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AESTRACT

Rank tests are consldered that compare t treatnents 1n

repeated ttEasures deslgns. A statlstlc ls glven that contalns as

speclal cases several that have been proposed for rhis problen,

tncludtng one that corresponds to the randonized block ANOVA

statlstlc applled to che rank transformed data. Anorher statlsttc
1s proposed, havlng a nuII dlstrlbutlon holdlng under rnore general

condltlons, thac ls the rank transform of the Hotelllng starlstic
for repeated neasures. A sta!istlc of thls rype is also Slven for
data that are ordered categorlcal rather thsn fully ranked.
Unltke the Frlednan starlstlc, the statlstlca dlscussed 1n thls
arttcle utlllze a slngle ranklng of the enCl.re sanple. Pouer

calculatlons for an underlylng normal dlstrlbutlon lndlcare that
the renk transformed ANoVA test can be substantlally more porerful
thsn the Frledman test.
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I. INTRODUCT IOII

Ler xi = (xil,.'.,xlr) ' t-1,...,n, be n lndependent

,bservatlons raken fron a t-dlmenslonal conElnuous dlstributlon'

:or each sublect l, t,e shaIl regard Xl as rePeated measure6, one

,bservatlon for each of t treatments' Thls paper conslders ways

,f testlng for Erearment effecls, using ranklngs of the da!a'

Denote the dlstrlbutlon functlon of xi by c' In sectl.,n 2 ue

.oosider cests thaE are aPPropriate ohen the hypothesis of no

rearnent effects ls exPressed as 
'he 

exchangeahtllty condttton

;(x1,...,xt) - c(xl1,...,'tt) for all I and for any Permutatlon

11,...,1t) of (1":',t)' The nost commonly used raok test for

his st!uacion ls the Frledman tesE (see, e'8', Lehmann 1975, P'

6l), lrhfch comPares treacment ne'ln tanks t",hon ranks I lhrough I

asslgne.l to the !reattnents separately for each sublect '

.Iternarlve tests formuli!ed for ahls s1!uatlon by Sen (1967),

och (1969), Ravlv (1978), Lam and Longnecker (1981), and for

andomlzed cofiPIete blocks by Iman, Hora, and Conover (1984)

ompare treatment mean ranks 'hen the entlre seE of N = tn

bservatlons ls rarrl'.ed. For t-2 these tests correspond lo maklng

alr!,lse conParlsons of all (xf t, XJZ) (as wonld be done by a

ann-whltney rest for lndep€ndent samples) rather tl)an slgn test_

ype comparlsons of only !he natural patrs (xll, x12)' we shall

ho, that some of chese sta!lstics are simllar, ln the sense that

hey are speclal cases of a statlstlc !'e derlve for thls problem'

In Sectlon J, rre Present a test statlstlc that 1s aPproPrlate

hen the hypothesls of no treatment effects ls more broadly ex-

ressed as the marflnal homoge elty condltlon Cl -: C2 : "' = Car

here Cr,... 
'Ca 

denote the one-dlnenslonal orarglnal dlstrlbutlons

f c. l-1ke the ones In Section 2, !hls statlstlc comPares

reatment nean ranks !,hen there ls a slngle ranklng scheme'

orever, to obtaln the asymptotlc n'r1l dlstrtbutton of the

ratlstlc, 1t ls only necessary to assume ltlarglnal honoge'lelty

ather than to nake strong sssumPtlone ahout the Jolnt

l6trlbutlon (srrch as a connon correlatlon betseen Palrs of

COI,IPARINC I1EAN RANKS 1 419

treatnents). The relatlonshlP betueen thls rank tesE and the ones

presented 1n Sectlon 2 is analogous to the rela!lonshlP for the

betreen Ehe Hotelltng tesa aPplted for the coltlparlson of

ln a repeated neagures context and the more structured
(xlJ )

( coflrpound -symme t ry besed) rePeated measures ANOVA' Seer for

lnstance, llorrlson (1976, Pp. l4l-ttl)' In fact, Ehls statlsEi'

ts slmply the llotelltnS ststlstic apPlled to the ranks ' !'hereas

the statl6t1c proPoseal by Inan, Hora, and Conover ( 1984) 1s the

ANovA statlstlc applted to the ranks'

In Sectlon 4 lre glve a sra!lstlc for testlng oarSlnaI

honogenel!y for an ordered caEesorical response' for i'hlch the

data take the forn of counts in a !-dlmenslonaL cross-

classiflcat{on table. In that case, the tesl also compares mean

ranks based on a slngle ranklng schene for the combtned samPle'

and 1t can be expressed 1n terns of mean rldlts for the one-

d I nens lonaI mrrSlnal dlstrlbutlons'
For several dlstrlbutlonal forms, Iman , Hora , and Conover

(1984) made Dorrer conParlsons betreen thelr s!a'lstlc and o'hers'

lncludlng the Prledman statlstic and the Parametrlc ANOVA

6tatlstlc. In Sectlon 5, rle makc some addltlonal cornparlsons of

slze and porrer for these statls!1cs and for the llotelllng rank

transform statlstlc. Thcse Indlcate for a nul!Lvarlate nornal

model that the lman, Hora, and Conovet rank traflsformed statlstlc
(t) c6n be substantlally nore poeerful than the Frtedman

statlstlc, and (1!) is fatrly rob'lsl under an autolegresslve

structure for the treatoent correlatlons.

2. ANOVA RANK TRANSFORM TEST

Let Rla deno!e the rank of Xla !'hen 1t 1s ranked aoong the

entlre set of {Xuv, I<u<n, l<v<t). Mldranks are asslSned 'hen
tles occur. SupPose thst the nult hypothesls of "no trealment

effects" ls lnterPreted tn the 6t11ct sense to mean that C

satlsfle6 c(x1,...,x,) - c(xrl,...,xtr) for all I snd sll

permrtatlons (11,...,1r) of (1,...'t)' Lrhen llo ls Erue,

I

,l
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(2.1)

corr<Rla, R1b) ts ldentlcal for all a+b and corr(Rlr, R16) fs

identicat for all a and b l,lth l.+1. Denote these values by p

Corr(Rla, Rrn) and I ' Corr(R1., R15).

t,nder HO, Rla 1s equally llkely Eo be any of the ranks

1,...,tn - N, so that E(Rla) ' (N+l)/2 and o2 - v"r(Ri") -

(N2-t\/t2. Hol,, var(t Rr^) - [n+n(n-l)I]o2, and for a*b,' I ..
cov(f Rra, 

i*ro, 
- [np + n(n-I)l]o2. A1so, var(ff, Rr.) - 0

tnpltes Ehar ), ' (I+ (t-t)o)/(n-l)t. L€t R." - 
rf, 

Rr"/n for

l<a<r. These treaament means satlsfy I R.a/t - (N+l)/2. The

covariance matrlx of the mearl ranks ls
| -ll(t-l)...-ll(r-l)-l
l/(r-l) I ... -ll(r-l) 

|

'::_l
l02(t-t )( r-p)/Nl

uhen th€ asynpcotlc dlstrihutlon of

DUltlvariate normal, lt follows that
R.

r="I t;.. - (N+r) / 2:'2 / o2 ( r-o)

(R. 
r .t-t)R 1s

(2.2)

hss an asynp!ot1c chl_squared dlstrlbutlon with df - t-1.

Ler rta - Rla/(Nrl) and let i., - t rr^/a. LJhen p ts

replaced by an estlorate and o2 1s replaied by an estlmate or by

Irs nul I value, T hecones a statlstlc that can be used to detect

wherher any of IEi.a, a-1,...,t] dlffer from l/2. condltlonal on

the ranks asslgned to each subJect, the (t!)n permutatlons of

ranks are equally llkely under HO. For soall samples, an exact

test can be based on the permutatlon dlstrtbutlon of the numerator

Lam and Longnecker (l98l) 6uggested e statlstlc for the

patred data (t-2) case, bas€d on this slngIe ranklng scheoe. Llhen

the sample spearnan correlatlon of the ((x11, xl2), 1-1,...,n) ,.g

6ub6tltuted for p and the n\rlI value ls used for o2, T ls related

to thelr statlsttc tl, bY !Ir2 - T(N-l)/N. Lam and Longnecker

I

I

i
I
!
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shorred that their statlstlc ls 6lso asynptotlcally equlvalent to

one proposed by Revlv (1978). The Lsm and Longnecker statlstic 1s

actually the speclal ca6e of a statlstlc proposed by Sen (1967)

appl led l,tth "l,lllcoxon 6cores.'
xoch (1969) presented statlstlcs for repeated measures that

use allgned ranks. Hls statlstlc for thls settlng (formula (38)

for v-l ) , l.,hen applled lnstead wlth the regular ranks, equals

Rti* - n2( t-t ) ( Rt" - R1.
a

(N+r)l2'12/ttt )2) (2.3)

rrhe re

tf se

R, - t R.-/t. A Ilttle algebra sholrs
"ai"

replace o'by lts null value and p by tt
afb

!hat to

rrllh

(2.t,t

T reduces

rab/r( t- t ),

l.l

Yet another statlstlc related to T l,as proposed by Iman,

tlora, and Conover (1984) ln e rank analysls for randonlzed

cohple te blocks. Thelr statlstlc

rab (t RtaRtb/n

lr

((N+t) lD2l / 02

(N+ I ),i 212l( r-l )t
.R

+T , {*r. -RR (N+ r ) / 2 I 
2/ ( r - l ) ( n- l )

1

has ranks substltuted for the {xra} tn the ANovA sta!lstlc for

randonlzed comple!e blocks. Thls statlstlc 1s also the rank

enalog of the ANoVA F statlstlc for a repeated oeasures deslgn.

They Eave condltlons under i,hich ls asytnp t ot 1ca 1ly multlvarlate

norhal and the null sampltog dlstrlbutlon of (t-l)FR 1s

asyirptotically chl-squared lrtth df - t-l as n | -. Thelr

al.nulatlons sholred that the behavtor of FR 1s closely spproxlhated

by the F dl.srributlon otth dft - t-l and df2 - (t-l)(n-l). If ln

(2.2) we replace p by the ratlo of the average aample covarlance

R

''?



rnd averale s:1nPIe varlnnce

(l/r(t-l))lr [ (R
arb

[." ){ nro- i.olz<.-r I }la
(2.5)

( I /t ) lrrrn. - n- )2/(n-r ) I. la .a

nd replace o by the average saople variance, then T slmpllfles
o (t-l)Fe. -1n fact, ihe denornlnator of the Fn starr.stlc has

xact expectatlon o (l-P) under H0.

]. RANK TRANSFORH HOTELLING TEST

In secrlon 2 the condltlon of no trealment effects l,as

xpressed as exchangeablllty tn the Jolnt dlstrlbutlon. The

synptotlc dlstrlbutloo theory requl!'ed et least a slmple

orrelatlon structure for che (nr.), so that (2.1) ho1ds.

4ver, most studles are prlnarlly concerned wlth ehether the

arginal distrlburlons have slmllar loca(lons, even 1f ,nors

!alngent assumptlons abou! lhe Jolnt dlsrributton do not hold.

f,r lnstance, suppose thaE the subJects must recelve the

reaEltlents ln a certaln tlme order. Then even 1f there ls no

.estment effect 1n sone average sense (such as ldenttcal {Ei.a}),
,servaclons closer together in tlme may be nore strorrgly

)rrelated, Hence, lf \re msinly requi.re the abl11ty to detect

tff€rences ln nlarglnal locatlon, ete nllghE prefer a sIaElstlc
rose nu11 dlstributlon applles nore SeneralIy than under coopound

^nmetry-type 
condltlons. In thls sectlon we conaEruct a test ln

rlch lack of treatment effects 1s expressed as the broader
,pothesls ll0: Cl -=.-.= Cr.

For rhe (X. . ), rhere are alternatives to repeated measuregrJ

|OVA for !,htch one can make comparlsons of treatment means

rhout uslng such strong null conditton6. For lnstance, the

,telllng tes! for a slngle nultlvarlete mean can be used to
mpare a vecror such as (x.l-x.2, x.2-x.3,..., x.t-l-x.t) to the

l1 value of 0. Issues pertalnlng to the ch<rlce between the .

ovA and !ultlvarlate approaches are dlscusBed ln detell ln l(och

et af. (1980) and ln Earclkouskl and Rohey (1984). In partlcular,
suppose that there ls no randomlzatlon of t reatnents, ssch as ln
lonSttudlnal studles. Then Lt ls dlfftcult to nuke assunprlons

about covarlance scructure, so the oultlvarlate ipproach may be

preferred.

In analogy to the Inan, llora, and Conover (1984) proposal of

a rank transformed verslon of randoftlzed complece blocks ANoVA,

here qre conslder a verslon for nean ranks of Hotelllngrs test.
llhen GI :...: Ct, lt ls not necessarlly true that (Corr(Rr", Rr6))

or {Corr(Rrr, R16)} are the same for all a and b. Therefore the

slnple covarlance matrlx (2.1) for the mean ranks 1s no longer

appllcable, and lle lnstead use an estlfieEed covarlance,natrlx S/n,

irhere S has entrtes

sab I (R R )(F th

I

0

-l 0

I -l

000

)/(n-t+l ).ta R
h

1=l

suppose that
norEal as n

cond 1t lons
.-. Let:

hold

- ER-

under shlch

and

R is asympEoElcally

ttre lx. ), nanely

C

00
00

I -l

lre use the adaptatlon of this statlstlc thar
rank verslon of the Hotelllng statlstlc for

cor res ponds to the

(l.r)

(3.2)

Folloelng the Iman, Hora end conover suggestlon of treatlnF FR as

'The nul.I hypathesls HO: Cl :...: Gt loplles that Cv - 0 and

nt cB )'(csc')-lcB j x3-r.

FH - (n/( r-l )) (c!l-tcsc-l-lc! .
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The corre lat lon betl,een Ria

to corr(c(xra), c(xlb)).

l,nder HO: cl :...i Ct, rhe

converges e sympt ot 1ca 11y to
p6 ( xta, Xrb)/12, r,here ps(.
cortelatlon.

u'i t lu'st7" r /(r+1;/ ^ ^ d,t-l,n-t+[

'h""o ?2o,t-l,n-t+t' (n-l)(t-l)Fo,t-l,n-s*1/(
l.lorrlson \976, p.147, for an analogous re6ult

14
an approxllnate F stat ist I c
,e. recommend tresc1ng .n,"l,'n"lil";j;,r.::":;:,;(t-r)(n-r),
r-l and df2 - ,,-,rt. ar" stnulatton6 lnvolvtng ."r, *..t.tl.ljj 

-
polnEs have lndlcated that thls ls a reasonable 

"pp"o*lrrtton.Let G = at ce/t, and ret p'- (u1 ,....ut) !,trh ,. _ a"i*r"r.The components of ! provlde descrrpttons or the degrie to urrctrthe {Ca) have dlfferenr locr
probablrrty that a randonly :::":;".'::"J.::,,j; lj"i."ji,".. 

" ,"liirEcr ahan an lndependenr (

of the t treatments. under 

)bservatlon selected at random on.one

exchanee,blrlry ^r, nrr.,n.ilil";-':".;:":::':.yf:^:l:l ..
t rans formed flotelllnA and AN

uherher ar reast one ," * . rl'o 
s'atlstlcs are deslgned to detect

The rank t rans f ormed Ho

transformed ANovA stacrstlc ,tel11ng 
stattstlc and the rank

cr :....- cr u,r th t>2,,.",-. :"::::;.:';r':."1::.::';,"1"1'"ri:,
squa re asympt ot I c dlstrlbutl<
srscisrrc coutd be 1nadeq,,","';r':: ::"'l:i,:;'::;""::::,";I \
depa rru res fron this broader
marsrna, hoooaene,,y,he,,,:::l,i:,::l::ii; .ll_il_J'l"."lllisub.lecr need nor be €.lrra1ly ltkely, so the Fr(ednan test lslnatPropri^t.. For lnstance, uhpo r=7 H..

f,l"'_'l*1, 
> x1r) = r{xr, . r,r,, 

"o ;;,.:;.;',;r::.,::.;j.i:::"the Friedman rest has probabt)
even though there 1s 

of rejectlon converglnP to one

There are many theoretrca 
arglnel honogenerty.

rhe rank t ransro.,"n,,o.",r rn*' .l:::::::: T:t.::;":::::":;:. 
t:."

fol lovlng resutts hold q lre SenerrIly:

i 4

n-r+l).
for the

(5ee

(xra ) )

lrhlc h these

normal and

5

and Rlb converSes asynptotlcally

matrlx of 6 (! -.:)
!r1th a-bth e 1errren r

the Spearman

the ma ! r1x

,. ) denotes

Forther research 1s needed to flnd condltlons under
conjecturea hold and under r,,lfch i ts asymptoclcally
the null dtsrrlbution glven 1n (3.1) holds.
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Under rhe exchangeablllcy null hypothest6, f, _ f, I O.

?he vecror i conr".g"" 1n probablllty to I .

Asymproctc IOO(l-o)Z Scheffe_rype sllllulreneouG conftdencelnlervals for contras!s of the form 
^b.1 are gtven by

4. MARGINAL HOI4OGENEITY FOR ORDER ED CATECORI CAL DATA

Hldrank6 ere used 1n the fornulas presented ahove tJhenever ir
Is not posslble to fully renk the observatlons. In rhe extrene
(fu1ly dlscrete) case, the observarlons are made on a scale
conslstlng of c ordered categories. Then rhe data on the t
repeated $easurements are summarlzed by counts 1n a ct cross-
classlflcatlon tah1e, and dlfferent forhulas are approprlate for
testing llle181nal homogenelty. For 1. = (1r,...,fa), tet ln, l
ana {pr} aenote rhe popularlon 6nd sanrple celJ. proporttons.^ The
null hypothesls of marglnal homogenelry ls expressed as

H^: t,, +*' "+1' t=1" " 'c;

'h"." '1r.... l6 the proportlon 1n the lth category of ahe flrst
marglnal dlstrlbrtlon, ,+1+.,.* 16 the proportion ln the ith
category of tlte second narglnal dlstributlon, and 60 forth.

Koch et al. ( 1977) proposed several statlstlcs for cestlng
thl6 and other hypotheses for categorlcel repeated neasures. They
ar8ued that thls hypothesls of marglnal homogenelty ls often of



lreater Pract lcal relevance th'n the more s!ructured one of

iynne!ry (rrl - tr1 uhenever I is a permutation of i) ln cell

)roportlons: Foi ordlnal classlficatlons, they Save a statlstlc

:hat detecrs differences 1n marglnal means' shen a flxed s€t of

icores ls asslSned to the ordered cateSorles' llere' r'e a16o

.ormrrlate a test sensltlve to lnequalltles ln neans of fiar81na1

llstrltuttons. The rldlr scores for our statlstic are data-based

:ather than pre-asstgnid, houever, and are analogous to the rank

icores for the sIatlstlcs ln the prevlous sectlons' The ridlts

rre average cumulatlve Probablll!{es for an average marSlnal

tsrrlbu!lon; that 1s, they are related to mldranks calculated on

n ordered cateforlcal scale. see Etoss (1958) for an

nrroductlon to analyses uslng ridlts'
L"t 

_C 

d"nor" the dlstrlblttton functlon corresPondlng to the

probahll{!les {(n1+...+ +'..+ n*...rr)/t,...,(n"*...* *'..*

....*")/,), anri denoce lts correspondlng values by (e(l)"",
.(c)=l). Ler si = Ia(i-l) + C(i)l/2, t=1,...,c, vhere e(o) = o.

he (sr) are rtdl! scores for the average marSlnal dlstrlbutlon'

he mean ridlt score for margtn I 1s !! - E s{ r{+ 4, andt t-l r r'"'

1mlLarly mean rtdits Iu1,...,u,) can be deflned for each
c^

argtn. AnaloAo'rs rnecn rldlts {i, =

he sample. The follot'r1ng Propertles

f,s
1- l

ho 1d

1P11...q,...Iapp1v to

for the mean rldlts:

Hargl na I homogenelEY ll]rpltes ul

!a can be regarded as an approxlna!1on for the probablllty

that a randomly selected observaclon from the contlnuous

dlstrlbutlon underlylnS oargln a exceeds an independent 
-

observa!1on from the contlnuous dlstributlon underlying C'

In partlcular, H0 lmPlles rl -...
lts mlnlnum value !a ' l/2t shen

takes on 1ts maxlmun value Pa = I

b+a. llote that !a - .5 has the 6ame

ra - P(Xa > Z) - P(Z ) X"), where Z

ob6ervat lon fron C.

t - 0. Also Ua lakes on

- -l for all b*a and ll
l/2t lJhen tah ' I for all
slgn as ra, and that

1s an lndependent

I

tab

For a random sample of subjects, the asymplot1c normallcy of

the vector of sample ce11 Proportlons lnduces an asynprotlc nqrmal

dtstrlbuElon for (11e saople verston i of !, lJhich can be used to

test H0. Le! n be the (rlJ ) tlrltten in column vector form, fet I

= Diag(I) - rt ,here Dlag(n) 1s ahe dlagonal mat rlx havlng r on

the maln dlaSonal. Let D be the txct matrlx shose llh ror' has the

partlal derivatlves of !1 taken !,1Eh resPect to -' SPeclflcally'

I:,
u" - r .:, 'a(b)' unere Yr,
r.rhen thE ildlts are calctrL

b) ts the mean rldl! for nargrn i
ated uslng !he dlstr{huElon ln

,t,".. "!1) 
denotes the rldlt score for category J" rhen the tth

rnarglnaiadistrthurlon alone ls used for forfiIng the ridlts'

By the detta nethod, the asynptotlc covarlance matrix

of y';(i-!) 1s D[o'. For the (t-l)xl natrlx of contrasls c,

c(i-1) ls asymptotlcally oormal wl!h covarlance CDID'c'' The

hypothesis of marglnal hofiogenel!y can be Ees!ed by

li

nilr[1n b

t
L v lt

Let Xa,

ma rg I n31

-I.(ca)-(c6l;'c') Cr

rrhere D and

proportlon6.

(4.1)

5

a-1,...,t denote lndePendent observations fron

dlstrlbutlons, let rab'P(xa > xb) - P(xb >

t
)/2.

are D and I calc,rlated for the 6a$PIe

Thls statlstlc has an asylDPtotlc nult X!-1

It also ha6 the 6ame forn as (3.1) for contlnuous

ls a generallzrtlon of a 6tatlstic Presented by

t
the t

x)

t,l,t,r,/t' 
Then rra(b) ' (l+Iab)/2 and ualor (l+r

dla. ri but 1on.

data, and 1r

our/an1 ,...J,'t+sJr .!,"j:,,.,



'Ariestt ( I98J) for the ca6e r-2.

t -2 and t-5

b-a
t and o.

r0,30,50

5. POWER COIIPARI SONS

The Monte Carlo study conducted by Inan, llora, and Conover
( 1984) lndlcated rhat thelr ANOVA rank transforttl statl.clc hss
sul€rIor powcr to the Frledlllan starlstlc for llany dlsralbutloflal
forms. TheIr slmulatlons dld noE conslder the effect of the
correlatlOn tretr.reen trea!ments on thls pouer. lle lrondered lJhether
a sufficlently hlgh'correlatlon otght provide more of an advanaage
to rhe Frledman approach of uslng only ulthln-block ranklngs. We

sere slso curlous abou! how poorly the ANOVA rank transforn
sta!ls!lc and the Friednan s!atlstlc irould perform if there lJere

marglnal honogenelty but not exchangeab(llty. In particular, l.e
r.,anted to see r.,hether the Uotelllng-type rank !ransforn stattsttc
r.,orrld he much superlor to rhese statlstlca ln terms of matchlng
the oomtnal o-Ieve1, slnce lts asymptotlc. dlstribution ls
appropriate even for thls broader condltlon.

To help ansuer these questlons, $e conducted some slmulatlons
for a nodel 1n uhich Xl has a multlvarlate nornal dlsrrlbutton
lrlth EXla - ma, correlatlon gab betr.reen Xla and Xlb, and unlt
standard devlatlons, l.Ie condUcted 10,000 slmulatlons for o - .05
level tests at alL combloatlons of lhe folloutngt

l08lD snd I Bl.1 3033N conputers. Approxlnate pouers were recorded

for the regular A.l'loVA F stsrlstic (F), the Frledrnan statlsrlc
(FF), the ANOVA rank trensforn (FR), and the Hotelling rank

t raneforrn ( Fr, ).
Table 1 contalns the estlmated porers for the condltlon

{0.6 - r}. For a1l these cages, the true 6lze of the tes! ls very
close to (uI!hln .01 of) the nornlnal value of .05 for F, FR, and

FH. llouever, for t-2, the Frledman statlstlc aas overly
conservatlve for n=10 and overly llberal at n=50. For thls latter
case lt ls clearly nuch less poserful than the orher statistlcs.
The poorness of the nul1 F approxlmatlon for the priedman

stallstlc rrras also observed by Iman, Hora, and Conover. The

Friedman test d1d not have hlgher power Ehan the ANOVA rank.
transfoftl even ln rrhat one sould expect to be lts nost favorable
case -- t-5 and t-.8. In facr, the ANOVA rank rransforn EesE

performed nearly as t.,ell as lts parametric analog ln aIl these

cases. the Hotelllng rank transforn srarlstlc satlsftes FII - FR

for t-2. Not surprlslngly, for r-5 lt fares someuhaE more poorly
than FR, slnce lt loses degrees of freedom from noc explotttng the
slnple correla!1oo scructute. Houever, even then, 1t ls
conparable tn power to the Prlednan approach, the dlscrepancy for
the case r=,8 and n-10 perhaps explalned by the larger ectual o-
level for FF.

Table II contalns resulIs for the au!oregresslve structure
pab 

= rlb-al for r=5. Slnce the exchangeablllry condlrlon does
not hold 1n thls case, the null dlstrlburlons of the F, FR, and FF

stattstlcs may be poorl.y approxlmated by the F distrlbutlon. For
t-.2 the violatlon 1s ver/ r,eak and the pattern of results ls
slmllar to thaE obralned uhen a1l pab - .2. t{hen r-.8 the actual
c-levels depart more from the nomlnal level and 1r ls less
appropriate to compare non-nul1 pouers. Horever. each staClstlc
aeems to be relarlvely robusr, partlcularly FF. Although
.aynptotlcally only FH ls gusranleed to hsve .05 o-level, ln thls
BiIlulatlon only mlnor lmproveoen! is achleved by uslng it.

9ab

mi+I ,t

forr=,2andr-.8

A, 1-1,...,t-l rrlth A=0 and A=.116 for r-2, A-.086

1

for t=5

The

.05

A valu€s rere choson so that the pouers uould range from sbouE

to .95 over the condltlons lndlcared. These sllhulatlons uere
ustng the CCNSH random number generator ln Ehe IISL on IBI

l



Table I

Approxlmater Posers lrhen the Underlylng
varlate Normal tdth Heans nla1 - m1 + A

Treatment Correlatlons Pab - T.

D1s t rl bur 1on lc r-
Unl t Varlances, and

r - .8

t Test A= 0 d' .3155

2 l0

30

50

5 l0

Fn=Fx

.0489

.0481

.0182

.103r

.1042

.0455

.o479

.o467

.0208

.2905

.2553

.l149

.05t0

.0520

.0408

.0494

.049 I

.0403

.15t9

.6954

.5t31

.048 5

.0483

.0664

A= 0

.4008

.1855

.3234

A - .0855

.9369

.89 98

.8296

A - .08 55

.046 I

.0467

.0641

d= 0

.0520

.0535

.05r8

.0514

.0541

.0520

.0431

.0519

.0997

.0985

.0805

.0919

.2612

.2343

.r134

.22t0

.0498

.0t 92

.0451

.0486

.2038

.1893

.7402

.67 95

.6062

,674)

.0478

.0482

.0431

. Ot!7 7

FH

Fr

F .0487

Fn .0467

FH -o5o2

Fp .0485

on 10,000 repllcatlon6
= ANoVA F sta tls t lc,

- Hote l l1ng-type rank

F

F..

F

F

F

R

F

r' ,H

t
F

Fn

Fu

Fr

l0 F

R

50

F

.3583

.316 3

.289r

.0462

.0477

.0tt1 5

.9L 54

.91t5

.8869

.8783

IOTE: F

FH

FR - Inan et al. rank 6tstlstlc,
statls!1c, FF - Frledman statlstlc.

Approxlnat e

earl.ate Nornal i,l th Heans

Treetnent Corre 1at lons pab

Table II
the Unde r I ylnS DlBtrtbutlon ls
m1-l - t1 + d, tnlt Varlances,

,lo-" l.

t-
and

t

Test A-0 A-.0855
r

R

,0550

.0571

.0536

.0526

.0995

.0979

.0886

.0758

.07 45

.044 8

.0640

.1915

,1t62
.0690

. t455

8T2

t
I 5 lo

50

F
F

30 F

R

F

.H

FH

E

.05t1

.052 r

.o473

.04a?

.4296

.a6rz

. t942

.3t00

.2022

.t921

.r445

. l6l9

.07l6

.0702

.oL73

.0588

.0504

.0502

.0496

,0497

.319 5

.3035

.2483

.625t,

.5884

.329 4

.4707

F
F

F

F
R

.H

F
F

i based on 10,000 repllcattons

Aa ln the parametrlc case, FH rrould be expected to be

relatlvely olore advantageou6 than FR as the correlatlons become

mote dlsparate. For lnsrance, tJe con.lucted slmulatlons for t-5 tn
thlch pl2 - ot3 - p2J - .8 end alt orher pab = O ehen a+b. For
n'50 the estlnated probabtltttes of rejectlon for rhe null case
eere .087 for F, .084 for FR, .048 for FH, and .052 for Fa. For
the nonnul.l case A-.086, the pouers were .462 for F, .443 for FR,

.626 for FH, snd .544 for FF. Hence, for thls srructure, the
Fotell,lng teat 6eens to perforD besE.

In sumnary, Ln our slmulatlon6 the FR and FH statlstlcs

A = 0 A - .3155

.2596

.2447

.t676

'R-'lr

Test
.0716

.0705

.0465

.0565

^-0 
d-.0855



behaved fijch Ilke thelr parar
rnuch croser rhan the Frredns""llt:,'""t"' 

lJhen t'2' Pn cane

reve.r, and rr appeared ,. r"""";:::::t;"::.:";:t:r:::r:::t:" 
*

sllght pouer advsntage even l,hen the nuDber of treatfient! or thecorrelarton lncr€ased. When the treatment correlatlon6 aae hlghlylrregular, the FH statlsttc has better asymptotic Ju6ttfIcatlon
than FR, and for thls case lt may be deslrable to develop
adJuscments for F* analogous to those sooetlmes used in thp
parametrlc case. Also, prloary lnterest in olarglnal effects
dlctates thet FH ls more appropriate than the Frledman stattstlc,,hich has asymprotlc probabtllty of rejec!1on equal to I for son.lolnr dlsrrlbutlons that exhlblr rnarglnal homoSenelty. The
resul Es In thls psper glve further support to the arguments
)resented by Ifian, Hora, and Conover (I9g4) agalnst unquestloned
!se of the Frledinan tes! for rank analysls of repeated lneesures.
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