ANALYSIS OF VARIANCE FOR REGRESSION

In a regression analysis, our ultimate target is to know whether (and how) X and Y are related. In the last lecture we did this by using hypotheses tests and confidence intervals to guess the true value of the population slope (β). 
If β ≠ 0, X and Y are associated while a value of β close to (or equal to) 0 indicates independence of X and Y. Another way of doing this is to use our good old ANOVA technique. Let’s see how.

An ANOVA table for regression analysis looks like : 

	Source
	df
	SS
	MS
	F

	Regression Model
	1
	SSReg
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	Residuals (Error)
	n – 2
	SSE
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	Total
	n – 1
	SST
	
	


Here the Total Sum of Squares (SST) summarizes the total variability in the y values.
The Residual (or Error) Sum of Squares (SSE) expresses the error in using the regression line to predict y.
Lastly, the Regression Sum of Squares (SSReg) tells us how much less error we have done by using the regression line to predict y rather than 
[image: image4.wmf]y

. It can be shown that 

                         R2 =   SSReg  / SST 

SST, SSReg and SSE (and their degrees of freedoms) are related by the following equality : 
           SST               SSReg
 SSE 
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df = (n – 1)      = 
     1 
   +          (n – 2)  


The df of SSReg is 1 because there is only one independent variable (X).
The df of  SSE  is (n – 2) because there are 2 parameters (α and ().
The assumptions for ANOVA are exactly the same as that for inferences i.e
· Random sample

· Normal distribution of Y for every value of x.
· Constant variance of Y for all x.

As usual, our hypothesis of interest is 

                  H0: ( = 0      vs         Ha: ( ≠ 0
The ANOVA test statistic is

                        F = MSReg / MSE
This is an alternative test statistic for testing independence between X and Y. Infact it is the square of the t statistic we had for the t test.

The p value will be the right tailed area above the observed F value under an F curve with df1 = 1 and df2 = n – 2. As usual, we will reject H0 if p value is less than the significance level (α)
Eg : For the used car example, SPSS gives the following F table : 
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Interpretation : 
· Here SSReg/SST =                                            i.e                        

            which is the exact same value we had for R2.
· The F statistic                   is the square of the t statistic we had earlier (                                   )
· Since the p value is 0, we             H0 and conclude that mileage and weight are strongly associated.
· As in the t-test, we cannot comment on the direction of association between X and Y (since, unlike the t statistic, the F statistic cannot be negative). This is a disadvantage of the ANOVA test.

                  EXPONENTIAL REGRESSION

Whatever we have done till now were based on the fact that the response (Y) and the explanatory (X) variables had an approximately linear relationship. In reality there are some important processes which doesnot follow a linear pattern – they have a curvilinear pattern. In that case, we cannot use a linear regression equation (like 
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) to summarize the relationship; we have to use the equation of the appropriate curve. 

Eg 1: An important natural process is the increase of population size of different countries. For majority of the countries around the world, populations are increasing rapidly. A suitable curve to approximate this increasing pattern is found to be exponential. 
Eg 2 : The radioactive decay process of some rare earth elements follow an exponential pattern.
The general form of an exponential regression model is given by 
                  E(Y|X=x) =  µy = αβx
where µy is the population mean of y at x.
An exponential curve for population growth generally looks like :
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This means that the population slowly increased upto a certain time point in the country’s history and then it started to increase rapidly.

In the above equation, β regulates the direction of the curve. If β > 1, the curve has a positive slope like the above, if β < 1, the curve has a negative slope like below:
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Taking logarithm of both sides of the exponential regression model, we get : 


        log(µy) = α + βx

Thus, the logarithm of the population mean is linearly related to x. So, if the scatterplot of log(y) against x has a linear pattern, it indicates that y and x are related in an exponential manner.
Interpretation of parameters : 

· α represents the mean of y when x =         .
· β represents the multiplicative effect on the mean of y for a one-unit increase in x i.e 

        mean of y at (x =   ) = (mean of y at x =   )* β
        mean of y at (x =   ) = (mean of y at x =   )* β

        mean of y at (x =   ) = (mean of y at x =   )* β
        … and so on.
Eg : Ecologists believe that organic material decays over time according to an Exponential decay model. In an experiment carried out by ecologists at University of Georgia, some leaf litter was allowed to sit for a 20 week period. Initially, the total weight of the organic mass in the bag was 75 kg. Each week, the remaining amount of litter (y) was measured. The following table shows the weight of litter - y  by x - number of weeks that have passed.

	X
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	11
	15
	20

	Y
	75
	60.9
	51.8
	45.2
	34.7
	34.6
	26.2
	20.4
	14
	12.3
	8.2
	3.1
	1.4


Step I : Let us first plot Y against X to guess their relationship. The scatterplot is shown below : 
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For the most part it looks linear but at the near end there is a gradual curve towards the right. This indicates a probable decreasing exponential relationship. 

Step II : In order to be doubly sure, we also plot log(y) against x. That scatterplot is shown below : 
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It has near-perfect linear pattern thus confirming an exponential relationship between y and x.

Step III : The exponential model has the prediction equation : 
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Thus, α =               and β = 

Step IV :  Interpretation : 
· The predicted weight of leaf litter at the 0th week is                 kg (The observed weight is 75 kg).

· The predicted weight of leaf litter at the 20th week is                                        kg. (The observed weight is 1.4kg).

· The predicted weight of leaf-litter at the (k+1)th week is                       times the predicted weight of leaf litter at the kth week i.e for every increase in week, the predicted weight of leaf litter gets multiplied by                     i.e it decreases by 
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