX-DA algorithm that was given in Subsection 1.4.1. This

representation turns out to be much more useful for comparing DA and PX-DA. Recall that

Step 2 of the three-step procedure entails making the transition y → y′ by drawing Y ′ from

a distribution that depends on y. Hence, this step can be viewed as performing a single

iteration of a Markov chain whose state space is Y. If we denote the corresponding Mtd as

lw(y′|y), then we can re-express the Mtd of the PX-DA algorithm as

kw(x′|x) =

∫
Y

∫
Y

fX|Y (x′|y′) lw(y′|y) fY |X(y|x) dy dy′ . (1.4.5)

Liu and Wu’s (1999) Theorem 1 implies that fY is an invariant density for lw; that is,∫
Y

lw(y′|y)fY (y) dy = fY (y′) .

This invariance implies that fX is an invariant density for kw(x′|x):∫
X

kw(x′|x)fX(x) dx =

∫
X

[ ∫
Y

∫
Y

fX|Y (x′|y′) lw(y′|y) fY |X(y|x) dy dy′
]
fX(x) dx

=

∫
Y

fX|Y (x′|y′)
[ ∫

Y

lw(y′|y) fY (y) dy

]
dy′

=

∫
Y

fX|Y (x′|y′) fY (y′) dy′

= fX(x′) .

Of course, we did not need (1.4.5) to conclude that fX is invariant for kw(x′|x). Indeed, the

fact that kw(x′|x) is the Mtd of a DA algorithm implies that kw is reversible with respect to

fX , and hence that fX is invariant for kw. Note, however, that the previous calculation still

goes through if lw is replaced by any Mtd having fY as an invariant density. This suggests
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a generalization of (1.4.5).

Let l : Y × Y → [0,∞) be any Mtd that has fY (y) as an invariant density. Define the

function kl : X× X→ [0,∞) as follows

kl(x
′|x) =

∫
Y

∫
Y

fX|Y (x′|y′) l(y′|y) fY |X(y|x) dy dy′ . (1.4.6)

The reader can easily verify that, for each fixed x ∈ X,
∫

X
kl(x

′|x) dx′ = 1. Hence, kl is

an Mtd that defines a Markov chain on X, and the arguments above show that fX is an

invariant density for kl. This is a generalization of (1.4.5) in the sense that the set of Mtds

having fY as an invariant density is much larger than the set of Mtds of the form lw. Hobert

and Marchev (2008) studied kl and established that (under weak regularity conditions) the

MCMC algorithm based on kl is better (in terms of convergence rate and ARE) than the DA

algorithm. This leads to the conclusion that every PX-DA algorithm is better than the DA

algorithm upon which it is based. In order to state the results precisely, we need a couple of

definitions.

If there exists a joint pdf f ∗(x, y) with
∫

Y
f ∗(x, y) dy = fX(x) such that

kl(x
′|x) =

∫
Y

f ∗X|Y (x′|y) f ∗Y |X(y|x) dy ,

then we say that kl is representable. Clearly, if kl is representable, then it is also reversible

with respect to fX(x). (Note that, by definition, kw is representable with f (w)(x, y) playing

the role of f ∗(x, y).) The second definition involves the CLT discussed in Subsection 1.2.4.

Let X = {Xn}∞n=0 denote the Markov chain underlying the original DA algorithm based on

f(x, y). Suppose g ∈ L2(fX) and, as before, let gn = 1
n

∑n−1
n=0 g(Xi). If gn satisfies a CLT,

then let κ2
g denote the corresponding asymptotic variance. If there is no CLT for gn, then

set κ2
g equal to ∞. (Since we have not assumed that X is geometrically ergodic, a CLT for

gn may or may not exist.) Now let X∗ = {X∗n}∞n=0 denote the Markov chain associated with

kl(x
′|x), and define κ∗2g analogously using g∗n = 1

n

∑n−1
n=0 g(X∗i ) in place of gn. If κ∗2g ≤ κ2

g for

every g ∈ L2(fX), then we say that kl is more efficient than k.

Hobert and Marchev (2008) established two general results that facilitate comparison
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of the DA algorithm and the MCMC algorithm based on kl: (i) if kl is reversible with

respect to fX , then kl is more efficient than k, and (ii) if kl is representable, then ‖Kl‖ ≤
‖K‖, where Kl and K are the operators on L2

0(fX) associated with kl and k, respectively.

(Hobert and Rosenthal (2007) show that, in (ii), representability can be replaced by a weaker

condition at no expense.) Now, consider the implications of these results with regard to

the PX-DA algorithm. Since kw is representable, both of Hobert and Marchev’s (2008)

results are applicable and we may conclude that every PX-DA algorithm is better than

the corresponding DA algorithm in terms of both convergence rate and ARE. (The norm

comparison result was actually established in Liu and Wu (1999) and Meng and van Dyk

(1999) using different techniques.)

In addition to providing information about the relative convergence rates of X and X∗,

the inequality ‖Kl‖ ≤ ‖K‖ also has a nice practical application. We know from Subsec-

tion 1.4.2 that a reversible Markov chain is geometrically ergodic if and only if the norm of

the corresponding operator is strictly less than 1. Therefore, if we can prove that the DA

Markov chain, X, is geometrically ergodic (by, say, establishing a geometric drift condition),

then it follows that ‖Kl‖ ≤ ‖K‖ < 1, which implies that X∗ is also geometrically ergodic.

This allows one to prove that X∗ is geometric without having to work directly with kl, which,

from an analytical standpoint, is much more cumbersome than k.

It is important to keep in mind that the comparison results described above are really

only useful in situations where at least one of the two chains being compared is known to

be geometrically ergodic. For example, if all we know is that ‖Kl‖ ≤ ‖K‖, then it may be

the case that X and X∗ are both bad chains with norm 1 and neither should be used in

practice. Similarly, if there are no CLTs, then the fact that kl is more efficient than k isn’t

very useful.

Finally, there is one very simple sufficient condition for kl to be reversible with respect

to fX and that is the reversibility of l(y′|y) with respect to fY (y). Indeed, suppose that
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l(y′|y) fY (y) is symmetric in (y, y′). Then

kl(x
′|x)fX(x) = fX(x)

∫
Y

∫
Y

fX|Y (x′|y′) l(y′|y) fY |X(y|x) dy dy′

=

∫
Y

∫
Y

fX|Y (x′|y′) l(y′|y) f(x, y) dy dy′

=

∫
Y

∫
Y

fX|Y (x′|y′) l(y′|y)fY (y) fX|Y (x|y) dy dy′

=

∫
Y

∫
Y

fX|Y (x′|y′) l(y|y′)fY (y′) fX|Y (x|y) dy dy′

=

∫
Y

∫
Y

f(x′, y′) l(y|y′) fX|Y (x|y) dy dy′

= fX(x′)

∫
Y

∫
Y

fX|Y (x|y) l(y|y′) fY |X(y′|x′) dy dy′

= kl(x|x′)fX(x′) .

There is also a simple sufficient condition on l(y′|y) for representability of kl (see Hobert and

Marchev, 2008).

We know that each pdf w(g) yields its own PX-DA algorithm. In the next subsection,

we show that, under certain conditions, there is a limiting version of the PX-DA algorithm

that beats all the others.

1.4.4 Is there a best PX-DA algorithm?

The results in the previous subsection show that every PX-DA algorithm is better than the

original DA algorithm based on f(x, y). The question then becomes, is there a particular

PX-DA algorithm that beats all the others? There are actually theoretical arguments as

well as empirical evidence suggesting that the PX-DA algorithm will perform better as the

pdf w(·) becomes more “diffuse” (Liu and Wu, 1999; Meng and van Dyk, 1999; van Dyk and

Meng, 2001). On the other hand, it is clear that our development of the PX-DA algorithm

breaks down if w is improper. In particular, if w is improper, then (1.4.2) is no longer a pdf.

Moreover, Step 2 of the PX-DA algorithm requires a draw from w, which is obviously not

possible when w is improper. However, Liu and Wu (1999) showed that, if there is a certain
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group structure present in the problem, then it is possible to construct a valid PX-DA-like

algorithm using an improper Haar density in place of w. Moreover, the results from the

previous subsection can be used to show that this Haar PX-DA algorithm is better than any

PX-DA algorithm based on a proper w.

Suppose that the set G is a topological group; that is, a group such that the functions

(g1, g2) 7→ g1g2 and g 7→ g−1 are continuous. (An example of such a group is the multiplicative

group, R+, where the binary operation defining the group is multiplication, the identity

element is 1, and g−1 = 1/g.) Let e denote the group’s identity element and assume that

te(y) = y for all y ∈ Y and that tg1g2(y) = tg1
(
tg2(y)

)
for all g1, g2 ∈ G and all y ∈ Y. In

other words, we are assuming that tg(y) represents G acting topologically on the left of Y

(Eaton, 1989, Chapter 2).

A function χ : G→ R+ is called a multiplier if χ is continuous and χ(g1g2) = χ(g1)χ(g2)

for all g1, g2 ∈ G. Assume that Lebesgue measure on Y is relatively (left) invariant with

multiplier χ; that is, assume that for any g ∈ G and any integrable function h : Y → R, we

have

χ(g)

∫
Y

h
(
tg(y)

)
dy =

∫
Y

h(y) dy .

Here is a simple example.

Example 5 cont. Again, take G = R+ and tg(y) = gy = (gy1, . . . , gym). Now think of

G = R+ as the multiplicative group and note that, for any y ∈ Rm
+ and any g1, g2 ∈ G, we

have te(y) = y and

tg1g2(y) = g1g2y = g1(g2y) = tg1
(
tg2(y)

)
.

Hence, the compatibility conditions are satisfied. Now, for any g ∈ G, we have∫
Y

h
(
tg(y)

)
dy =

∫
Rm+

h(gy) dy = g−m
∫

Rm+
h(y) dy ,

which shows that Lebesgue measure on Y = Rm
+ is relatively invariant with multiplier χ(g) =

gm.
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Suppose the group G has a left-Haar measure of the form νl(g) dg where dg denotes

Lebesgue measure on G. Left-Haar measure satisfies∫
G

h
(
g̃g
)
νl(g) dg =

∫
G

h(g) νl(g) dg (1.4.7)

for all g̃ ∈ G and all integrable functions h : G → R. In most applications, this measure

will be improper; that is,
∫

G
νl(g) dg = ∞. (When the left-Haar measure is the same as

the right-Haar measure, which satisfies the obvious analogue of (1.4.7), the group is called

unimodular.) Finally, assume that

q(y) :=

∫
G

fY
(
tg(y)

)
χ(g) νl(g) dg

is strictly positive for all y ∈ Y and finite for (almost) all y ∈ Y.

We now state (a generalized version of) Liu and Wu’s (1999) Haar PX-DA algorithm. If

the current state is X∗n = x, we simulate X∗n+1 as follows.

One iteration of the Haar PX-DA Algorithm:

1. Draw Y ∼ fY |X(·|x), and call the observed value y.

2. Draw G from the density proportional to fY
(
tg(y)

)
χ(g) νl(g), call the result g, and set

y′ = tg(y).

3. Draw X∗n+1 ∼ fX|Y (·|y′).

This algorithm is not a PX-DA algorithm, but its Mtd does take the form (1.4.6). Indeed,

if we let lH(y′|y) denote the Mtd of the Markov chain on Y that is simulated at Step 2, then

we can write the Mtd of the Haar PX-DA algorithm as follows

kH(x′|x) =

∫
Y

∫
Y

fX|Y (x′|y′) lH(y′|y) fY |X(y|x) dy dy′ .
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Hobert and Marchev (2008) show that lH(y′|y) is reversible with respect to fY , which, of

course, implies that fY is an invariant density for lH(y′|y). Moreover, these authors also

prove that kH is representable. Hence, the comparison results from the previous subsection

are applicable and imply that the Haar PX-DA algorithm is better than the DA algorithm

in terms of both convergence rate and ARE. However, what we really want to compare is

Haar PX-DA and PX-DA, and this is the subject of the remainder of this section.

Hobert and Marchev (2008) show that, for any fixed proper pdf w(·), kH can be re-

expressed as

kH(x′|x) =

∫
Y

∫
Y

f
(w)
X|Y (x′|y′) l(w)(y′|y) f

(w)
Y |X(y|x) dy dy′ , (1.4.8)

where f
(w)
X|Y and f

(w)
Y |X are as defined in Subsection 1.4.1, and l(w)(y′|y) is an Mtd on Y that

is reversible with respect to f
(w)
Y (y) :=

∫
Y
f (w)(x, y) dx. Now consider the significance of

equation (1.4.8) in the context of the results of Subsection 1.4.3. In particular, we know

that the PX-DA algorithm driven by f (w)(x, y) is itself a DA algorithm, and (1.4.8) shows

that kH is related to kw in exactly the same way that kl is related to k. Therefore, since kH

is representable, we may appeal to the comparison results once more to conclude that Haar

PX-DA is better than every PX-DA algorithm in terms of both convergence rate and ARE.

Finally, note that Step 2 of the Haar PX-DA algorithm involves only one draw from a

density on G, whereas the regular PX-DA algorithm calls for two such draws in its Step 2.

Thus, from a computational standpoint, the Haar PX-DA algorithm is actually simpler than

the PX-DA algorithm. We conclude with an application to the probit example.

Example 5 cont. Recall that G is the multiplicative group, R+, and tg(y) = gy =

(gy1, . . . , gym). Note that, for any g̃ ∈ G, we have∫ ∞
0

h
(
g̃g
) 1

g
dg =

∫ ∞
0

h(g)
1

g
dg ,

which shows that dg
g

is a left-Haar measure for the multiplicative group. (This group is
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actually abelian and hence unimodular.) Thus,

π(tg(y)|z)χ(g) νl(g) ∝ gm−1 exp

{
− g2

[
yT (I −H)y

2

]}
IR+(g) ,

and it follows that

q(y) ∝
∫ ∞

0

gm−1 exp

{
− g2

[
yT (I −H)y

2

]}
dg =

2
m
2 Γ
(
m
2

)[
yT (I −H)y

]m
2

,

which is clearly positive for all y ∈ Y and finite for (almost) all y ∈ Y. We can now write

down the Haar PX-DA algorithm. Given the current state, X∗n = β, we simulate the next

state, X∗n+1, by performing the following three steps:

1. Draw Y1, . . . , Ym independently such that Yi ∼ TN(vTi β, 1, zi), and call the result y =

(y1, . . . , ym)T .

2. Draw

V ∼ Gamma

(
m

2
,
yT (I −H)y

2

)
,

call the result v, and set y′ =
√
vy.

3. Draw X∗n+1 ∼ N
(
β̂(y′), (V TV )−1

)
.

In Subsection 1.4.1, we developed a family of PX-DA algorithms for this problem, one for

each (α, δ) ∈ R+ × R+. The results in Subsection 1.4.3 imply that every member of that

family is better than the original DA algorithm based on f(x, y). Moreover, the results

described in this subsection show that the Haar PX-DA algorithm above is better than

every member of that family of PX-DA algorithms.

Roy and Hobert (2007) proved that this Haar PX-DA algorithm is geometrically ergodic

by establishing that the much simpler DA algorithm of Albert and Chib (1993) is geometri-

cally ergodic, and then appealing to the fact that ‖KH‖ ≤ ‖K‖. These authors also provided

substantial empirical evidence suggesting that the ARE of the Haar PX-DA estimator with

respect to the DA estimator is often much larger than 1.
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