                Chapter 13. Multiple Regression

Why do we need it ? 

We have learnt how to test for association between a response and a single explanatory variable and also how to predict the value of a response variable given a particular value of the explanatory variable. 

Sometimes, in reality, a response variable maybe influenced by more than one explanatory variables. So, if we can use all those explanatory variables, our prediction about the response variable should be more precise rather than if we used only one of them. Moreover, we can test whether an explanatory variable is influencing the association between the response and another explanatory variable – something which we could not do for simple linear regression.

Eg : The crime rate (number of crimes per 1000 residents) of a particular place is a very important factor. Crime rate can depend on a lot of factors, like the average income of the residents, the percentage of residents who are well educated, the level of urbanization etc. Thus, in order to accurately predict the crime rate of a region, we should take all these factors into account because each of these factors give us some information, about the probable crime rate in that region.

Multiple Regression Model : 

Just like the simple linear regression (SLR) model, the multiple regression model linearly connects the population mean of the response variable (µy) to the explanatory variables (X) – the only difference being that here we have more than one explanatory variables. If we have p explanatory variables X1, X2,…,Xp, the population regression model would look like


µy = α + β1x1 + β2x2 + … + βpxp
As usual, the sample prediction equation will be 
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where a, b1, b2,…,bp are the best possible estimates (statistically speaking, “least squares estimates”) of      
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.Any statistical software will give us all these estimates.

Eg : We have data on crime rate (Y), percent with High school education (X1), percentage of residents living in an urban environment (X2) and median income (X3) (in thousands of Dollars) for all the counties of Florida. We want to know the combined influence of  X1, X2 and X3 on Y.

First draw a picture !! 
As we did for SLR, we first draw scatter diagrams (of Y against X1, X2 and X3) to have a first hand notion of how they are related. Since we have multiple predictors, here we will have many scatterplots corresponding to different combinations of Y and the X’s. These are shown as a scatterplot matrix as below for the above example : 
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Here for the plots in the first row (first column), crime rate is along the Y axis (X axis), for the second row (second column), education is along the Y axis (X axis) and so on. 
Since crime rate is our response variable, for the time being, we will only look at the plots on the first row.

Interpretation : We see moderately strong                

                      relationships between crime rate and education, urbanization and income.
The multiple regression model would be :

          Crime = α + β1Edu + β2Urb + β2Inc
Interpretation of coefficients : 

· The y intercept (i.e α), is the predicted value of y when all the predictors are 

· In order to interpret the slope for a particular predictor, it is best to fix the other predictors at some values i.e control for them. 
Eg : For the crime dataset, SPSS gives us the following table :  
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Thus, the multiple regression equation of Y on X1, X2 and X3 is 
So, if a hypothetical county has education rate 74%, urbanization rate 43% and median income 21 thousand Dollars, its predicted crime rate would be 

i.e for every 100 residents of that county, about    would be victims of criminal activities.

Effect of Education : 

              Since the slope of education is                       , we can say that controlling for urbanization and income, crime rate of a county is                                related to education. Specifically, the predicted crime rate of a county decreases by               for     percent increase in the education rate i.e a county will be safer if more of its residents are educated.

Effect of Urbanization : 

                     Similarly, controlling for education and income, crime rate is                           related to urbanization (since the slope of urbanization is                    ) i.e the predicted crime rate of a county increases by            for 1 percent increase in the urbanization rate i.e more urbanized the county, less safer it is.

Effect of Income : 

                Since the slope of income is                          ,

controlling for education and urbanization, the median income of a county is                             related to its crime rate – for 1 thousand Dollar increase in the median income of the residents, the crime rate decreases by                  i.e wealthier the residents of a county, safer it is.
A basic property of multiple regression models is that the slope of a particular explanatory variable remains the same even if we change the values of the other explanatory variables.

For example, in the above regression equation, the slope of education would remain -0.467, no matter what values we assume for urbanization and income.

A basic difference between multiple and simple regression models is that, for the former, in order to interpret the effect of a predictor, we fix (or control for) the other predictors at particular values but for SLR, in order to interpret the effect of a predictor we ignore any other possible predictors.

Eg : In the above example, suppose we regress Y on only X2  (Urbanization). SPSS gives us the following regression equation : 
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Here education and income have been altogether ignored, not controlled. The value of the slope (of X2) has also changed (decreased from 0.697 to 0.562). Thus, ignoring and controlling for a variable have different impact on a regression model.

Lurking variables :

                    As we know, lurking variables are those which influences the association patterns between other variables and result in misleading relationships between apparently unrelated variables. Multiple regression analysis helps us to put some checks on these lurking variables by including them as explanatory variables in the regression model.

Eg : For the above example, if we look at the scatterplot we see that crime rate and education are 
positively related (which seems absurd). But the multiple regression equation tells us just the opposite – that they are negatively related. 
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Here, urbanization acts as the lurking variable : when we control for it, education and crime rate are seen to be negatively related (which is expected). But, when we donot control for it, we get the wrong conclusion. This is called Simpson’s paradox and is pictorially shown in the above scatter plot :  

Thus, for fixed levels of urbanization, crime rate and education has a negative slope but overall they have a positive trend.
              Multiple Correlation Coefficient

Just like the simple correlation coefficient (r), the multiple correlation coefficient (R) summarizes the strength of association between all the predictors (X1, X2,…,Xp) and the response Y. It is calculated as the ordinary correlation coefficient between the observed                         and the predicted values of Y. 

R always falls between 0 and 1. Closer the value of R to 1, better is our multiple regression equation because then 
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 and y are closely related.

Eg : For the crime data set, we have the observed crime rate for every county. Moreover, if we plug in the values of education, urbanization and income into the multiple regression equation, we will get the predicted crime rate for every county. Now, we just have to calculate the correlation coefficient between these two sets of values to get the multiple correlation coefficient.
According to SPSS, this value is 0.688 which indicates a moderately strong  association between crime rate and education, urbanization, and income.  
R2: Just as in simple linear regression, R2 tells us how much better we are doing (in predicting y) by using the multiple regression equation rather than [image: image8.wmf]y

. As usual, it is just the square of R. For the crime data, since, R = 0.687, R2 = 
It can also be evaluated from the following formula : 

                          
[image: image9.wmf] [image: image10.wmf]2

SSTRSS

R

SST

-

=


where SST and RSS are respectively the total and                           

residual sum of squares we get from the ANOVA table.

Eg : For the crime data set, SPSS gives us the following ANOVA table 
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Here SST =                            and RSS = 
So, 

         R2 = 

= 
which is the same that we had earlier. Thus, by using education, urbanization and income, we have reduced            the prediction error by                relative to using only the mean crime rate.                               
If we only use education or urbanization or income to predict crime rate, R2 decreases considerably. Thus, by including all the 3 predictors, we can predict crime rate much more accurately.

Always remember that R2 cannot decrease when we additional predictors are added to a model. But if the correlations between the explanatory variables are strong, once we have included some of them, R2 doesnot increase much when we add some more. This doesnot however mean that the additional variables are not related with the response. This only happens because the additional variables doesn’t add a lot of extra information than the variables already in the model.
In our example, urbanization has the strongest association with crime rate (r2 =  0.459). Now we have : 

 Variable               R2 

     U
0.459

     U, I                0.467

     U, E               0.471

     U, I, E            0.473
Thus, after we have used urbanization, addition of income and education DOESNOT improve the regression equation considerably. This is because the correlation coefficient between (U, I) is 0.731 and between (U, E) is 0.791 so urbanization is doing most of the job that education and income would have done in predicting crime rate.

           Inference from Multiple Regression

As for simple linear regression, we can use multiple linear regression to make inferences about the                              
population.
Eg : We may want to know how crime rate depends on education, urbanization and income for the whole of America, not just in the counties of Florida.

The assumptions are exactly the same as before : 
· The population multiple regression equation is           

    linear in the predictors i.e 
               µy = α + β1x1 + β2x2 + … + βpxp
· The sample data are obtained (from the population) by random sampling.
· At each combination of values of the predictors, the y values are distributed according to a distribution with mean µy(x) and the same standard deviation, say σ. 
Again, this assumption is not very important for sample sizes and even if it is violated, we can still perform two sided tests and C.I since those are robust.
Hypotheses tests : 

We can test for the independence between Y and a particular predictor (say X1) controlling for the other predictors by performing the usual t test for the slope parameter of  X1.
The null and the alternative hypotheses will be
      H0 : β1 = 0
    vs             Ha : β1 ≠ 0        
One sided alternative hypotheses ( i.e Ha :  β1 < 0               or Ha :  β1 > 0)  are also possible.      

Test Statistic : 

As usual, the test statistic will be

T = (b1 – 0)/se(b1) ~ t(n-2)
where “b1” is the sample slope estimate (of X1) and “se(b1)” is its standard error. 

The df of the t test statistic will be  n - (number of parameters in the regression equation) 

                              =  n – (p+1)
if our regression equation is 

                  µy = α + β1x1 + β2x2 + … + βpxp
P-value : 

               The p – value of the test statistic is the two-tailed area under the t(n-p) curve corresponding to more extreme values of our test statistic.  

Rejection Rule : 

                   As usual, if our p value is  less than the significance level (α), we will                         the null hypotheses and conclude that β1 ≠ 0 i.e X1 and Y are dependent controlling for X2, X3,…,Xp i.e even if we have X2, X3,…,Xp in our model, it would still help us to have X1.

Eg : For our crime example, the fitted equation is : 
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Let us test whether controlling for urbanization and education, income has any effect in predicting crime.
Assumptions : 

· The counties were NOT selected randomly from all the counties in US. We only included the counties of a particular state (Florida). But, for the time being we can assume that even if we selected a random sample of counties from US, we would have seen a roughly similar relationship between crime rate on the urbanization, income and education.

· From the scatterplot matrix, we can say that crime rate has a  positive relationship with urbanization, income and education with roughly similar spread at all the points.

So, the assumptions are tentatively satisfied and we can go ahead with our test.

 Hypotheses :  

                   Since we want to test whether crime rate and income are independent controlling for the others, our null and alternative hypotheses should be : 
        H0 : β3 = 0
        vs            Ha : β3 ≠ 0       
Test Statistic : 

                    From the SPSS output, we get that the sample slope estimate for income is               with standard error is                  . So,

                  T = 

Since the sample size is 67 (67 counties) and we have     parameters, the degrees of freedom of the above statistic will be                        .

P value : 

             This is the area below             and above  under a t curve with         df. 
From the t table, we have, for 63 df, the area above 1.296 is as high as 0.100. Since 0.407 is much lower than 1.296, the area above it will be much
than 0.10. So, our p value will be much higher than           .
Conclusion : 

                Let our level of significance be α = 0.05. Since our p value is less than 0.05, we                                     H0 and conclude that there is little evidence of any     

association between income and crime rate if we already know the urbanization and education                       

rates for a county i.e information on income of residents doesnot help as anymore (in predicting crime rate) if we already know about urbanization and education rates of a county.
Confidence Interval for β : 

A 95% confidence interval of β3 is given by 

                       b3 ± t0.025, n - 4*se(b3)
Eg : For the above example, b3 =  - 0.383, se(b3) = 

0.941 and t0.025, 63 ≈ 2.000. Thus, the required 95% confidence interval of β3 will be  
                 =     

Conclusion : 

Since the confidence interval contains 0, we are 95% confident that the slope of income may be 0 i.e controlling for urbanization and education, income,  

 doesn’t seem to influence the crime rate of a county.
Thus, both the two sided significance test and the confidence interval gives us the same conclusion about the effect of income on crime rate.
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