14.2    Pair-wise comparisons: Follow up to ANOVA
When using ANOVA, if we decide to reject Ho, we conclude that at least one of the group means is different 
from the others. However, we do not know which one or ones are different from the others.

So we look at all possible pairs to find out which pair(s) of means is/are different from each other. In the diet example, we compare

       µ1 with µ2, i.e. µLowFat with µLowCal,
       µ1 with µ3, i.e., µLowFat with µLowCarb,

and µ2 with µ3, i.e., µLowCal with µLowCarb
In general, when we have g groups then we need to make  

                         comparisons. Thus, 

If g = 3, there are                      =     comparisons

If g = 7, there are                      =     comparisons

Here “comparisons” means the number of pairs of µ’s we have to test for.

The problem we now have is called a multiple comparison problem. 
The simplest and most obvious way of doing multiple comparisons is to form confidence intervals for the difference between each pair of population means. This is called the Fisherian Method. 

Thus, if 
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 are the sample means for groups i and j with sample sizes ni and nj, respectively, then a 95% confidence interval for               will be


where S =√          where        is the means square error appearing in the ANOVA table. The degrees of freedom of the t score is              i.e the same as that of the MSE. If 0 doesnot fall in the above C.I, we are 95% confident that there is significant difference between µi and µj.                  .
Eg : In the diet example, we concluded that the average weight loss induced by at least one diet was different from the others but it was not clear which diet is better or the best. We had the following summary statistics:

	Diets
	Sample Mean
	Standard Deviation
	Sample Size

	1. Low Fat
	21.50
	2.887
	4

	2.LowCal
	24.50
	2.646
	4

	3.LowCarb
	29.25
	2.217
	4


Now, let us form separate 95% C.I for             ,                      and
                          .
From the ANOVA table, we have : 
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= MSE =                 hence S = 2.598 ≈ 2.6

              and N - g = df of the t statistic = 
Since there are 3 groups (g = 3), the total number of pair-wise comparisons is

g((g–1)/2 =                = 
The t score for a 95% C.I (t0.025) with df = 9 is 2.262. Then, the margin of error is

Using these and the general formula for CIs, that is, CI = (Estimate ± ME), we have : 

	Pairs
	Estimates = 
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	ME
	CI for 
[image: image5.wmf]ij

mm

-



	µ1 – µ2
	21.50 – 24.50 = – 3.00
	4.16
	(           ,        )

	µ1 – µ3
	21.50 – 29.25 = – 7.75
	4.16
	(           ,         )

	µ2 – µ3
	24.50 – 29.25 = – 4.75
	4.16
	(           ,           )


In the above table,

µ1 = Mean weight loss of ALL overweight people who use low-fat diet.

µ2 = Mean weight loss of ALL overweight people who use 
        low-cal diet.

µ3 = Mean weight loss of ALL overweight people who        
        use low-carb diet.

Conclusion : 

We note that the CIs for               and                doesnot contain zero. Thus, we are 95% confident that there are significant differences between the             and             and between                     and                   diets.

However, there will not be any significant difference in the average weight loss (of the population of overweight people) who use                  and                   diets.

Graphical Summary : 

These results can be graphically summarized by

1. Ordering the sample means from smallest to largest

2. Drawing lines to connect those treatments that are NOT significantly different from each other.

For the above example, this will look like : 
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Since ME = 4.16, if two sample means are            units apart, then we conclude that there is no significant difference between them, hence we connect them with a line.

Software output : 

Fisher 95% Individual Confidence Intervals

All Pairwise Comparisons

lowFAT subtracted from:

          Lower  Center   Upper  -----+---------+---------+---------+--
lowCAL   -1.156   3.000   7.156               (------*------)

lowCARB   3.594   7.750  11.906                       (------*------)

                                 -----+---------+---------+---------+--
                                   -6.0       0.0       6.0      12.0

lowCAL subtracted from:

         Lower  Center  Upper  -----+---------+---------+---------+----

lowCARB  0.594   4.750  8.906                  (------*------)

                               -----+---------+---------+---------+----

                                 -6.0       0.0       6.0      12.0
As before, the only CI that contain zero is the one for the difference of the population means of                and            

diets.

Note : The Fisherian method should be used only when the number of comparisons is           .If we construct individual 95% C.I for each of a large number of comparisons then it is seen that the probability that all those C.I will simultaneously contain the parameters             significantly. So, statisticians had to think of ways in which they can extend the 95% confidence to the set of all intervals. The confidence level corresponding to the set of intervals (rather than a single interval) is called a family confidence level.
Eg : For three groups, we need 3 CIs to compare the 3 pairs of population means. If we construct a 95% CI for each of the pairs then the family of 3 CIs will have confidence level 


which is quite small (compared to 0.95 or 0.99)  

Thus the only way out is to specify more stringent confidence levels for the individual C.Is so that the family confidence level remains high too.

Eg : If we construct 3 individual CIs, each at 99% level, then confidence level for the family of all 3 CIs will be   

                             which is not that bad.

The other way round, if want a family confidence level of 0.94 and the family contains 3 confidence intervals, then each of the 3 individual CIs will be 

There are two principal methods for making multiple comparisons this way. These are :

1. Tukey Method: Construct CIs for difference of pairs of population means in such a way that the family confidence level is fixed (say at 0.95). We cannot do this by hand but software will give us the intervals.
2. Bonferroni Method: Construct CIs for difference of pairs of population means in such a way that the family confidence level is at least 0.95. Generally, Tukey C.I are slightly narrower than the Bonferroni ones. Bonferroni intervals can be done by hand.
The formula for the C.I (in the above two methods)  

are the same as for the individual C.I except that here the t-score changes (since we modify the individual confidence levels to suit our requirement for the family confidence level).

Eg (Bonferroni Method): Let us again go back to the diet example. We had the following summary statistics:

	Diets
	Sample Mean
	Standard Deviation
	Sample Size

	1. Low Fat
	21.50
	2.887
	4

	2.LowCal
	24.50
	2.646
	4

	3.LowCarb
	29.95
	2.217
	4


   Also, we have from the ANOVA table, 
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= MSE = 6.75 hence S = 2.598
   Also, df of the t statistic is 9, the df of the MSE.
Since there are 3 groups (g = 3), the total number of pair-wise comparisons is

g((g–1)/2 = 3((3–1)/2 = 3

Suppose we want a family confidence of 94%. Then we will give up                             for all 3 comparisons. That is, for each comparison we will give up                          . This means we have to use                      or              as the  

                       confidence level for each comparison. 
The value of t that corresponds to 98% confidence level with df = 9 is 2.821 (= t*). Then, the margin of error is

Using these and the general formula for CIs, that is, CI = (Estimate ± ME), we get the following CIs:

	Pairs
	Estimates = 
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	µ1 – µ2
	21.50 – 24.50 = – 3.00
	5.18
	(          ,         )

	µ1 – µ3
	21.50 – 29.25 = – 7.75
	5.18
	(          ,        )

	µ2 – µ3
	24.50 – 29.25 = – 4.75
	5.18
	(          ,         )


We note that ONLY the CI for              does not contain zero. Thus, we are       confident that a significant difference exists ONLY between the              and                 
        diets. Since the CIs for            ,               does not contain zero we are      confident that there is no significant difference between the            and              diets and also between              and                  diets..

These results can also be graphically summarized by

3. Ordering the sample means from smallest to largest

4. Drawing lines to connect those treatments that are NOT significantly different from each other.

For the above example,
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Since ME = 5.18, if two sample means are                units apart, then we conclude that there is no significant difference between them, hence connect them with a line.

B) CI with Tukey Method

Tukey 95% Simultaneous Confidence Intervals

All Pairwise Comparisons
(Family confidence level = 95%)

Individual confidence level = 97.91%

lowFAT subtracted from:
          Lower  Center   Upper  ------+---------+---------+---------+-
lowCAL   -2.131   3.000   8.131              (--------*--------)

lowCARB   2.619   7.750  12.881                      (--------*-------)

                                 ------+---------+---------+---------+-
                                    -6.0       0.0       6.0      12.0

lowCAL subtracted from:

          Lower  Center  Upper  ------+---------+---------+---------+--
lowCARB  -0.381   4.750  9.881                 (--------*-------)

                               ------+---------+---------+---------+---

                                   -6.0       0.0       6.0      12.0

The only CI that does not contain zero is the one for the difference of the population means of                  and                

diets.

Same conclusion as Bonferroni but different family confidence level (Bonferroni has         whereas Tukey has         

         family confidence level).

Note that, the above method gives us a different conclusion than the 95% individual C.I. In that method, the           and         

               diet had a significant difference too apart from that between           and                     ones.
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