        Chapter 8 : Significance Tests about Hypotheses

   Significance tests or Tests of Hypotheses is another   

   important method of statistical inference alongside   

   point and interval estimation.
A Hypothesis is a statement about one or more                                             . Eg : A statement about the population mean μ may be denoted by 

(On an average, UF students studies 7 hours during the week)
A Significance test is a method by which it is decided whether the above statement about the parameter is supported by the data observed from a random sample.
     Any significance test has             distinct steps viz

· Making Assumptions : The most important assumption is that the data result from a randomized experiment or a                                         . Other assumptions relate to                           and                of the population distribution.

· Constructing Hypothesis : Each significance test is composed of             hypothesis :

H0 (           Hypothesis) : It is a statement that specifies a particular value of the parameter determined from                         or                             . 

             Ha (                       Hypothesis) : It states that the population parameter falls in some alternative range of values. So, it is a statement of change. It may be          or              sided. 

Ex 1: Visitor records show that, during 2008, on an average, about 25 visitors visited Kanapaha Botanical gardens per day. Since then some beautification has been done and the park management suspects that the number of visitors may have increased. Thus, our null hypothesis will be
       and the alternative hypothesis will be  

       Here,  ( denotes the population mean number of  

       visitors to the park per day in 2008. Here the  

       alternative hypothesis is                         .

Eg 2: Historically in Canada, the proportion of adults who favour legalized gambling has been 0.50. The government wants to know whether the mindset of    adults has changed (for better or for worse) during recent times. So, our null hypothesis will be

  and the alternative hypothesis will be
Here p is the                                            of adults who favor legalized gambling at present. Here Ha is a                              hypothesis.
· Determining the Test statistic : A test statistic measures how               the                               of the parameter is to the                           value(of the parameter). This “closeness” is measured in terms of the                                   of the estimate. Thus, it is given by
· Calculating the p-values : This is the probability of getting a test statistic value more extreme than what we have actually got given that the                                is true. 
A                   p-value would indicate that our test statistic takes a value which is very                  under the               hypothesis. So, maybe the null hypothesis itself is                     (o.w our test statistic would not have been what it is). Thus,                     

 p values represent                     evidence against H0. 
· Drawing conclusion : We make a decision about whether to “reject” or “not to reject” H0  by comparing the p-value and the                                    (usually 0.05). A                              would lead to the                        of          
Significance level tells us how strong the evidence  

should be for us to reject H0. 

Eg : Suppose, for the Kanapaha Botanical gardens 

example, we fix a significance level of 

0.05 and our p - value comes out to be 0.021. Since  

0.021 < 0.05, we would              H0 and conclude 
that the recent beautification drive has infact 

resulted in an                   in the average number of 

visitors to the park per day.

       Significance tests for a population proportion p : 
   Let us go through the steps one by one.

   Assumptions : 

· Since we are dealing with proportions, the variable of interest should be                           .                 .

· The sample should be a                                   obtained through randomization.

· n (the number of trials) should be large enough so that # success             and # failures          under H0 so that the sampling distribution of the sample proportion         is approximately.                .    
       Hypothesis :   
                        Null :  

             Alternative :                    (two sided)


              Ha : p > p0  

     
or   Ha : p < p0 (one sided)

      Here p0 is the hypothesized value.
Test Statistic : 
       where p^ is the                                  of p.

      P-value : 

· If  Ha : p > p0 , p-value is the             tail probability. 

· If  Ha : p < p0 , p-value is the             tail probability. 
· If  Ha : p ≠ p0 , p-value is the             tail probability.

                      from a                                     distribution. 
       Conclusion : We will reject H0 if p-value ≤ α  

                                                             (significance level)             

o.w we will fail to reject H0.

      Eg : Let us go back to the Canadian gambling  

      example. 

      Assumption : 
· Here the variable of interest is “whether an  adult supports legalized gambling” which has two categories – “Yes” and “No”. So, it is                    .
· Suppose we select a random sample of 100 Canadian adults. Thus the random sampling assumption is preserved.
· Since the null value of p is 0.5, expected number of successes and failures are both                     which is much bigger than 15. Thus, the sampling distribution of p^ is approximately normal. 
Thus, all our assumptions are satisfied and we can proceed with the test.
   Hypothesis : Our null hypotheis is 
          and alternative hypothesis is 

           Test statistic : Let 59 adults out of the 100  

           sampled, favours legalized gambling. 

           Thus,  

                            p^ = 
                            p0 =   0.50  and
             
             √(p0 (1 - p0) /n) = 

     So, our test statistic will be

This implies that the sample proportion 0.59 falls nearly     standard errors               the null hypothesis value 0.50. Now, we will check whether this is good enough evidence to reject H0.
Calculation of p – value : 

· The observed value of our test statistic is z = 1.8. and our alternative is two sided.

· So, the p-value will be the                       area above 1.8 and also below -1.8 under the z-curve. These two areas will be the same because the standard normal distribution is   

                                              about 0. 

· From table A in the book, we get the area below -1.8 to be 0.0359. 

· So, our p-value will be p = 

Conclusion : Let us choose a significance level of 0.05. Since our p value 0.0718 is more than 0.05, we  

                                    H0. Thus, we conclude that it is plausible that the population proportions of Canadian adults who favour legalized gambling has        

remained the same at 0.50 in recent times.
       Note I : Suppose, instead we chose a significance 
       level of  0.1. Then we would have ended up  

                          H0 because our p -value 0.0718 <  0.1 i.e  

                                   the significance level from 0.05 to  

0.1 resulted in a complete                  of our decision.  

       So,                      the significance level,              is the  

       evidence needed to               H0 i.e we reject H0 more  

       often for higher significance levels.

      Note II : The results of two sided tests and those   

  obtained from a C.I should match. It is seen that if a 

  two sided test                Ho, then the null hypothesis 
  value is                              in the      .On the other 
  hand, if a two sided test                                         Ho, 
  then the corresponding C.I                      the null 
  hypothesis value.

  Let us check this. From Chapter 8, we know that the  

  95% Confidence interval for the population   

  proportion is given by
     Here p^ = 0.59. 

     Thus, the 95% C.I would be 

 =   (0.494, 0.686)

      As you can see, the above Confidence interval  

contains 0.5, which was the null value of p!!

Conclusion: We can say that (0.494, 0.686) is a set of  

                     values of p, (the population proportion of Canadian adults who supports legalized gambling). Since 0.5 lies in this interval, it is also a reasonable value of p. Now, from the significance test we did, we reached the exact same conclusion : we failed to reject H0 and concluded (with significance level 0.05) that 0.5 may be the right value of p. Thus, confidence intervals and significance tests gives similar conclusions.

     But the conclusions from confidence intervals and 

     one sided significance tests may not match.

    Significance tests for the population mean μ: 

   Assumptions : 

· Since we are dealing with the mean, the variable of interest should be                                 .

· As usual, data are obtained using 
resulting in a.

·                            distribution should be approximately.

    Hypothesis :   
                        Null :  H0 : ( = (0
             Alternative :  Ha : ( ≠ (0 (two sided)


              Ha : 

     
 or  Ha :               (one sided)

      Here (0 is the hypothesized value.
     Test Statistic : 

                                                                     under H0
      where 
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is the point estimate of ( and t(n-1) denotes  

      a t distribution with (n-1) degrees of freedom.

      P-value : 
· If  Ha : ( > (0, p-value is the            tail probability. 

· If  Ha : ( < (0, p-value is the             tail probability. 
· If  Ha : ( ≠ (0, p-value is the            tail probability. 
         from a     distribution with          df.
     Conclusion : We will reject H0 if p-value  ≤ α        

o.w we will fail to reject H0.
      Eg : Let us go back to the Kanapaha example again.

  Assumptions : 

· Here, the variable of interest is “number of visitors to Kanapaha National park on a particular day” which obviously is                    .

· Suppose we select a random sample 42 days from the 2008 calender year (we randomly select 6 months and from each month we randomly select 7 days) and record the number of visitors on those days. Thus, we are practicing random sampling.

· Lastly, we assume that the population distribution of the number of visitors follows a       
                        distribution.
         Thus, all our assumptions are satisfied and we can  

         proceed with the test.

Hypotheses : Our null hypothsis will be

         and the alternative hypothesis will be  

       where,  ( denotes the population mean number of  

       visitors to the park per day in 2007. Here the  

       alternative hypothesis is one-sided (unlike in the 

       proportions case where it was two sided).

       Test statistic : As said before, we randomly select 6   

        months (from the 2007 calender year) and from 

        each month we randomly select 7 days. For each of 

        these 42 days, I count the number of visitors 

        visiting the park. Below is the data 
	Day
	# VISITORS
	DAY
	# VISITORS
	Day
	# VISITORS

	1
	32
	15
	58
	29
	50

	2
	29
	16
	24
	30
	48

	3
	46
	17
	15
	31
	34

	4
	19
	18
	39
	32
	35

	5
	21
	19
	        41
	33
	25

	6
	33
	20
	31
	34
	26

	7
	40
	21
	42
	35
	41

	8
	17
	22
	38
	36
	39

	9
	15
	23
	16
	37
	13

	10
	36
	24
	49
	38
	21

	11
	45
	25
	47
	39
	24

	12
	20
	26
	42
	40
	35

	13
	26
	27
	31
	41
	42

	14
	33
	28
	24
	42
	35


     Here, 
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= 32.78, s = 11.17, n = 42 and (0= 25 

     So, s/√n = 11.17/√42 = 1.72.

        (Believe me, these are correct!).

     Thus, our test statistic will be
    Since, n = 42, n - 1 = 42 - 1=41 and so the above   

    value of 4.52 corresponds to a         distribution with   

    df         when H0 is true.  

Also, the sample mean 32.78 falls 4.5 standard errors above the null hypothesis value 25. Now, we will check whether this is good enough evidence to reject H0.
Calculation of p – value : 

· The observed value of our test statistic is z = 4.52. and our alternative is one sided (greater than type).

· So, the p-value will be the                   area above               under the curve of the distribution with df           .
   Table B in the book gives us the following : 

	
	                   Area to the right

	df
	0.100
	0.050
	0.025
	0.010
	0.005
	0.001

	40
	1.303
	1.684
	2.021
	2.423
	2.704
	3.307

	50
	1.299
	1.676
	2.009
	2.403
	2.678
	3.261


· We see that for df=40, the area to the right of 3.307 is                 .

· Since the t-score                      as the df                    , (3.307 > 3.261) we can say that for df 41, the t-value to the right of which the area is 0.001 will atleast be            than 3.307.

· Since our t test statistic value is even higher (4.52), we can say that the area to the right of it under a t curve with df 41 will be even                    than 0.001.

· So, our p-value will be <               .

Conclusion : Our p-value is extremely small, smaller than all the commonly chosen significance level values (0.01, 0.05 and 0.1). So, we can strongly             the null hypotheses Ho and conclude that based on the available data, we think that the average number of visitors visiting the Kanapaha Botanical gardens per day has                          in 2007 to more than 25. Thus, the recent beautification drive has really worked!!
       Note : 
· For two sided alternatives, the above test works well even if the population distribution is not
Eg : Suppose you draw a histogram for the number of visitors visiting Kanapaha everyday in 2007 and see that the shape is skewed to the left (more visitors during the Fall and winter rather than in Spring). Even then you can go ahead and do the above test ONLY IF you change the alternative hypothesis to 

· For                         alternatives, if the sample size is  

                    and the                      distribution is 

                  , the above test doesnot work well.

Eg : Suppose the above scenario still holds. But now we select a sample of only 10 days from the whole of 2007 and maintain our original one-sided alternative hypothesis. Then, the above test may give us bad results.

Note 2 : “Do not reject Ho” does not mean “Accept Ho” : This is because, the null hypothesis value (of the population parameter) is just one of the many possible values it can take. So, we cannot say that the null hypothesis value is the true value of the population parameter. Infact, the C.I would give us the possible values of the population parameter and the null hypothesis value will be just one of them (if we fail to reject Ho). 

Eg : Suppose from experience we know that in  15% of UF classrooms the clocks doesn’t work. Recently, there has been some renovation work going on in some of the buildings and we have reason to hope that the situation has changed. We test the null hypothesis

against the alternative one

which indicates that               UF classrooms has defunct clocks. We did a test and failed to reject H0. 

Alas! The situations hasn’t improved even after the renovations!! Now, we cannot say that out of every 100 UF classrooms, exactly 15 has defunct clocks – may be the situation has become worse i.e maybe p > 0.15. On the basis of the test we can ONLY say that, based on the sample of classrooms we examined, it is unlikely that the population proportion of UF classrooms having clocks in working conditions has increased.
 We can make               types of errors may result from drawing conclusions from tests: 
Type I error : We commit a type I error when we  

mistakenly             H0 when it is             . In that case,

               P(type I error) = 

Type II error :  We commit a type II error when  

we                           H0 even when it is              . 

Note : When Ho is false, we would want the probability of rejecting it to be as high as possible. The probability of rejecting Ho when it is false is called the                      of the test. It is given by : 

For parameter values from the alternative hypothesis. Obviously,                    the power,                 is our test.
        It is impossible to reduce the type I and type II 

        errors simultaeneously. What we generally do is  

        that we fix the probability of type I error at 0.05 or 

        0.01(whatever our significance level is) and then we 

        minimize the probability of type II error.
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