              Two Factors : Two Way ANOVA
In one-way ANOVA, we analyzed the relationship between a                      response variable and a single 
                    explanatory variable, also called a           .

When there are        factors involved in an ANOVA, it is called a Two Way ANOVA. In a two way ANOVA, we can compare the mean of the response variable among the categories of any one of the factors, controlling for the other i.e keeping the other factor fixed at certain levels.

Example: Suppose the time to pain relief corresponding to 3 pain relief medications (Tylenol, Advil and Excedrin) on 2 types of pain (headache and muscular pain) is measured on 12 people with headache and 12 people with muscular pain.

Here, the response variable is the                                , 
The two factors correspond to                     and           

                 . Medication has   levels corresponding to the three drugs while Pain has     levels corresponding to the two types of pain.

Each combination of the two factors is called a                     . So, in the above case there will be          

=   kinds of treatments. Each cell in the following table shows a treatment and each dot is a measurement on an experimental unit (which are the
                 ).

	
	Medication

	
	1. Tylenol
	2. 
Advil
	3. Excedrin

	Type of Pain
	Headache
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	Muscular
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In a two – way ANOVA, we want to test whether the means of the response variable are the same for each category of a factor controlling for the other factor i.e at fixed levels of the other factor.

Thus, for the above example, we can have two null hypotheses viz :

H01 : Mean time to pain relief is the same for Tylenol, Advil and Exedrin for each type of pain (headache and muscle-ache) i.e 

H02 : Mean time to pain relief is the same for headache and muscle-ache for each type of medicine.
The effects of individual factors tested by H01 and H02 are called                          . Thus, we test the main effects of type of medicine with         and that of type of pain with             .
The assumptions corresponding to two and one way ANOVA are the same i.e
· The population distribution for each group should be                      .

· The population standard deviations should be 

                               .

·                      samples should be chosen from the populations.
Note : Even if the population distributions are not normal, ANOVA procedures work quite well if the standard deviations are                         .

Interaction: In a two way ANOVA, if the relationship between the response variable and one of the factors             

varies with the levels of the other factor, we say there is                      between the two                       .

For the above example, no interaction will exist between type of medicine and type of pain if :

· The difference in population mean time to pain relief between muscle pain and headache are the   

same for the three drugs.      

· The difference in population mean time to pain relief for each pair of drugs is the same for 
    muscle pain and headache.

The following table displays a set of population means indicating no interaction between type of pain and type of medicine.

Eg : 

	
	Muscle pain
	Headache

	Tylenol
	23
	21

	Exedrin
	29
	27

	Advil
	25
	23


To see if there is any interaction, we can also plot the mean response time against one of the factors, using different symbols for different levels of the second factor.

· No interaction (between the two factors) would be indicated by                     lines as below :
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                       Tylenol        Advil          Exedrin
The above picture clearly shows that the difference in mean time to pain relief between each pair of drug is different for the two types of pains. Hence, it proves the presence of interaction between type of pain and type of medication.
In the analysis of two way ANOVA, the following steps should be performed :  

· First test for                     (between the two factors).
· Test for                         (effect of each factor separately) ONLY IF there is          significant 
                    i.e the null hypotheses for  

    is rejected.

· If there is                  , DONOT test for any                             ; instead, plot and compare the cell means for a factor separately at each category of the other factor.

Analysis for two - way ANOVA

Assume that there are 2 factors, say A (with number of levels = a) and B (with number of levels = b). Hence there are         treatments. If there are 
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. The 2-way ANOVA table would then look like:

	Source
	df
	SS
	MS
	F

	Factor A
	a – 1
	SSA
	
	

	Factor B
	b – 1
	SSB
	
	

	Interaction
	(a–1)(b–1)
	SSAB
	
	

	Error
	N – ab
	SSE
	
	

	Total
	N – 1
	
	
	


Example : For the pain relief example, suppose the following sample means are observed. Sketch a graph to see what it suggests.
         Mean time to pain relief for each treatment

	
	Medication

	
	1. Tylenol
	2. Advil
	3. Excedrin

	Type of Pain
	Headache
	22.75
	27.50
	19.25

	
	Muscular

Pain
	23.00
	20.50
	28.25


Before doing any formal analysis, let us check for the presence of interaction. The plot (of mean time of relief against type of medicine) will look like this :     
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· Conclusion : It is clear that the differences in the population mean time to pain relief between each pair of drugs are different for muscle pain and headache. Thus, there is interaction between type of pain and type of medicine on their effect on the time of relief.

Formal Analysis : 

We get the following sum of squares:

SSA = SSP = 3.375= Sum of squares for type of pain

SSB =SSM = 5.583= Sum of squares for medication

SSE =SSI= 256.750= Sum of squares for interaction

SST = 315.958 
= Total Sum of squares.
N =        =         , a =     , b =     
Thus, our ANOVA table will look like : 

	Source
	df
	SS
	MS=SS/df
	F=MS/MSE

	Pain
	
	3.375
	
	

	Medication
	
	5.583
	
	

	Interaction
	
	256.75
	
	

	Error
	
	
	
	

	Total
	
	315.958
	
	


First we test for the presence of interaction : 

Hypotheses:

              Ho: There is no interaction 

         vs Ha: There is interaction

Test statistic:  F = MSI / MSE = 

P-Value: The above F statistic has df= (  ,  ). From the F table (tab D) we see that the area above 3.55 is 0.05. Since 45.99  > 3.55, the area to its right (under the F(2,18) curve) will be much              than 0.05. Hence, our p-value is nearly 0.

Decision: We             Ho since our p-value is        than any reasonable level of significance.

Conclusion: The observed data give strong evidence for the presence of interaction between the type of pain and medication. (It matches up with our plot!!). This means that none of Tylenol, Advil or Exedrin works best for both types of pain i.e the “best medicine” depends on the                           .

Since there is interaction, we no longer test for the    

                         of type of pain and type of medication.

In such a case we may compare the effect of medicine separately for each type of pain:

a) Compare the effect of the three types of medicine to reduce headache:

Ho: (1 = (2 = (3 for Headache vs.

Ha: At least one of the means is different

 ME for 98% individual confidence level = 3.01

	Type of Pain: Headache

	Medicine
	Sample Mean
	No lines

	Excedrin
	19.25
	

	Tylenol
	22.75
	

	Advil
	27.50
	


Decision: Reject Ho since all the paired differences (between the above 3 values) are greater than 3.01. 

Conclusion: The observed data indicate that there are significant differences between the mean time to reduction of headache pain for all medication, with Excedrin acting the fastest (19.25 minutes on the average) followed by Tylenol (22.75 minutes on the average) and finally Advil (27.5 minutes on the average).

b) Compare the effect of the three types of medicine to reduce muscular pain:

Ho: (1 = (2 = (3 for Muscular pain vs.

Ha: At least one of the means is different

ME for 98% individual confidence level = 3.01

	Type of Pain: Muscular

	Medicine
	Sample Mean
	

	Advil
	20.50
	|

	Tylenol
	23.00
	|

	Excedrin
	28.25
	


Decision: Reject Ho since all the paired differences (except that between Advil and Tylenol) are greater than 3.01.

Conclusion: Although Advil and Tylenol are not significantly different from each other in average time to pain relief (Advil acts in 20.5 minutes on the average and Tylenol acts in 23.0 minutes on the average) but they are both significantly faster than Excedrin (which acts after 28.25 minutes on the average).
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