    Chapter 15 : Non-parametric Statistical Inference

A whole new world!!
This is because non-parametric statistics is a totally new (and different) concept in the domain of statistical inference. 

Till now, all the statistical procedures that we have used were based on certain assumptions. For example, when we compared two groups or treatments, we assumed that 

· the response variable was normally distributed in the two groups and 

· the sample size was moderately large.

If any of these assumptions failed, we had no other options but to abandon our “statistical quest”. 

But in reality there may be scenarios where the population response distribution is highly skewed or we just donot have a large enough sample. Will that mean we cannot do any statistical inference based on that data? 

Statisticians have long pondered over this problem and in the 1940’s they came up with a new kind of statistical procedure which doesn’t depend so much on assumptions (of normality and large sample sizes). They named this method “non-parametric” or  “distribution free”. They are called “distribution free” simply because they donot depend on any particular distribution of the response variable.
Eg : A clinical psychologist wants to choose between two therapies for treating severe mental depression. She randomly selects three patients to receive therapy 1and the other three receive therapy 2. After one month, the improvement in each patient is measured by a score. Higher the score, the better. 

Why can’t we use the usual tests ??

· The sample sizes are so small (3 in each group).

· It is impossible to check whether the scores follow a normal distribution in each group, again due to the small sample sizes.

In the earlier methods, if we wanted to compare two groups on a quantitative response variable : 

· We selected independent random samples from the two groups.
· For each of the sample units we measured the values of the response variables.

· Lastly we compared the mean of the response variables for the two groups.

For non-parametric inference : 

· We will still select independent random samples from the two groups.

· We will rank the subjects based on the values of the response variable.
· Then we will compare the mean ranks for the two groups.

· Depending on how we ranked the subjects, the difference in the mean ranks will tell us whether there is any significant difference between the two groups.

The most commonly used non-parametric procedure is called the Wilcoxon test. Let us first go through the steps of doing it : 

I. Assumptions : Two independent random samples should be drawn from the two groups to be compared.

II. Hypotheses : 
H0 : Expected values of the sample mean ranks are equal for the two groups (this implies that the population distributions for the two groups are identical).

Ha : Different expected values of the sample  

            mean ranks for the two groups (two sided)  

                                       OR

Higher expected value of the sample mean  

            rank for a specified group (one sided). 
III. Test Statistic : Difference between the sample  

        mean ranks for the two groups.
IV. P- value : One or two tailed probability that the difference between the sample mean ranks is as extreme or more extreme than the observed difference.

V. Conclusion : If p – value ≤ α , reject H0.
Eg : For the clinical therapy example, the scores for the patients in the 3 groups are : 

               Therapy 1 : 25, 40, 45.

               Therapy 2 : 10, 20, 30
Here score is the quantitative response variable.

Since we cannot do the usual parametric tests, lets do the Wilcoxon test !
Let us rank the patients based on the scores they have got. Since there are 6 patients, our rank goes from 1(best : highest score) to 6 (worst : lowest score).

The ranks are as follows : 
    Therapy        Patient         Score        Rank

          1
         1
25              
          1                 2                 40           

          1                 3                 45           

          2                 4                 10           

          2                 5                 20           

          2                 6                 30           
I . Here the patients are selected randomly. So, the
    random sampling assumption is satisfied.
II.  H0 : The two therapies are equally good.

     Ha : There is a difference in the therapies.
III. The test statistic will be the difference between 

      the sample mean ranks for the two therapies = 
IV . In order to find the P –value corresponding to 

            , we have to find the sampling distribution of the difference of the ranks.
In order to do that we have to consider all the possible outcomes of this experiment. For each of the outcomes, we will take the difference between the mean ranks for the two groups and assign a probability to that value. In doing so, we will assume that all the above outcomes are equally likely i.e there is no difference between the two therapies.
There are 3 subjects in each group and each one of them can get any of the 6 ranks. Now, the number of ways in which you can choose 3 numbers out of 6 is 20. So, there will be 20 different ways in which the subjects can be ranked. The following table has only 7 of them : 
	Treat
	                            Distinct Ranks

	Th 1
	(1,2,3)
	(1,2,4)
	(1,2,5)
	(1,2,6)
	(1,3,4)
	(1,3,5)
	(1,3,6)

	Th 2
	(4,5,6)
	(3,5,6)
	(3,4,6)
	(3,4,5)
	(2,5,6)
	(2,4,6)
	(2,4,5)

	 Th 1

mean
	2.0
	2.33
	2.67
	3.0
	2.67
	3.0
	3.33

	Th 2

mean
	5.0
	4.67
	4.33
	4.0
	4.33
	4.0
	3.67

	Diff 
	 -3.0
	 -2.33
	 -1.67
	  -1.0
	 -1.67
	  -1.0
	 -0.33


Similarly the difference of the mean ranks of the other 13 arrangements can be determined. Once it is done we will have the following table :
	   Diff in

Mean ranks
	Probability

	-3.00
	1/20

	-2.33
	1/20

	-1.67
	2/20

	-1.00
	3/20

	-0.33
	3/20

	0.33
	3/20

	1.00
	3/20

	1.67
	2/20

	2.33
	1/20

	3.00
	1/20


The observed mean difference in the ranks in our sample was -2.33. From the above table, the probability that the sample mean difference will be 
-2.33 or even smaller is 
Since our alternative is two sided, the p value will be 

V. Since 0.2 > 0.05, we                                    H0 and conclude that there seems to be no difference between the two therapies. In other words, if the two therapies had identical effects, the probability would have been 0.20 of getting a sample like we observed or something even more extreme.
Note : Although it seems that the first therapy is better, there is not enough evidence to nail it down. Still, it seems that we should have gotten a smaller p-value.
The reason why we got such a high p-value is that our sample size was extremely small. Infact it is nearly impossible to get a small p – value with a very small sample size. So, if the number of patients was much higher we should have got a small p – value.
Wilcoxon Rank Sum test : 
This is a slight modification of the original Wilcoxon’s test in that we only use all the possible ranks of one of the two groups. Then we take the sum of each of those possible ranks and attach probability to those. Based on these probabilities, we make our conclusion.

Eg : For the above example, let us enumerate all the 20 possible rankings of the patients who had the first therapy.
	         Therapy 1

         rankings
	Sum
	Probability

	(1,2,3)
	6
	

	(1,2,4)
	7
	

	(1,2,5), (1,3,4)
	8
	

	(1,2,6), (1,3,5), (2,3,4)    
	9
	

	(1,3,6), (1,4,5), (2,3,5)
	10
	

	(1,4,6), (2,3,6), (2,4,5)
	11
	

	(1,5,6), (2,4,6), (3,4,5)
	12
	

	(2,5,6), (3,4,6)
	13
	

	(3,5,6)
	14
	

	(4,5,6)
	15
	


In our experiment the ranks for therapy 1 were (                      ). So the sum of the ranks was       . 

From the above table, the probability that the sum of sample ranks will be 7 or even smaller is 
Since our alternative is two sided, the p value will be                                     

So, we will have the same conclusion as above.

For large samples, it is very hard to write down all the possible rankings and evaluate the sampling distributions. In that case, software will calculate the p – value based on a normal distributional approximation to the exact sampling distribution using a z statistic.

Note : We are only assuming that the mean difference of the ranks has a Normal distribution. We are not assuming that the response variable has a normal distribution i.e we are not contradicting what we said earlier.
