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Linear Time Series

Definition (linear time series)
A time series is linear if it has the representation

Xt = µ+
∞∑

j=−∞
ψjεt−j (?)

where εt
iid∼ (0, σ2) and

∑
|ψj| <∞. (So Xt is MA(∞) with iid residuals.)

Example

ARMA processes are linear: φ(B)Xt = θ(B)εt

I(d) process with −1
2 < d < 1

2 is linear

GARCH(α,β) process is not linear
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Wold Decomposition
Wold Decomposition (1938)
Any zero-mean covariance-stationary process Xt can be represented in the form

Xt =
∞∑

j=0

ψjεt−j︸ ︷︷ ︸
linearly indeterministic

+ κt︸︷︷︸
linearly deterministic

where
∑∞

j=1 ψ
2
j <∞ and εt is white noise.

Example

Xt = A sin
(

2πt
12

+ λ

)
︸ ︷︷ ︸

linearly deterministic

+
[
θ(B)
φ(B)

]
εt︸ ︷︷ ︸

ARMA

where A is constant, λ ∼ unif[−π, π], and
[
θ(B)
φ(B)

]
εt is a causal and invertible

ARMA process.
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Spectral Domain

Let Xt be covariance-stationary with mean µ and autocovariance function

γ(h) = cov(Xt,Xt+h)

Up to the first two moments, all information about Xt is contained in γ(h).
Since γ(h) is non-negative definite, Herglotz’s theorem (1911) guarantees the
unique existence of a right-continuous, non-decreasing, bounded function on
[−π, π] with F(−π) = 0 such that

γ(h) =
∫

(−π,π]
e−ihω dF(ω) ∀h = 0,±1, . . .

Theorem (Lebesgue Decomposition Theorem)
F can has a decomposition into an absolutely continuous component (with
density) and a singular component; i.e.,

F = Fac + Fs
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Spectral Density

Definition (spectral density)
If the spectral distribution function F has the representation

F(ω) =
∫ ω

−π
f (λ) dλ − π ≤ ω ≤ π

then f is called the spectral density.

Wold decomposition: f exists if κt = 0

Lebesgue decomposition: f exists if Fs = 0

Fourier transform theory

γ(h) =
∫ π

−π
eihωf (ω) dω ⇐⇒ f (ω) =

1
2π

∞∑
h=−∞

e−ihωγ(h)
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Central Limit Theorems

Theorem (CLT for linear time series)
Let Xt be a linear time series with the representation

Xt = µ+
∞∑

j=−∞
ψjεt−j

where εt are iid(0, σ2) and
∑
|ψj| <∞, then

√
n(Xn − µ) L−→ N

(
0,

∞∑
h=−∞

γ(h)

)

Generalizations:
α-mixing

α(s) ≡ sup
{
|P(A ∩ B)− P(A)P(B)| : −∞ < t <∞,A ∈ Xt

−∞,B ∈ X∞t+s
}

martingale difference sequences

E[εt|εt−1, εt−2, . . .] = 0
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The Asymptotic Variance

To construct a confidence interval for X̄, we need to estimate
∑∞

h=−∞ γ(h).

Recall:

f (λ) =
1

2π

∞∑
h=−∞

e−ihλγ(h)

When λ = 0,

f (0) =
∞∑

h=−∞
γ(h)

So we need an estimate of the spectral density at λ = 0.
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Autocovariance Estimation

Let {xt}n
t=1 be the observation of a covariance-stationary time series.

The autocovariance function

γ(h) = E[(Xt − µ)(Xt+h − µ)]

is naturally estimated by

γ̂(h) =

{
1
n

∑n−|h|
t=1 (xt − x̄)(xt+|h| − x̄) |h| < n

0 |h| ≥ n

=
1
n

n−|h|∑
t=1

(xt − x̄)(xt+|h| − x̄)

And also by the “unbiased” version

ˆ̂γ(h) =
(

n
n− |h|

)
γ̂(h) =

1
n− |h|

n−|h|∑
t=1

(xt − x̄)(xt+|h| − x̄)

Both estimates of γ(h) are optimal in the sense that they are
√

n–consistent.
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Spectral Density Estimation

The spectral density

f (ω) =
1

2π

∞∑
h=−∞

γ(h)e−ihω.

cannot be consistently estimated with

f̃ (ω) = I(ω) =
1

2π

∞∑
h=−∞

γ̂(h)e−ihω.

Why? γ̂(h) is consistent for fixed h, but it is not suitable for values close to n.

The fix? Truncate the sum, or more generally, weight the values of γ̂(h) with a
lag-window function λ.
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Bispectrum

X1, . . . ,Xn second-order stationary time series means

γ(h) = cov(Xt,Xt+h) is free of t.

Third-order stationary means

γ(τ1, τ2) = E [(Xt − µ)(Xt+τ1 − µ)(Xt+τ2 − µ)] is free of t .

Fourth and higher-order stationary means the joint cumulant is free of t.

The spectral density, or spectrum, is the Fourier transform of C(j), i.e.

f (ω) =
1

2π

∞∑
h=−∞

γ(h)e−ihω.

Likewise, the bispectral density, or bispectrum, is

f (ω1, ω2) =
1

(2π)2

∞∑
τ1=−∞

∞∑
τ2=−∞

γ(τ1, τ2)e−iτ1ω1−iτ2ω2 .
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Spectral and Bispectral Estimation

f (ω) =
1

2π

∞∑
h=−∞

γ(h)e−ihω ⇔ f̂ (ω) =
1

2π

∞∑
h=−∞

λ (b h) γ̂(h)e−ihω

f (ω1, ω2) =
1

(2π)2

∞∑
τ1=−∞

∞∑
τ2=−∞

γ(τ1, τ2)e−iτ1ω1−iτ2ω2 .

m

f̂ (ω1, ω2) =
1

(2π)2

∞∑
τ1=−∞

∞∑
τ2=−∞

λ (b τ1, b τ2) γ̂(τ1, τ2)e−iτ1ω1−iτ2ω2

Definition (Lag-window Order)

λ has order p if λ(τ ) = 1 + a‖τ‖p + O(‖τ‖p) as ‖τ‖ → 0.
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Lag-Window Examples

Figure: One Dimensional Flat-top Lag-Windows: λ(bh)

Figure: Two Dimensional Lag-Windows: λ (b τ1, b τ2)
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Spectrum of a Linear Time Series

Let Xt be a linear time series with representation

Xt = µ+
∞∑

j=−∞
ψjεt−j

and define

H(ω) =
∞∑

u=−∞
aue−iuω.

Then the spectral density of Xt is

f (ω) =
σ2

2π
|H(ω)|2

and bispectral density is

f (ω1, ω2) =
µ′3

(2π)2 H(−ω1 − ω2)H(ω1)H(ω2).
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Normalized Bispectrum

Definition (normalized bispectrum)

φ(ω1, ω2) ,
|f (ω1, ω2)|2

f (ω1)f (ω2)f (ω1 + ω2)

linearity
=

(
µ′

3
(2π)2 H(−ω1 − ω2)H(ω1)H(ω2)

)2(
σ2

2π |H(ω1)|2
)(

σ2

2π |H(ω2)|2
)(

σ2

2π |H(ω1 + ω2)|2
)

=
(µ′3)

2

2πσ6

Gaussianity
= 0

This motivates many statistical tests:

Gaussianity test if the normalized bispectrum is ≡ 0
linearity test if the normalized bispectrum is constant
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Symmetries of the Bispectrum

Symmetries of the ACF

γ(τ1, τ2) = γ(τ2, τ1) = γ(−τ1, τ2 − τ1) = γ(τ1 − τ2,−τ2)

induce symmetries in the bispectrum (overline represents complex conjugation)

f (ω1, ω2) = f (ω2, ω1) = f (ω1,−ω1 − ω2) = f (−ω1,−ω2)

These symmetries along with being doubly-periodic allow the bispectrum to be
completely specified in any one of the twelve regions
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A Group Representation

Define ψ : R3 → R2 given by ψ(a, b, c) 7→ (b− a, c− a). Take σ = (12), then

(x, y) −→ (0, x, y) σ−→ (x, 0, y)
ψ−→ (−x, y− x) −→

(
−1 0
−1 1

)

e←→
(

1 0
0 1

)
←→ γ(x, y)

(12)←→
(
−1 0
−1 1

)
←→ γ(−x, y− x)

(23)←→
(

0 1
1 0

)
←→ γ(y, x)

(13)←→
(

1 −1
0 −1

)
←→γ(x− y,−y)

(123)←→
(

0 −1
1 −1

)
←→γ(−y, x− y)

(132)←→
(
−1 1
−1 0

)
←→γ(y− x,−x)

Suppose σ = (12) and τ = (13), then γ = (132) = στ and

ρ(γ) =
(
−1 1
−1 0

)
=
(
−1 0
−1 1

)(
1 −1
0 −1

)
= ρ(σ)ρ(τ)
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Estimating in a Sector

Lag-window estimates of the normalized bispectrum are asymptotically normal.
One of the twelve sectors is considered. A coarse grid of p points and a fine grid
of n points at each coarse point is estimated.
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Subba-Rao-Gabr Gaussianity Test

The vector of estimates over the course points are asymptotically p-variate
complex normal

xi ∼ Np

(
µ,

1
n
Σ
)

(i = 1, . . . , n)

Testing Gaussianity (µ ≡ 0) is done with Hotelling T2 statistic (multivariate
t-test)

T2 = nx̄†Ŝ
−1

x̄

S where † is the adjoint operation (complex transpose) and Ŝ is the (complex)
sample variance-covariance matrix.
Under the null,

T2 ∼ 2p
2(n− p)

F2p,2(n−p)
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Subba-Rao-Gabr Linearity Test
Now we wish to test µ1 = · · · = µp (without knowing the value of µ1).
Let C be a (p− 1)× p contrast matrix (i.e. has rank p− 1 and C1p = 0). E.g.,

C =


1 −1 0 · · · 0 0
0 1 −1 · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 −1


or the “Helmert matrix"

C =


1√
1·2

−1√
1·2 0 · · · 0

1√
2·3

1√
2·3

−2√
2·3 · · · 0

...
...

...
...

1√
p(p−1)

1√
p(p−1)

1√
p(p−1)

· · · −(p−1)√
p(p−1)


Therefore we see

Cx ∼ N2(p−1)

(
Cµ,

1
n

CΣC′
)

=⇒ T̃2 = n(Cx)∗(CSC)−1(Cx)
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Two new approaches

Asymptotic distributions drive these linearity tests. Resampling methods come
into play here.

Use subsampling distributions instead of asymptotics

A sieve bootstrap
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Sieve Bootstrap

Every linear time series either has an AR(∞) representation or can be closely
approximated by an AR(∞) process of the form

Xt = µ+
∞∑

j=1

φjXt−j + εt

This motivates the following sieve bootstrap linearity test.
1 Fit an AR(p) model to the data (p→∞ with n).
2 Under H0, the fitted residuals are iid. The residuals are centered and

resampled.
3 New data is generated from the AR(p) recursion and bootstrapped

residuals.
4 The bootstrapped data is used to generates the null distribution of the

linearity test statistic.
5 Critical values are computed from bootstrap distribution.

Arthur Berg A Bootstrapped Test of Linearity 21/ 22



Time Series Representations Central Limit Theorems Estimation Normalized Bispectrum Bispectral Symmetries Linearity Tests

Thank You
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