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In chapters 8 and 9, we learned how to construct confidence intervals of and test hypothesis about means and proportions corresponding to       population.  
Now, we shall extend the above method to        groups or populations i.e we will learn how to construct confidence intervals and hypothesis tests about the difference of proportions and means corresponding to two populations. By doing this, we can compare the characteristics of the subjects belonging to these two groups.

Eg : We want to compare the proportions of male and female in the U.S who believe in miracles. Here the two groups/populations are respectively the populations of all              and                     in the United States while the characteristic we want to compare (between the two populations) is “belief in miracles”. 
The two groups mentioned above can be compared with regard to a                        or                      outcome. For categorical outcomes, we compare (population)                            , and for quantitative outcomes, we compare (population)                  .

Eg : In the above example, our outcome (or response) variable is “whether a male or female believe in miracles” which, obviously is                             (since it has only two categories viz “Yes” and “No”)

On the other hand, the two groups being compared form the two categories of a                      variable (a variable which only takes values “0” or “1”), often known as the                               variable (since it “explains” or “causes” the outcome).

Eg : In the above example, the explanatory variable is “                  ” which takes the value 1 for males and 0 for females – it specifies the two groups. We are interested in studying whether and how “belief in miracles” depends on “gender”.
In order to compare the two groups, we have to select samples from those groups. If the observations in one sample are independent of those in the other, then those are called independent samples.
Eg : Suppose we want to compare two drugs. We select a sample of patients and randomly allocate them to the two drugs. These two groups of patients (and also the observations coming from them) will constitute independent samples since they were randomly allocated to the two groups corresponding to the two drugs.

Two samples are                        if the same subjects appear in both the samples. Also, if each subject in one sample is matched (or paired) with a subject in the other sample, the samples are dependent and the data is known as “matched pairs data”.

Eg : We perform a blood pressure study where the blood pressures of the same subjects are measured before and after they exercise OR we may have separate samples of husbands and wives – here the husbands are matched with the wives.
                Comparing Two Proportions 

 I. Confidence Intervals

Let 

     p1 : population proportion in a particular category (of the response variable) in the first group.

     p2 : population proportion in the same category in the second group.
We can compare the two groups by constructing a confidence interval of the difference                   .
Step I : Assumptions : 


i)                           random samples from two groups.

                  ii) Large enough sample sizes so that in each sample there are at least       success and   failures.
These will ensure that the sampling distribution of 
                    is approximately                     (by          ).
Step II : Let the sample proportions for the two groups be 
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                                                   , i = 1, 2. 
Here, Xi is the number of subjects in the ith sample belonging to that particular category. 

Thus, the difference in sample proportions will be 

Step III :  As for one proportion, the confidence interval for (p1 – p2) is obtained by adding and subtracting a                                      to its point estimate 
As before, the margin of error is the product of the appropriate                     and the                              . It can be shown that the standard error of                        is 
s.e  = 
Note : Always remember that for estimates calculated from                            samples,

 
=
Here s.e denotes standard error and “est” denotes estimate (here, p^).

So, for the difference of proportions, the margin of error will be 

m.e = 

where the value of z will depend on the                        

                 we seek. If our confidence level is           (i.e we want a 95% confidence interval), z =           and our 95% confidence interval of (p1 – p2) will be

Conclusions :

(i) If    falls in the confidence interval, it is likely that the difference in the population proportions (p1 and p2) is negligible i.e that the population proportions maybe            .

(ii) If all the values in the confidence interval are                                           , it is likely that 

(iii) If all the values in the confidence interval are quite close to 0, then it is likely that p1 and p2 are very close to each other.
Eg : Let’s go back to the “belief-in-miracles” example. Suppose 523 males and 498 females were randomly sampled and each of them were asked the question “Do you believe in miracles?”. The following table summarizes the observations :  

         Belief in Miracles

	Gender
	Yes
	No 
	Total

	Male 
	  225
	298
	523

	Female
	  276
	222
	498


(The above table is called a 2 x 2 contingency table. It cross-classifies the observations corresponding to the response and explanatory variables).

We want to compare the males and females on the basis of their belief in miracles.

Step I : The assumptions are satisfied because : 

i) The samples were chosen randomly.

ii) The number of successes (belief in miracles) and failures (no belief in miracles) in each sample (male and female) are much higher than 10.
Step II : The sample proportions of believers in the males group is 

p1^ = 
and that in the female group is 

p2^ = 
So, the difference in the sample proportions (of male and female believers in miracle) is 

    p1^ - p2^ = 
                                    = 
Step III : Suppose we want a 95% confidence interval for p1 - p2. 

So, the required z –score will be                       (Remember, this is the z-value on the right of which the area under the z-curve is                ).

On the other hand, the standard error (of (p1^ - p2^)) will be

                s.e = 
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So, the margin of error will be 

               m.e = 
Thus, the required 95% confidence interval of 

(p1 - p2) will be 

                  =   

                  = 
Conclusion : Since the above confidence interval contains only                       numbers, we can be  confident that the population proportion of               who believes in miracles is between                  to                     

                          than the population proportion of                    who believes in miracles. 
Note : If the number of successes and failures in the two sample is less than 10, then the above confidence interval may give us inaccurate results. 
II. Significance tests : 


Significance test is another avenue through which the comparison of two groups can be carried out. As for confidence intervals, the general methodology for significance tests is perfectly analogous for the one and two sample case.

The definition and meaning of  p1, p2,  p1^ and p2^ remains the same as in the confidence interval case.
Step I :  Assumptions : 
i) The response variable should be categorical for both the groups.

ii) Independent random samples should be selected from the two populations.

iii) There should be at least      success and    failures in each sample (Notice that the sample size condition is less restrictive here than for the confidence interval).

Step II : Similar to the case for single proportion, we have to formulate two hypothesis for (p1 - p2) : a null hypothesis based on our experience and an alternative one challenging our belief. These can be expressed as: 



 H0 : 

     vs      Ha:                  (two-sided)
                      Ha: p1 – p2 > 0 (one-sided)
                      Ha: p1 – p2 < 0 (one-sided)
Step III :  The test statistic is given by : 
Z follows a N(0, 1) distribution under H0. 

Here,         is called the                                 of         , denoting the common population proportions of believers. It is given by  


p^ =

                     = 
The above standard error for Z is obatined from the usual standard error of  (p1^ - p2^) i.e


s.e =
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by replacing p^ for both p1^ and p2^.
Analogous to the one proportion case, the above test statistic would measure the number of                              

                         would fall from the          value ( i.e 0). 

Step IV : As in the one proportion case, we would base our conclusion (on whether to reject or not to reject H0) on the                     which is the one (for one sided alternative) or two (for two sided alternative) tailed probability of values even more extreme than the observed test statistic value. 

Step V : We should first specify an appropriate                      

significance level α and would                    if our  

                      and would “fail to reject” H0 otherwise.
Eg : Let us go back to the “belief –in- miracles” example.

Step I : Assumptions :

(i) As said before, the response variable “belief in miracles” has two categories (yes and no). Hence, it is categorical.
(ii) It has been stated that the samples of males and females were selected randomly.

(iii) The number of observations in each cell of the 2x2 contingency table (given above) is far higher than 5.

So, all the necessary assumptions have been satisfied. Hence, we may proceed with the test.

Step II : We want to test whether there is any difference in the proportion of males and females who believes in miracles. 

Thus, our Null and alternative hypothesis would be : 


      H0 : 

     vs      Ha : 
Step III :  The total number of believers in miracles in the two sample taken together is                               and the total sample size is                                 . So, the pooled sample estimate of believers will be

                        p^ =.
Thus, our test statistic will be : 
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Observation I : Thus, the sample difference of proportions (p1^ - p2^)  falls about     standard errors    

               the null value .

Observation II : Since the test statistic value is negative, we can say (even at this point, before drawing any formal conclusion) that it is plausible that the population proportion of male-believers in miracles is         than the population proportion of female believers.

Step IV : Since our alternative is                     and our test statistic value is -3.96, the p-value will be the  

                      area under the standard normal curve above 3.96 and below -3.96. Since the standard normal distribution is                             about 0, this will again be double the area below -3.96. 

From Table A in the book, the area below -3.49 is as low as 0.0002. Since -3.96 < -3.49, the area below 

-3.96 will be even lesser than 0.0002. Thus, the p-value will be extremely small, smaller than all the commonly used significance levels. 

Conclusion : Since our p-value                 , we can confidently                           and conclude that it is highly unlikely that the population proportion of male and believers in miracles are same. . Infact, since the test statistic is negative, the population proportion of male believers should be             than the population proportions of female believers.

Observe that the conclusions we have drawn from significance tests and confidence intervals match perfectly.
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