 Chapter 3/11 : Exploring Association between two     

                               Quantitative variables.

In Statistics we have to deal with many variables and some of them may be related to each other in some way. The most common form of relation (or association) between two variables is that of “cause-and-effect” i.e one variable may be causing a change in another variable or vice versa.

Example :  Suppose there are 25 cars in a used-car dealership lot in your area. For each car the owner (of the lot) has information on its weight and mileage (number of miles it travels on a gallon of gas).
Obviously, weight and mileage are quite related since heavier the car, lesser should be its mileage. 

All the above variables are quantitative since they take numerical values. In this Chapter we will learn how to analyze association between two quantitative variables.

For this purpose we have to be familiar with the following two terms :
Response variable (Y) : It is the outcome variable i.e it measures the outcome of a process. 
Explanatory variable (X) : It is the causal variable i.e the variable which causes the outcome as we see it.

Eg : For the above example, the mileage of a car is a response variable and its weight is an explanatory variable because it is the weight of a car which determines how much gas it will consume.
To get a quick but modest idea of the relationship between two quantitative variables, we should first plot the response variable (Y) against the explanatory one (X) in what is called a scatterplot. Here the values of X and Y for a subject is represented by a point. A scatterplot tells us :

· Whether X and Y are positively associated (depicted by a upward trend in the points).
· Or whether X and Y are negatively associated (depicted by a downward trend in the points).
· Whether the trend (in the points) can be reasonably approximated by a straight line.
· Whether there are any unusual points which falls well apart from the general trend of the points.

Eg : The scatter plot of mileage (Y) against weight (X) of the 25 cars is as follows : 

[image: image1.wmf]WEIGHT

7000

6000

5000

4000

3000

2000

MILEAGE

40

30

20

10


Observations : 

· The points show a strong downward trend i.e mileage and weight have a  negative association. So, heavier cars tend to have poorer gas mileage.
· We can approximate the above trend by a straight line reasonably well.
· We donot see any point which falls well apart from the general trend of the points. i.e there doesnot seem to be any unusual observations.

If the datapoints in a scatter plot have a straight line pattern (like the above), we say that the association (between the variables) is strong and that they have an approximately linear relationship. We can actually measure the strength of linear association (between X and Y) by a quantity called correlation coefficient.

· Correlation coefficient (r) measures the strength and direction of the linear association between X and Y.
· -1 ≤ r ≤ 1.
· The closer r is to -1 or +1, the closer the data points are to a straight line pattern and stronger is the linear relationship between X and Y i.e
    r = + 1 when there is a perfectly linear increasing 
    relationship between X and Y.
    r = ​– 1 when there is a perfectly linear decreasing 
    relationship between X and Y.
· Positive (negative) value of r indicates positive(negative) association between X and Y.
· The value of r doesnot depend on the variable’s units. 
All statistical softwares give us the value of the correlation coefficient. For the car example, software (SPSS) give the value - 0.867. 

Conclusions : 

· Since this value is negative we conclude that weight and mileage have a  negative  relationship.

· Moreover since the value is quite close to -1, we conclude that weight and mileage have a strong                   negative linear relationship.

Remember, the scatterplot told us the same thing!! 
IMPORTANT : Correlation ONLY applies for linear (straight-line) relationships (between X and Y). If you draw a scatterplot and see that the points follow a curvilinear pattern, NEVER use a correlation coefficient to summarize your findings because the correlation will give you misleading answers.
As we have seen, two variables are strongly correlated when they have a strong linear relationship. We can go a step further by finding the equation of the straight line that best describes this pattern. This line is called the regression line and it helps us to predict an unknown value of the response variable (Y) from a known value of the explanatory variable (X).
It has the form :
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denotes the predicted value of y.
 a   denotes the y intercept : it is the predicted  

 value of y when x = 0. This is because, for x = 0, 
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  b  denotes the slope : It is the amount by which            


[image: image5.wmf]ˆ

y

changes when x increases by 1 unit.
     for X = x,        
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                                         = b(x + 1) – bx 
                                         = bx + b – bx 
                                         = b.
· When b is positive, 
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increases with x and the association between x and y is positive.                     .
· When b is negative, 
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decreases with x and thus x and y have a negative association.
· When b = 0, 
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 doesnot change with x and the regression line is horizontal (parallel to the x axis). Thus x and y are not associated.
As usual software will give us the regression equation. For the car example, the regression line of y (mileage) on x (weight) is : 
               Mileage = 45.645 – 0.005*weight
Interpretation : 
· Since b is                        (-0.005), we conclude that mileage and weight have a                     association (both the scatterplot and the correlation coefficient told us the same thing !!)
· For every pound increase in weight of a car, its mileage decreases by               miles or in other words, for a 1000 pound increase in weight of a car, it will travel      miles less per gallon of gas.
· If a car has no weight (!!), it will travel                 miles per gallon of gas (Obviously this is absurd).
                             Residuals 

The difference (y - 
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) between the observed and predicted values of the response variable for a particular value of x is called the residual for that observation. Residuals can be positive or negative. Closer a residual is to  0, better is the prediction because then the predicted value (of the observation) will be close to its observed value.
For the car example, if we want to know the predicted value of mileage for a Ford Thunderbird Premium (whose weight is 3863), the regression equation would give us a value 
                                      = 
From the dataset, the actual value of mileage for this car is 23. Thus, our error in predicting the gas mileage for a Ford Thunderbird premium is 
i.e we over-predicted the mileage. So, the residual corresponding to a Ford Thunderbird Premium is       . 
In the scatterplot, the residual (for an observation) is the vertical distance between the point and the regression line.
Least squares regression line : The regression line that software gives us is the best line that is possible for the set of datapoints we have. This line has the smallest residual sum of squares (the sum of squares of residuals for the observed points) of all possible lines that can be fitted through the datapoints. As we have seen, this line is given by 
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It can be shown that 
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      and  a =  
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where r is the correlation coefficient between x and y, sy(sx) are the sample standard deviations of x (y) and 
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 are the sample means of y (x) resp.
From the car data, we have : 

r = -.867, 
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= 4037.76, 
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= 24.56, sy = 5.917 and

sx = 981.845.
Then 

                 b = 
                 a = 
Do they match the value we get from the software ?
R2 measure : The regression line helps us to predict the value of y for a particular value of x. R2  tells us how well the regression line does this job compared to 
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. Basically R2  tells us how much better we are doing by regressing y on x rather that just using 
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 to predict y. We obtain R2 by squaring the correlation coefficient (r).
Eg : For the car example, r = -0.867. So, 
                     R2 =       . 

Thus, we can say that for predicting mileage, the prediction equation 

              Mileage = 45.645 – 0.005*weight

gives us  75%  less error than 
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 (the sample mean of the mileage). 

R2 can also be interpreted as the amount of variability in the response (Y) explained by the changes in X [or by the regression of Y on X]. 
So for the above example, we can also say that  75% of the variability in mileage can be explained by weight of a car. So, whichever way we see it, the above prediction equation does a pretty decent job in predicting mileage from the weight of a car.
R2 is also known as Coefficient of Determination
Outliers and Influential Points : As we have seen, scatterplots give us the first impression of the association pattern among the response and explanatory variables. Scatterplots also show us whether there are any unusual points i.e points which lie far away from the other points. These are called outliers. There are two kind of outliers : 

· General Outliers : These are points which fall far away from the other points but in the same direction as the other points. These donot affect the regression line.
· Influential points : These are points which fall far away from the general trend of the other points. These pulls the regression line towards them.
Eg : In the car example, let us add two more cars, one which is way heavier than the other cars (naturally having a lot less mileage) and another which is quite heavy, but surprisingly having a great mileage too. Then the scatterplot will look like : 
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So, here the first point is a general outlier while the second one is an influential point.

Regression Model : A regression line not only gives us the predicted value of y for a particular value of x, it also describes the relationship between x and the estimated mean of y (corresponding to that value of x). This is because, for a particular value of x, the value of y may vary over a range.
In a population, this job is done by the population regression model given by 

                     µy(x) = E(Y|X=x)= α + βx.

This model merely approximates the true relationship between x and µy . Here µy denotes the population mean of y for all the population units at a particular value of x. At each fixed value of x, the y values vary around the mean µy(x).  
Always remember that the statistical model cannot be substitute of reality – it just gives us an approximate idea of what’s really going on around us.
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