1 Problem 3.4.1

()

As given in example 3.4.7, Il is spanned by (1,---,1)" and (t,--- ,t,)". Dimension of Il is
s = 2. Soifc¢; = (1/\/n,---,1/y/n), then by Gram-Schmidt method, a vector in Il that is
orthogonal to ¢; is given by

!

dgz (t17"' ,tn) —[(tl, ,tn)Cl]Cl = (tl—lT, ,tn—f)

1 _ /
ldol| =) (ti =) = c» = = (ti =t ta— 1)
; > i (ti —1)?

(b)
s = 3, g is spanned by (1,--- ,1)", (t1,--- ,t,) and (£2,--- ,t2)". With the simplifying assump-
tions and from (a), ¢c; = (1/y/n,--- ,1/v/n), ca = (t1,--- ,t,)". By Gram-Schmidt method.

, a 1.
ds = (2, 2) =[(t3,--- 12 2t 2t E t3—— tQ—tnE t——
3 = (11, ) =, walea—[(t, Jty)ealer = 1 Uy, - i n)

So, finally ¢ = Lo(t3 —t; S #3 — Lo 42—, Y0 2 — 1)

2 Problem 3.4.13

E.=mé&i. =ptanl; =p+0plr=p+n=—=p=8,0=5§ —&..0=§; — &,
Y = & — &... Note that X;;;, is the LSE of ;. Then by theorem 3.44, i = X , a; =

Xi. — X...’Bj =X, — X ,7 =X — X _ are UMVU estimators.
Viewed as a special case of (3.4.4),s=1+J+ K —-3=1+J+ K —2.

3 Problem 3.4.16
(a)

In order to obtain the LSE of 6, we minimize
Q) = ||z = &|]* = l| — 0A[]> = za” — 2(0A)" — (0A)z" + (0A)(AA)"

= VQ(0) = 2 AT — AxT 1 24ATOT = 2427 4+ 24ATOT =5t ()
= AT = 0AAT & 6 = AT (AAT)!
Thus, § = v AT(AAT)~! is the LSE of 6.
(b)

From Theorem 4.8, 6 is a function of é , the least square estimate of £. From the proof of Theorem



4.4, we see that é is a function of the complete sufficient statistics. Hence, ¢ ig a function of :[he
complete sufficient statistics, so it is UMVUE for its expectation. Note that E(6) = 6. Thus, € is
the UMVUE of 6.

4 Problem 4.1.9

()
Let X1, ..., X, be iid Poisson distribution P()\), and let A\ has Gamma distribution I'(g, ). Note
that the expectation and variance of a RV A ~ I'(g, a) are

E(\) = ga Var()\) = go®.

Moreover, also notice that X ~ P()) is the UMVUE for A with E(X) = Var(X) = A. According
to Example 4.1.3, the posterior distribution is 7(A[Z) ~ I'(g + nZ, 175-). Thus, we obtain the
Bayes estimator under squared error loss to be

a go a

+nx

5a’g:E<)\‘£):(g+nE)l+na:1+na 14+ na

which is a weighted average of ga, the estimator of \ before any observations are taken, and X,
the estimator without consideration of a prior.

(b)

(D)n — 00, E(0n,y) — A, Var(da,g) — 0 = 64,y — A in probability.

(i) — oo and g — 0, then 0, 4 — 7.

Now, if both (i) and (ii) holds then E(d, ;) — A, Var(d,,4) — 0 = 0,4 — A in probability.

S Problem 4.1.11

T(A) = $I(A > 0), f(z]A) =[], (ed’\wi>. Then the posterior is m(\|z) oc e ™A AXZi~1,

which is kernel of Gamma(>_ x;,1/n). So our condition for the posterior to be proper is that
Z?:l x; > 0.

6 Problem 4.2.3

nb20+0'2 b4 2
From (4.2.4), we know Epdp(z) = “ 278, Vargda(v) = smpgmzerrar

(a)

Asn — 00, Eydp(x) — 0 and Vargda(x) — 0. So dx(x) — 6 in probability as n — oo.



(b)
Asb — 0, Eyop(z) — pand Vargdy(x) — 0. So dx(x) — p in probability as b — 0.

(0

For fixed n, as b — 00, d5(x) — X in distribution.

7 Problem 4.2.16
(a)

Under squared error loss, we obtain the Bayes estimator g(p) = p as

f() era n z+b— ldp B r+a
fO px-‘ra 1(1 _ )n—:v-l—b—ldp a+b+n

oa(z) = E(plr) =

Under the improper prior [p(1 — p)] ™" Io.1)(p) (which implies a = b = 0).
To get the generalized Bayes estimator, we minimize

1
n T— n—xr—
Bl - o@le) = (1) [ - pran
0
For 0 < x < n (which makes it a proper posterior), we obtain our generalized Bayes estimator to

be
fo n T— ldp E
f(] z—1 1 _ n—a:—ldp n
For z = 0 and x = n, E{(p — §(0))?|z = 0} and E{(p — §(n))?|x = n} respectively are finite.

Thus, d(x) = £ is the generalized Bayes estimator.

(b)
For X ~ N(6,1) and 7(#) = 1, our posterior density becomes 7(6|z) = f(xz|0). Hence,

2
0=2)" 49

d(z) = E(f|z) = \/LZ_W /_00 fem 2 Y =x
Thus, §(z) =

8 Problem 4.3.2

(@)
Let X;,..., X, ~"T(a,b) where a is known. Let ) = —1, the density of X can be expressed as

a—1

) = exp { o~ log(1) | 1o 2 0) = exp e~ A} (o)



where A(n) = a - log(b). According to (4.3.19) the conjugate prior family is

kp 1 Lk
w(nlk, ) oc exp {kpn — kA(n)} = exp {—7 +1lo (b,m)} = e

which we recognize as the kernel of /G(ka — 1, ku) (for ka > 1 and kp > 0 under the support

b > 0). Thus, the conjugate prior for n = —% is equivalent to an inverted gamma on b.
(b) ) "
Note: Let b ~ InvGam(a, ) = pas(b) = Fﬁ(a) (3)* e 5 I(b > 0) where E(b) = %
Moreover,
1 @ [ 1 @ T 1
E(_)zﬁ / 2 P Iat]) o
b" I(a) Jo bo*? (o) pott p
(which makes senses since ; ~ Gamma(c, %) = E(3) = ) and
E(l) g T'(a+2) ala+1)
2 " T(a) o 2

Let X1,..., X, ~% T(a,b) where b ~ InvGam(c,d). Note that 7(b|z) o W—cﬂeﬁ(z zi+td)
which implies b|z ~ InvGam(an + ¢, > x; + d). First, let’s consider the case where L(b,0) =
(b — §)2. From Corollary 4.1.2

an+c—1

o(z) = E(b]r) =
. Lastly, let’s consider the case where L(b,d) = (b — §)*. Again, from Corollary 4.1.2

E(glz) _ Yai+d
E(s|z)  an+c+1

9 Problem 4.3.8
(a)

Note: from Lemma 1.5.15, Stein’s indentity is given to be

d

Let g(X) =1 = ¢/(X) = 0. From Stein’s indentity,

.

W(X)
h(X)

X)} = —E((X)

X)}:O

h(X)




(where % = log(h(X)) and T/ = %Ti(X))

= ZmEn(%TZ(X)) = En(_iZOQ(h(X)))

(5(Ej

(b)
Let X; ~% I"(a, b) where a is known. The density is

) = G Loan tog) — § 3o = o) v e {—at) +0. 1)

that is, 7; = 1 and T; = —a;. Notice that

5 - 6 1 6 1
Er(—"log(h(X))) = S miEy(——Ti(X)) = = S B(-2 (=) = -~
(g o)) = om0 = § 3 B () =

which implies %log(h(X )) is an unbiased estimator of 3. Let’s consider

%log(h(){)) = 5; < nlog(T'( (a—1) Zlog x; > =

J

a—1

Lj
Thus, “x—’Jl is an unbiased estimator of ; for all j. Moreover, (a —1) Y_(z; ' /n) is also unbiased for
1/b.

(c)
Let X; ~“ Beta(a,b). Let’s assume b is known. Using part(a), we have
1 1
—-1DE(—) =0b-1)F
(4= DEG) = (- DB )

Note that E(;5) = %251 = (a + b — 1) = (b~ DE(;) = a = 2 E(Y 7).

Thus, the unbiased estimator for a is (b Vs =)
J

Similar argument is applied to the case Where a is known.

10 Problem 4.3.12
(a)

El(aX +b) —pu)* = *E(X —p)?>+EDb+ (a—1)u)* + 2aB(X — p)[b+ (a — 1)y]
= a*Var(X) +[(a— 1)u+b)?

(b)
If 11 is unbounded, then M SE(aX +b) = a®?Var(X) + [(a — 1)p+ b)? is also unbounded if @ # 1.

(c)
If 1 1s bounded, the Bayes estimator can have finite MSE.



11 Problem 4.4.1

(@

X|p ~ Bin(n,p), p ~ Beta(a, ). Then p| X ~ Beta(a+z,a+n—x). Weknow g(X) =n—X,
gp)=1—p,g*(u) =1—wand §(X) = E(p|X) = % Sog*(6(X))=1-— % = %’rﬂx =
d(g(X)). So, this Bayes rule is equivariant.

(b)

n=en(p)dp — [ P (1 — p)" 7 (p)dp
i (1 = p)—ea(p)dp

FEX)=1-6(X) = folpx(l —p)

Let p, =1 — p then

_ fol(pl)n_xﬂ(l —p1)*m(1 —p1)dp
Jo ()= (1 = py)em(L — p1)dp

9" (6(X))

But 7(-) is symmetric about 1/2, so 7(1 — p;) = m(p1). Then

g (30 = D0 ) e

)1 = pr)Er(p)dp




