                  Analyzing Dependent Samples

As the term suggests, two samples are dependent if the observations in one sample are                        (or  (or not independent) of the observations in the other sample.

Dependent samples can occur in two ways : 

Repeated measures : In this case, each subject is measured (or observed) at two times. The observations recorded at the two time points (for all the subjects) constitute the two samples. Thus, both the samples have the             subjects.

Eg : We take a group of long distance runners and measure their heart rates before and after they run a  marathon.
Matched pairs : In this case, each subject in one sample is matched with a subject in the other sample.

Eg : A group of twins such that one of the twins is in the first sample and the other in the second sample.

Method of Analysis : 

Since we are dealing with two samples, we will end up with two sets of values. Then we take the difference of each pair and are thus left with only one set of values. Lastly, we use the one sample methods (Significance test and confidence intervals) on these values and draw our conclusion.

Eg : We want to test whether there is any difference in the mean heart rate of long distance runners before and after a marathon. We take a sample of runners (from the population of marathon runners) and measure their heart rates before and after the marathon. Here is the data : 
	Runner
	HR before

 Marathon 
	  HR after

 Marathon
	Diff

	1
	65
	68
	-3

	2
	71
	85
	-14

	3
	65
	63
	2

	4
	81
	75
	6

	5
	72
	69
	3

	6
	63
	63
	0

	7
	60
	59
	1

	8
	55
	61
	-6

	9
	72
	65
	7

	10
	70
	79
	-9

	11
	58
	63
	-5

	12
	55
	73
	-18

	13
	63
	64
	-1

	14
	61
	59
	2

	15
	59
	64
	-5

	Runner
	HR before

 Marathon
	 HR after

 Marathon
	Diff

	16
	71
	75
	-4

	17
	68
	63
	5

	18
	60
	70
	-10

	19
	52
	59
	-7

	20
	59
	67
	-8

	21
	76
	70
	6

	22
	58
	55
	3

	23
	60
	71
	-11

	24
	72
	78
	-6

	25
	76
	76
	0

	26
	63
	69
	-6

	27
	71
	82
	-11

	28
	77
	78
	-1

	29
	68
	76
	-8

	30
	73
	81
	-8


HR : Heart rate.           

Let µ1 and µ2 be the mean heart rate of long distance runners before and after they run a marathon. We want to construct C.I and test hypotheses for 

I. Confidence interval for µ1 - µ2.

Let x1-bar and x2-bar be the sample means of the heart rates for the sampled runners before and after the marathon. Let xd-bar be the mean of the difference column for these runners. For the above data, xd-bar = -3.53.
Note : For dependent samples, mean of differences =  

                                          i.e                      and                   

                                 (here µd is the population mean of the difference of heart rates i.e if we recorded the heart rates of ALL long distance runners before and after marathon and had taken the differences of the two, then µd is the mean of those differences).
Let sd be the standard deviation of the above difference scores. Thus, se =            is the sample standard error of              . For the above data, se = 1.16. So, the 95% C.I of µd = µ1 - µ2 will be 

   xd-bar ± t0.025 sd/√n  

=

=
(Here we use a t distribution with                           df to find the t-score). Thus we conclude that we are 95% certain that after running a marathon, the average heartrate of athletes can increase by a minimum of           and a maximum of 

II. Significance tests for µ1 - µ2 : 
In this case, the null hypothesis will be 

H0 : 
                 or   H0 : 
and the alternative hypotheses will be 

H0 : 
                 or   H0 : 
i.e we want to test whether the average heart rate before and after running a marathon are the same or different. 

Since the hypotheses can be equivalently represented in terms of µd, we can perform a regular one sample                 test on the difference scores to arrive at our conclusion. The assumptions for this test will be :

(i) The sample difference scores is a random sample from the population difference scores.

(ii) The difference scores approximately follows a normal distribution. (mainly important for n< 30 and one sided alternatives).

The test statistic will be : 
where Xd-bar and Sd have been defined before. As usual, our statistic has a t distribution instead of z because we are estimating σd by Sd. After evaluating the test statistic, we should determine the                and arrive at our conclusion by comparing the            with the                                     .
For the above example,

Since the alternative is two sided, the p-value will be the area (under a t curve with      df) below            and above             . From table B in the book we have the following : 

	df
	t.100
	t.050
	t.025
	t.010
	t.005
	t.001

	29
	1.311
	1.699
	2.045
	2.462
	2.756
	3.396


This means that the area above 2.756 (3.396) (and also below -2.756 (-3.396)) (under a t curve with 29 df) is 0.005 (0.001). Since our test statistic value -3.04 lies between -2.756 and -3.396, the area below it will be between            and            . So, our p-value will be between                              and 

If our level of significance is 0.05, we would reject H0 and would conclude that it is highly likely that the mean heart rate of long distance runners changed after they ran a marathon. Again, since the test statistic is               , it is highly likely that the mean heart rate of the runners                        after they ran.
Mc Nemar’s test for comparing proportions

This is a common procedure for comparing the proportions from dependent samples. 

Eg : The following table shows results of an experiment comparing two speech recognition systems GMDS and CDHMM.

                                   CDHMM

  GMDS         Correct                  Incorrect

  Correct
   1921(n11)
58 (n12)

  Incorrect            16 (n13)    
5 (n14)

Here the same speech samples were tested using the two procedures. Thus it is a dependent sample problem.

Let p1 and p2 denote the population probability of correct outcomes for the GMDS and CDHMM respectively.

Suppose we want to test 

                         H0 : p1 – p2 = 0
       vs

                         Ha: p1 – p2 ( 0 
This is the same as testing whether the population proportion of correct outcomes is the same for the two testing procedures.

The McNemar test statistic is given by 

                                n12 – n13

Z = 


                               (n12 + n13)1/2


=
                           =

 Since our alternative is two sided, the two sided p-value will be the area above            and below            under a standard normal (z) distribution. This area (and thus the p-value) is nearly 0. 

Thus, we strongly              the null hypotheses at all significance levels and conclude that there is very strong evidence that the population proportion of correct outcomes is                        for the two testing procedures.

From a statistical software, the 95% confidence interval of  (p1 – p2) is (0.013, 0.029). Since this C.I doesnot contain 0, and moreover, only contains positive values, we are 95% confident that 

        (i) There is significant difference between the population proportion of correct outcomes for the two procedures.

       (ii) The population proportion of correct outcomes for                 is atleast                more and atmost                 more than that of
                 Summary of important formulas
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