         Sec 13. 6 : Modelling Categorical Response :  

                                   Logistic Regression

Until now, we have learnt how to link up

· A quantitative response variable to other quantitative explanatory  variables.

· A quantitative response variable to both quantitative and categorical explanatory variables.

The obvious “missing link” is to link up a categorical response variable to some quantitative and categorical explanatory variables. This is accomplished by what is known as a Logistic regression model.

Eg :  Whether a person has respiratory problems (Yes/No) based on the average number of cigarettes he smokes per day, his gender (M/F) and age. 

As we learnt in the last section, whenever we have a categorical variable, we have to code it in terms of 0’s and 1’s using the indicator variables. Here, our categorical response variable will only have two categories (Yes/No or Success/Failure). So, we will need only one binary variable (Y) to code it such that 


Yes
Success  
Y = 1

Respiratory 
problems ?



   No
  Failure
Y = 0

Naturally, the population mean of the 1and 0 scores will be equal to the population proportion of successes (p) and failures (1- p) i.e the probability that a randomly selected subject has a success or a failure outcome. The logistic model links up this success probability (p) to a set of explanatory variables. 

If we follow our footsteps for the previous sections and express the above relation (between p and the X’s) as


                p = α + βx

we may face a problem because, for some values of x, (α + βx) may become less than       or greater than        . But p, being a proportion (or a probability), can never be less than     or greater than    . So, we have a contradiction. 
Eg : Suppose, we have the smoking status (# of cigarettes smoked per day) and the health status (have respiratory problems?) of a number of old men. We fit the above model in SPSS and get the equation :
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Suppose a person smokes 10 cigarettes on average per day. So, according to the above model, the predicted probability of his having respiratory infection is 

which is absurd because probability can never be greater than 1. 

For these reasons, we have to write the model in such a way that the expression in the right hand side of the equality sign always stays between      and       no matter what value of x we have. 
One such model is the logistic regression model given by
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This curve will never go above p =        . This is also apparent from the model because the numerator is clearly smaller than the denominator (by 1).
In the above model, β tells us whether p (mean of Y) increases or decreases with x. 
Specifically, 

· When β >      , p increases with x. The curve looks like : 
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· When β <        , p decreases with x. The curve looks like this : 
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· When β =    , p doesnot change with x. The curve becomes a horizontal line : 
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But we should keep in mind that β DOESNOT represent the slope of the curve unlike in the linear regression. Here the rate at which the curve climbs or descends changes with x.  The steepness of the curve increases as the absolute value of β increases.
Eg : Suppose we want to know the relationship between the probability that a person will vote for a Republican candidate (Yes/No) and his/her total family income (X1, in thousands of Dollars), number of years of education (X2) and gender (X3). 
Here, 
          Y :                          
          X1 :

          X2 :                           
          X3 : 
SPSS gives us the following table : 
Predictor          Coeff      SE Coeff
      Z         P
Constant           -2.40       0.12
    - 20      0.0000
Income              0.02        0.01               2        0.0456
Education          0.08        0.05             1.6       0.1096
Gender              0.20        0.06            3.33      0.0010
The indicator variable for gender is X3 such that

                               X3     =    1 for male

                                              0 for female

Thus our logistic regression model will be 

Interpretations : 
     Since the coefficients of income, education and gender are  

     all positive, we conclude that :

· Individuals with more income are more likely to vote Republican than those with lower income controlling for education level and gender. 

· Similarly, individuals with higher educational level are more likely to vote Republican than those with lower educational level controlling for income and gender. 
· Lastly,                    are more likely to vote for Republicans than females controlling for income and education levels.
Suppose a women has 18 years of education and her total family income is 70 thousand Dollars. So, the estimated probability that she will vote for a Republican candidate is 
Two other important (and interesting) properties of the logistic model are : 

· At x =           ,p =           i.e the outcomes are equally likely.
· The value             represents the approximate change in p for 1 unit increase in x ONLY when x is very near to -  
                      (i.e the value at which p = 0.50).
Eg : Suppose we now want to analyze the relationship between “probability of voting for  Republicans” and “total family income”. The logistic equation is given by : 
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Here α =           and β = 
So, a person whose total family income is 
          X1 =                                                       thousand Dollars

has probability            of voting for a Republican candidate i.e is equally likely to vote for a Republican or a Democrat candidate.
Moreover at income levels near           thousand Dollars, the estimated probability of voting for a Republican candidate increases by                 for every                         increase in total family income.
Inference for Regression Coefficients : 
Suppose we want to test the hypotheses

                H0 : β = 0  vs  Ha : β ≠ 0 (or < 0 or > 0)

The test statistic will be 


            Z = (b - 0)/se(b)

SPSS (or any other statistical software) will give us the above Z value and the corresponding P –value. 

Eg : For the above example, the p-values for income (0.0456) and gender (0.0010) are less than 0.05. Moreover, the estimates are positive. So, we conclude that income and gender have significant                                  influence on the voting preferences of an individual. 
On the other hand, since the p – value for education is much higher than 0.05, we conclude that the educational level of an individual doesnot seem to have any significant influence on his/her voting preferences towards Republican or Democrat.
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